
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Blurring the Boundaries Between Topological and
Nontopological Phenomena in Dots

Denis R. Candido, Michael E. Flatté, and J. Carlos Egues
Phys. Rev. Lett. 121, 256804 — Published 21 December 2018

DOI: 10.1103/PhysRevLett.121.256804

http://dx.doi.org/10.1103/PhysRevLett.121.256804


Blurring the boundaries between topological and non-topological phenomena in dots

Denis R. Candido,1 M. E. Flatté,2 and J. Carlos Egues1, 3
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We investigate the electronic and transport properties of topological and non-topological
InAs0.85Bi0.15 quantum dots (QDs) described by a ∼ 30 meV gapped Bernevig-Hughes-Zhang
(BHZ) model with cylindrical confinement, i.e., “BHZ dots”. Via modified Bessel functions, we
analytically show that non-topological dots quite unexpectedly have discrete helical edge states,
i.e., Kramers pairs with spin-angular-momentum locking similar to topological dots. These unusual
non-topological edge states are geometrically protected due to confinement in a wide range of param-
eters thus remarkably contrasting the bulk-edge correspondence in TIs. Moreover, for a conduction
window with four edge states, we find that the two-terminal conductance G vs. the QD radius R
and the gate Vg controlling its levels shows a double peak at 2e2/h for both topological and trivial
BHZ QDs. Our results blur the boundaries between topological and non-topological phenomena for
conductance measurements in small systems such as QDs. This is in stark contrast to conductance
measurements in 2D quantum spin Hall and trivial insulators. All of these results were also found
in HgTe QDs. Bi-based BHZ dots should also prove important as hosts to room-temperature edge
spin qubits.

Introduction.— Topological Insulators (TIs) are a new
class of materials having the unusual property of being an
insulator in bulk with robust gapless helical states local-
ized near their edges (2D TIs) and surfaces (3D TIs) [1–
4]. Following these pioneering works, a few other TI pro-
posals [5–11] have been put forward with some experi-
mental support [12, 13]. More recently, topological QDs
with cylindrical confinement have been investigated [14–
27]. Their spectra feature discrete helical edge states pro-
tected against non-magnetic scattering and showing spin-
angular-momentum locking. These states are potentially
important for spintronics [15, 16], quantum computation
and other quantum technologies [14, 17, 18].

Here we demonstrate that non-topological QDs defined
in InAsBi wells obeying the effective Bernevig-Hugues-
Zhang model with cylindrical confinement — “BHZ dots”
— feature helical edge states geometrically protected due
to confinement, Fig. 1. This surprising result con-
trasts with the usual bulk-edge correspondence in TIs,
as the non-topological dots here exhibit edge states with
spin-angular-momentum locking similar to topological
dots [14–25]. Interestingly, our quantum transport calcu-
lation shows that circulating currents [28, 29] (Fig. 2) and
the two-terminal linear conductance G [30] (vs. the dot
radius R and the gate Vg controlling its levels, Fig. 3) of
non-topological and topological QDs are essentially iden-
tical. More specifically, for BHZ dots with two Kramers
pairs of edge states, G shows double-peak resonances at
2e2/~, separated by a dip due to destructive interference
in both regimes. When bulk and edge-state Kramers
pairs coexist and are degenerate, both regimes show a
single-peak resonance also at G = 2e2/~. Our find-
ings blur the boundaries between topological and non-
topological BHZ dots as for the appearance of protected

helical edge states and conductance measurements.

We also predict that InAs1−xBix/AlSb quantum wells
(QWs) become 2D topological insulators for well widths
d > 6.9 nm and x = 0.15, with large inverted subband
gaps ∼ 30 meV (> kBT ) that should enable room tem-
perature applications, Fig. 1(a). Our BHZ dots are ob-
tained by further confining these Bi-based wells with soft
and hard walls. Our analytical QD eigenenergies and
wave functions (Fig. 1) for both topological and non-
topological regimes show that the helical edge states oc-
cur in a wide range of QD radii. Our findings also hold
for HgTe-based systems (SM).

New 2D Topological Insulator: InAs0.85Bi0.15/AlSb.—
The response of the electronic structure of InAs to the
addition of the isoelectronic dopant Bi [44–46] is well
described within valence band anticrossing theory [47–
50]. Bi provides a resonant state within the valence band
(complementary to the resonant state in the conduction
band generated in the dilute nitrides such as GaAs1−xNx)
which strongly pushes up the valence band edge of InAs
as Bi is added. The small band gap of InAs allows it to
close for approximately 7.3% of Bi [44–46], and for inver-
sion of the conduction and valence bands similar to HgTe
for larger Bi percentage. We determine the electronic
states of a InAs1−xBix/AlSb QW grown on a GaSb sub-
strate (SM, Sec. I) within a superlattice electronic struc-
ture calculation implemented within a fourteen bulk band
basis [51] and obtain the zone-center [Γ point, Fig. 1(a)]
quantum well states. From those we derive momentum
matrix elements and the other parameters of the BHZ
Hamiltonian. We obtain a crossing between the lowest
conduction subbands |E1±〉 and the highest valence sub-
bands |HH1±〉 at the critical well thickness dc = 6.9nm.
This crossing characterizes a topological phase transition
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Figure 1. (a) InAs0.85Bi0.15 QW subbands vs. the well thick-
ness d. (b) Schematic of a cylindrical QD with helical edge
states. Energy levels vs. the total angular momentum jz for
(c) a topological InAs0.85Bi0.15 BHZ dot with R = 60 nm, (d)
an ordinary (non-BHZ) InAs dot with R = 30 nm and (e) a
trivial InAs0.85Bi0.15 BHZ dot with R = 30 nm. The curved
arrows denote the forbidden and allowed transitions. (f), (g)
and (h): Probability densities |ψ+

jz ,n
|2 for the edge states in

(c) and (d) and bulk states (g) (see ellipses)

between an ordinary insulator (d < dc) and a 2D TI
(d > dc) with an inverted gap ∼ 30 meV, Fig. 1(a).

Model Hamiltonian for a cylindrical BHZ dot.— We
consider the BHZ Hamiltonian describing the low-energy
physics of the |E1±〉 and |HH1±〉 subbands,

H (k) =

(

H (k) 0
0 H∗ (−k)

)

, (1)

where H (k) = (C − Dk
2)12×2 + d · σ and d(k) =

(

Akx,−Aky, M −Bk
2
)

. Here, k is the in plane wave
vector and σ are the Pauli matrices describing the
pseudo-spin space. The parameters A, B, C, D, M , cal-
culated within a superlattice k.p electronic structure cal-
culation [51], depend on the QW thickness d and are
given in Table (S1) of the SM for d = 6 nm (x = 0.15)
and d = 8 nm (x = 0.15). We define our QDs by adding
to Eq. (1) the in-plane cylindrical confinement [14–26]

Vc =

(

V (r) σz 0
0 V (r) σz

)

, V (r) =

{

0 r < R

MO −M r > R,

(2)
where MO −M > 0 defines the equal strength soft-wall
barriers for electrons and holes [52]. Here we focus on the
hard wall case (MO → ∞) as it is simpler analytically. In
the SM we discuss the soft wall case, which qualitatively
shows the same behavior.

BHZ dots: eigensolutions. We solve [H (k) +Vc]ψ =
εψ in polar coordinates: kx ± iky = −i e±iθ

(

∂
∂r

± 1
r

∂
∂θ

)

and k2 = −
(

∂2r + 1
r
∂r +

1
r2
∂2θ

)

. By imposing that
ψ(r, θ) = 0 at r = R, we obtain the transcendental equa-
tion for the discrete eigenenergies and eigenfunctions
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(3)
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(4)

Here Ijz (λ±
(

Eσ
jz ,n

)

r) is the modified Bessel func-
tion of the first kind, N a normalization factor
and λ2±

(

Eσ
jz ,n

)

= −F ±
√

F 2 −Q2 with F =

1
2

(

A2

(D+B)(D−B) −
Eσ

jz,n−C−M

D+B
− Eσ

jz,n−C+M

D−B

)

and Q2 =
(

Eσ
jz,n−C+M

D−B

)(

Eσ
jz,n−C−M

D+B

)

. The ± signs in Eqs. (3)

and (4) label the “spin” subspaces in the BHZ model (i.e.,
its two 2x2 blocks) [53], and arise as the time teversal
tymmetry operator Θ = −iσy ⊗ 12×2K commutes with
H (k) in Eq. (1). The ψ± states in (4) form a Krammers
pair, i.e., Θψ+

jz,n
(r, θ) = ψ−

−jz ,n
(r, θ). The quantum num-

ber jz corresponds to the z-component of the total angu-
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lar momentum Jz = −i~∂θ + ~σz ⊗ (τ0 − τz
2 ) that obeys

Jzψ
±
jz,n

(r, θ) = ~jz ψ
±
jz ,n

(r, θ), jz = ± 1
2 ,± 3

2 , .... Inciden-
tally, jz also denotes the parity of the QD states defined
via the inversion symmetry operator I (r, θ) → (r, θ + π),

satisfying Iψ±
jz ,n

(r, θ) = (−1)
jz∓ 3

2 ψ±
jz ,n

(r, θ). Both Jz

and I commute with the QD Hamiltonian. The quantum
number n arises from the radial confinement of the dot;
we index our energy spectrum such that for each jz and
σ(= ±), n = 1, 2, 3... (n = −1,−2,−3, ... ) for positive
(negative) energies.
In Figs. 1(c), 1(d) and 1(e), we plot the InAs1−xBix

dot energy levels [Eq. (3)] for topological (x = 0.15, d =
8 nm, R = 60 nm), ordinary (x = 0, d = 6 nm, R =
30 nm) and trivial (x = 0.15, d = 6 nm, R = 30 nm)
cases, respectively. The ordinary InAs QD with its non-
inverted large gap is considered here for comparison (SM,
Sec. IV). Panels 1(f), 1(g) and 1(h) show the edge and
bulk states grouped by the ellipses in 1(c), 1(d) and
1(e). To gain insight into the origin of the edges states in
both topological and non-topological dots, next we look
at Eq. (4) in the asymptotic limit λτ (E

σ
jz ,n

)r ≫ m ⇒
Ijz [λτ (E

σ
jz ,n

)r] → exp[λτ (E
σ
jz ,n

)r] to leading order (this
is the parameter range of our Bi-based dots, SM Sec. VI.)
For topological BHZ dots (M < 0) with M < Eσ

jz ,n
<

−M , we find real λ± > 0 ⇒ ψσ
jz

≈ âeλ−r + b̂eλ+r

[Eq. (4)], â, b̂ complex spinors (SM, Sec. VI). {This
asymptotic form of ψσ

jz
demonstrates its edge state char-

acter [Fig. 1(f)] as ψσ
jz

peaks near r = R [ψσ
jz
(R) = 0 for

hard wall], similar to that of the 2D TIs. For Eσ
jz ,n

< M
or Eσ

jz ,n
> −M , edge and extended (“bulk”) states co-

exist.
Geometrically protected trivial edge states— For non-

topological BHZ dots with Eσ
jz ,n

within the valence states
[Fig. 1(e)] λ− is purely imaginary, λ+ > 0 and

ψσ
jz

≈
(

Jjz± 1
2
(|λ−| r)

Jjz± 3
2
(|λ−| r)

)

+

(

c+
d+

)

eλ+r, (5)

where c+ and d+ are complex amplitudes. The
Jm (|λ−| r)’s oscillate with r and have zeros at αn

m

[Jm(αn
m) = 0, n = 0, 1, 2, 3...]. Here, however, they grow

monotonically with r within the dot for Eσ
jz ,n

in the gray

area of Fig. 1(e). This is due to |λ−|R < α1
m/2 for the pa-

rameters of our Bi-based BHZ dot in the non-topological
regime (SM, Sec. VI). Similarly to the topological dot
case (previous paragraph), ψσ

jz
in Eq. (5) peaks near

r = R and thus describes “edge-like” states [Fig. 1(h)].
The parameter λ− controls the degree of localization of
the trivial edge states (SM, Sec. VI). In addition, as the
energies of extended and edge-like states depend differ-
ently on the dot radius R, we find that QD confine-
ment precludes the coexistence of some of these states
in our non-topological BHZ dots Fig. 1(e) (see also SM
Sec. VII).That is, confinement gives rise to a single geo-
metrically protected Kramers’ pair of dot states per en-
ergy within the gray area of Fig. 1(e). This holds for a

3.53.5- nA.nm-2 nA.nm-2

TrivialTopological(a) (b)

Figure 2. Spin-up circulating currents for topological (a) and
trivial (b) edge states jz = 3

2
and jz = 5

2
within the gray area

in Figs. 1(c) and 1(e). The topological and trivial circulating
currents are essentially the same. The horizontal white lines
delimit the QW barriers.

wide range of QD radii and BHZ parameters (e.g., those
of HgTe/CdTe QDs, see also SM Secs. V, VI and VIII).

In contrast, ordinary cylindrical InAs QDs defined
from InAs wells with parabolic subbands do not have
protected edge-like states [Fig. 1(d), 1(g)]. These non-
BHZ dots have the degeneracies EE1±

jz∓ 1
2 ,n

= EE1±
−jz± 1

2 ,n

and EHH1±
jz∓ 3

2 ,n
= EHH1±

−jz± 3
2 ,n

that allow for elastic scatter-

ing between these levels, thus precluding protection [56].
This picture still holds in the presence of spin-orbit and
electron–heavy-hole mixing effects (SM, Sec. IV).

Circulating current densities: j(r). — We define
j(r) = e~

m0
Im

{

ψ†(r)∇ψ(r)
}

, where the total QD
wave function ψ(r) =

∑

i Fi(r)ui(r) is expressed
as the sum of the product of the periodic part of
the Bloch function ui(r) of band i at the Γ point
and its respective envelope function Fi(r). The aver-
age current over the unit cell is given by [28, 29] 〈j〉 (r) =
e~
m0

Im
∑

i,j {F ∗
i (r)Fj (r) 〈ui|∇ |uj〉+ δijF

∗
i (r)∇Fj (r)}.

Using the wave function Eq. (4) (SM, Sec. IX), we find

〈

j±jz ,n
〉

= ±eN2

2π

{√
2P
~

∣

∣f±
1 (z)

∣

∣

∣

∣f±
3 (z)

∣

∣ I
jz∓ 1

2

E1,n
(r) I

jz∓ 3
2

HH1,n
(r)

± ~

rm0

(
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2

)

[

∣

∣f±
1 (z)

∣

∣

2
+
∣

∣ f±
4 (z)

∣

∣

2
] ∣

∣

∣
I
jz∓ 1

2

E1,n
(r)

∣

∣

∣

2

± ~

rm0

(

jz ∓ 3
2

)
∣

∣f±
3 (z)

∣

∣

2
∣

∣

∣
I
jz∓ 3

2

HH1,n
(r)

∣

∣

∣

2
}

θ̂, (6)

where m0 is the bare electron mass and P is the Kane
parameter [29, 57, 58] appearing due to the coupling
between conduction and valence bands. Here, the first
term is the “Bloch velocity” contribution to the aver-
age current as it stems from the periodic part of the
Bloch function, while the second term is the contribu-
tion from the envelope function [28, 29]. Using jz ∼ 1,
P = 0.9055 eV.nm [29] and r ∼ R = 40 nm we es-
timate the ratio of the Bloch to envelope contributions
(√

2P
~

)

/
(

2× ~

Rm0

)

∼ 340, thus showing we can neglect

the envelope velocity part in agreement with Ref. [29]
(see SM, Sec. IX for a detailed comparison). Since
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I
jz∓ 1

2

E1,n
= I

−jz± 1
2

E1,n
and I

jz∓ 3
2

HH1,n
= I

−jz± 3
2

HH1,n
, we find

〈

j±jz ,n
〉

(r) = −
〈

j∓−jz,n

〉

(r) , (7)

which shows the helical nature of the edge-like states
within the gray region in Figs. 1(c) and 1(e).
To compare the topological QD edge states and the

edge-like states in the trivial QD, we plot Eq. (6) in Fig. 2
for the spin up QD levels jz = 3/2 and jz = 5/2 [see
Figs. 1(c) and 1(e), gray area] with R = 40nm. Inter-
estingly, although the jz = 3/2 wave functions of both
trivial and topological QDs are extended, their circu-
lating currents are localized near the QD edges. This
arises from the product of the upper and lower wave
function components in Eq. (6). We find the highest
current densities for the trivial edge-like states (due to
the smaller d), Figs. 2(a), 2(b). However, the integrated
current density over half of the cross section of the QD

I±jz ,n =
∫

dS ·
〈

j±jz ,n
〉

=
∫ R

0
dr

∫
d
2

− d
2

dz
∣

∣

〈

j±jz ,n
〉∣

∣ ∼ 0.17 µA

for both topological and trivial edge states to within 2%,
i.e., it shows no significant difference.
Linear conductance. — To further compare the topo-

logical and trivial edge-like states, we calculate the two-
terminal linear-response QD conductance G (at T =
0K) [30] by coupling the dots to left (L) and right (R)
leads, Fig. 1(b). Our Hamiltonian reads

H =
∑

i

εid
†
idi +

∑

kα,α,σ

εkασc
†
kασckασ +

∑

i,kα,α,σ

V i
kασd

†
i ckασ

+
∑

i6=j

tijd
†
jdi +H.C.,

(8)

where d†i creates an electron in the QD state |i〉 [Eq. (4)]
with energy εi = εi(R, Vg) [obtained from Eq. (3)], i de-
notes the set of QD quantum numbers jz, ± (or ↑,↓ [53]),
and n (Vg is an additional gate controlling the dot levels
with respect to the Fermi energy εF of the leads), and

c†kασ creates an electron in the lead α = L,R with wave-
vector kα, energy εkασ and spin component σ = ↑, ↓.
The spin-conserving matrix element V i

kασ denotes the
dot-lead coupling, while tij couples the dot levels. Next
we focus on only four QD states with well-defined σ, as
shown in Fig. 3(a). This can be achieved by tuning the
conduction window and the QD levels via external gates.
Figures 3(b) and 3(c) show the QD conductance G =

G↑ + G↓ for the four topological and trivial edge states
with jz = ±7/2 and jz = ±9/2 [see green triangles in
Figs. 1(c) and 1(e)], as a function of the QD radius R
and the gate potential Vg. The radius R can be varied
experimentally through an electrostatic confining poten-
tial [59]. The conductance for both the topological and
trivial edge-like states show similar behaviors, i.e., dou-
ble Lorentzian-like profiles centered approximately at the
QD levels εi(R, Vg), separated by a dip, and peaked at
2e2/h; this is clearly seen in the insets of Figs. 3(b) and

Figure 3. (a) Schematic QD Hamiltonian for the four topo-
logical and trivial edge states with jz = ±7/2 and jz = ±9/2.
QD conductance G at T = 0K for the topological (b) and
trivial (c) edge states in Fig. 3(a). (d) Same as (a) for the
coexisting jz = ±1/2 bulk and jz = ±9/2 edge states and
the corresponding G for the trivial case (e). Here we use
t = 1 meV and Γ = 4 meV (SM, Sec. X).

3(c) for two distinct R’s. The dip follows from a destruc-
tive interference between the two same-spin edge states
in the overlapping tails of the broadened QD density of
states. See SM (Sec. X) where the conductance G is ex-
pressed as a sum of interfering amplitudes using Green
functions [60].

Interestingly, bulk-like and edge-like valence edge
states can coexist and even be degenerate in energy. In
this case, our calculated conductances exhibit a crossover
from a double-peak resonance for R < Rc nm and
Vg < Vg,c to a single-peak resonance at R = Rc nm
and Vg = Vg,c and back to a double-peak resonance for
R > Rc nm and Vg > Vg,c. This is shown in Fig. 3(e)
(and its insets) for a trivial QD, but a similar plot also
holds for a topological QD. In the SM (Sec. X) we show
that when the bulk and edge-state Kramers pairs obey

ε3(4)(R, Vg)−ε1(2)(R, Vg) = t
(

V 3(4)

V 1(2) − V 1(2)

V 3(4)

)

, two of the

transport channels are completely decoupled from the
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leads and hence a single resonance (peaked G = 2e2/~)
emerges. For the parameters in Fig. 3(e) this decoupling
occurs when the two Kramers pairs (bulk and edge) be-
come degenerate, i.e., ε1(2)(Rc, Vg,c) = ε3(4)(Rc, Vg,c) (in-
cidentally, their protection is lost in this case).

Concluding remarks.— We have predicted that Bi-
based InAs QWs can become room-temperature TIs
(∼ 30 meV) for well widths d > 6.9 nm. Our realistic
k.p approach allows us to calculate the parameters of an
effective BHZ model from which we can define cylindri-
cal QDs via further confinement. By solving the BHZ
QD eigenvalue equation analytically, we find quite sur-
prisingly that both topological and non-topological BHZ
QDs feature similar (i) protected helical edge states, (ii)
circulating currents and (iii) two-terminal linear conduc-
tances G exhibiting a two-peak resonance as a function of
the QD radius and the gate Vg controlling its energy lev-
els relative to the Fermi level of the leads.Hence our pro-
posed cylindrical QDs – topological and non-topological
– are equivalent from the standpoint of edge-state trans-
port, in contrast with TIs. We expect that our work
stimulate experimental research on this topic.
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Flatté, Phys. Rev. Lett. 112, 187201 (2014).
[30] Y. Meir, Ned S. Wingreen, Phys. Rev. Lett. 68, 2512

(1992).
[31] See Supplemental Material at [url] for detailed descrip-

tions, which includes Refs. [2,28-30,32-47,51,54-55,57,60]
[32] P. Michetti, P.H. Penteado, J.C. Egues, and P. Recher,

Semicond. Sci. Technol. 27, 124007 (2012).
[33] R. S. Calsaverini, E. Bernardes, J. C. Egues, and D. Loss,

Phys. Rev. B 78, 155313 (2008).
[34] R. Winkler, Spin-Orbit Coupling Effects in Two-

Dimensional Electron and Hole Systems, Springer Tracts

in Modern Physics Vol. 191 (Springer, New York, 2003).
[35] J. Shabani, et. al., Phys. Rev. B 93, 155402, (2016).
[36] J. Fu et. al., Phys. Rev. B 91, 075408, (2015).
[37] J. Fu et. al., Phys. Rev. Lett. 117, 226401, (2016).
[38] P. Kasperkovitz, J. Math. Phys. 21, 6 (1980).
[39] J. Antti-Pekka, N. S. Wingreen, and Y. Meir, Phys. Rev.

B 50, 5582 (1994).
[40] G. Bastard, Wave mechanics applied to semiconductor

heterostructures. New York, NY (USA), John Wiley and
Sons Inc. (1990).

[41] R. Hanson, et. al., Spins in few-electron quantum dots.
Rev. Mod. Phys. 79, 1217, (2007).

[42] S. Datta, Electronic transport in mesoscopic systems.
Cambridge university press, (1997).

[43] L. P. Kouwenhoven, et. al., Mesoscopic electron trans-

port. Springer, Dordrecht, (1997).
[44] K. Ma, et. al., Appl. Phys. Lett. 55, 2420 (1989)
[45] Z. Fang, et. al., J. Appl. Phys. 68, 1187 (1990)
[46] P. T. Webster, et. al., J. Vac. Soc. & Tech. B 32, 02C120-

1 (2014).
[47] W. Shan, et. al., Phys. Rev. Lett, 82, 1221, (1999)
[48] W. Walukiewicz, et. al., Phys. Rev. Lett, 85, 1552, (2000)
[49] J. Wu, et. al., Phys. Rev. B, 65, 233210, (2002)
[50] K. Alberi, J. Wu, W. Walukiewicz, K. M. Yu, O. D.

Dubon, S. P. Watkins, C. X. Wang, X. Liu, Y.-J. Cho,
and J. Furdyna, Phys. Rev. B 75 045203 (2007).

[51] W. H. Lau, J. T. Olesberg and M. E. Flatté, cond-
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