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The effect of quenched (frozen) disorder on the collective motion of active particles is analyzed.
We find that active polar systems are far more robust against quenched disorder than equilibrium
ferromagnets. Long ranged order ( a non-zero average velocity (v)) persists in the presence of
quenched disorder even in spatial dimensions d = 3; in d = 2, quasi-long-ranged order (i.e., spatial
velocity correlations that decay as a power law with distance) occurs. In equilibrium systems, only
quasi-long-ranged order in d = 3 and short ranged order in d = 2 are possible. Our theoretical
predictions for two dimensions are borne out by simulations.
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Introduction. A great deal of the immense current
interest in “Active Matter” focuses on coherent collective
motion, i.e., “flocking” [1-7], or “swarming” [8, 9]. Such
coherent motion occurs over a wide range of length scales:
from macroscopic organisms to mobile macromolecules in
living cells [8-11] and synthetic active particles [12, 13]
and in the presence of complex environments [14, 15].
Such coherent motion is possible even in d = 2 [2], in
apparent violation of the Mermin-Wagner theorem [16].
This has been explained by the “hydrodynamic” theory
of flocking [3-7], which shows that, unlike equilibrium
“pointers”, non-equilibrium “movers” can spontaneously
break a continuous symmetry (rotation invariance) by
developing long-ranged orientational order (as they must
to have a non-zero average velocity (v(r,t)) # 0), even
in noisy systems with only short-range interactions in
dimension d = 2, and in flocks with birth and death [17].

In equilibrium systems, even arbitrarily weak quenched
random fields destroy long-ranged ferromagnetic order
in all spatial dimensions d < 4 [18-21]. This raises
the question: can the non-linear, non-equilibrium effects
that make long-ranged order possible in 2d flocks with-
out quenched disorder stabilize them when random field
disorder is present? Simulations of flocks with quenched
disorder [22, 23] find quasi-long-ranged order in d = 2;
that is:

v(r,t) v/ ) oc|r -’77, (1)
where the exponent 7 is non-universal (that is, system

dependent), and the overbar denotes an average over r
with fixedr —r .

In this paper and the accompaning long paper (ALP),
we address this problem analytically and by simulations.
The analytical approach (the focus of this paper) ex-
tends the hydrodynamic theory of flocking developed in
[3—7] to include quenched disorder. Both approaches con-
firm that flocks are more robust against quenched disor-
der than ferromagnets. Specifically, we find that flocks
can develop long ranged order in three dimensions, and
quasi-long-ranged order in two dimensions, due to strong
non-linear effects, in contrast to the equilibrium case, in
which only short-ranged order is possible in two dimen-
sions [18-21], and only quasi-long-ranged order in three
dimensions. We also determine exact scaling laws for
velocity fluctuations for one range of hydrodynamic pa-
rameters in d = 3.

The hydrodynamic theory. To study the effects
of quenched disorder for flocking, we use the hydrody-
namic theory of [3—7], modified only by the inclusion of
a quenched random force f. In the thermodynamic limit,
the annealed noise is irrelevant for determining the sta-
bility and scaling of the flocking phase in the presence of
the quenched noise, and is thus neglected in the current
study. In the ordered phase with average speed vy and
an average density po, the velocity (¥) and density (p)
fields can be written as: @ ~ vo€) + UL, p = po + Ip
where €| is the unit vector in the direction of mean flock
motion). Pluggin these in the original hydrodynamic eu-
qations (shown in the APL, see also the original papers
[3-6]), we obtain the following pair of coupled equations
of motion for the fluctuation v (7, ) of the local veloc-
ity of the flock perpendicular to €|, and the departure
dp(7,t) of the density from its mean value py:

atVL + ’yaHVl + A (Vl . Vl) v = —gltspa”VL — ggVLau(Sp — g3VLat5p — %VLCS,O — g4VL(5p2)
+ DV (VJ_ . VJ_) + DTVQLVJ_ + D”aﬁvl + vV 1 0p+ VHaHVJ_ép +f,, (2)
010p + poV 1 -V + XV - (Vidp) +v20)0p = Dpllaﬁ(SP + D0 (V1 - V1) + ¢0:0)0p + 0 (w16p® + wa|vL]?), (3)



where X and A, are the dimensionless coefficients for the
nonlinear convective terms, Dpeg 1|, p,pv> Ve, are coeffi-
cients for the linear terms (e.g., diffusion terms), g1.234,
wy,2 are the non-linear coupling constants, cy sets the
scale of the sound speed, ¢ sets the diffusion length scale.
There are two parameters v = Avg and vy = A,vg that
are particularly relevant for our current study, they cor-
respond to the speeds of the velocity and density fluctu-
ations advected by the mean flocking motion along €.

To treat quenched disorder, we simply take the ran-
dom force to be static; i.e., to depend only on position:
f(r,t) = f(r), and not on time ¢ at all, with short-ranged
spatial correlations:

fr@fi!) =

where the overbar denotes averages over the quenched
disorder, and (% = 11if and only if ¢ = j #||, and is zero
for all other 7, . We will also assume f, is zero mean,
and Gaussian.

The linearized hydrodynamic theory and
anisotropic fluctuations. Our first step in analyzing
these equations is to linearize them. We then Fourier
transform them in space and time, and decompose the
velocity v, along and perpendicular to the projection q
of q perpendicular to the mean dlrectlon of flock motion:
VL=V, q,/q,, V. =V, —vL— Note that the “trans-

Ag6%r —1) (4)

verse” velocity v, does not eX1st in d = 2, where there
are no directions that are orthogonal to both q, and the
mean direction of flock motion X,. This has important
consequences, as we will see later.
The set of coupled linear algebraic equations for dp,
v, and vy, that we thereby obtain can be solved analyt-
ically to obtain the strength of the fluctuations (details

are given in the ALP):

(A cos?0q)q 2

L@ = = . )
€2(0q)q2 + (sin2 0 — [L} c0s? )2
€2(0q)q% + (sin® O — {7”2} cos? 0q)?

and
V@l = d—2)2 7

¥2q? [€%(0q)q? + cos? O]

with g the magnitude of the wavevector q and 64 the an-
gle between q and the direction 2| of mean flock motion.

(5-7), A = ”Ef and €(fy) and er(fq) are the
0

finite direction-dependent damping coefficients (see ALP

for their expressions).

From Egs. (5-7), we immediately see that there is an
important distinction between the cases yv, > 0 and

In Egs.

~yvg < 0. In the former case, fluctuations of vy, and p are
highly anisotropic: they scale like ¢=2 for all directions
of q except when 04 = 0. or m — 0., where we have de-

fined a critical angle of propagation 6, = arctan [ 17

The physical significance of 6, is that it is the dlrectlon
in which the speed of propagation of longitudinal sound
waves in the flock vanishes[3-6]. For these special di-
rections (which only exist if yuy > 0) both |vz(q)|? and
[6p(q)|? scale like g—*. On the other hand, when yv, < 0,
fluctuations of v, and p are essentially isotropic: they
scale as ¢ 2 for all directions of q.

Fluctuations of v,., however, are always anisotropic,
diverging as ¢~* for 0q = 7/2, and as ¢ for all other
directions of q. Of course, there are no such fluctuations
in d = 2, since, as noted earlier, v, does not exist in that
case, as reflected by the factor of (d —2) in Eq. (7).

These special directions (6. and 7) dominate the real

space fluctuations |v (r)|? and |dp(r)|?, which can be
obtained by integrating |6p(q)|?, |vr(q)|?, and |vr(q)|?
over all wavevector q. In particular, we have:

Vi = [ oty [ aog (Fr@P + fort@P) . (9

where [ d)q denotes an integral over the directions of
q. As shown in the ALP, this angular integral scales
like ¢=3 for the v,. term in Eq. (8), except, of course, in
d = 2, where that term does not exist. The vy, term also
scales like ¢~3 when yvy > 0, due to the aforementioned
divergence of |vz(q)|? as 6, — 0.. However, it only scales

like g=2 when vy < 0, since |vr(q)|2 does not blow up

for any direction of q in that case.
Hence, if either d > 2, or yvs > 0, Eq. (8) implies

VImF o [ o'ty )

which clearly diverges in the long wavelength (i.e., infra-
red, or ¢ — 0) limit for d < 3. Thus, according to the
linearized theory, there should be no long-ranged orien-
tational order (a nonzero v(r)) for d < 3, no matter
how weak the disorder. In the critical dimension d = 3,
quasi-long-ranged order (with algebraic decay of veloc-
ity correlations in space), should, again according to the
linearized theory, occur.

However, for the case yvy < 0 (when |vz(q)|? has no
soft directions) and d = 2 (when v,. does not exist), we
have

VIEP / ¢34y (10)

which only diverges in d < 2. In d = 2, this divergence
is only logarithmic, suggesting quasi-long-ranged order
characterized by Eq. (1).

We thus see that there is a significant difference be-
tween dimension d = 2 and d > 2, and between vy > 0
and yva < 0. Thus there are four distinct cases of



physical interest. The linear theory just presented pre-
dicts quasi-long-ranged order for three of these four cases:
d = 3 for both yvs > 0 and yvs < 0, and d = 2 for the
case yvy < 0. For the remaining case, d = 2 and yvy > 0,
the linear theory predicts only short-ranged order.

However, in the full, non-linear theory, there is true
long-ranged order - specifically, a non-zero average ve-
locity v(r,t) # 0 for d = 3, and quasi-long-ranged order
in d = 2, in both cases yvs > 0 and yvs < 0. Below, we
will present the detailed analysis of the full non-linear
model for the simplest case: yvy < 0 and d > 2, and
for the case we simulate, yva > 0 and d = 2. We defer
detailed discussion of the other two cases to the ALP.

Breakdown of the linearized theory in d < 5. We
now show that the non-linearities explicitly displayed in
the coarse-grained equations of motion radically change
the scaling of fluctuations in flocks with quenched dis-
order for all spatial dimensions d < 5. Furthermore,
this change in scaling stabilizes orientational order, i.e.,
makes it possible for the flock to acquire a non-zero mean
velocity (< v > 0)) in three dimensions.

We begin by demonstrating this for d # 2 and yv, < 0
by power counting . (The same conclusion also holds for
yvg > 0, but we defer the more complicated argument
for that case to the ALP.) Due to the anisotropy, we
rescale coordinates r| along the direction of flock motion
differently from those r; orthogonal to that direction,
and also rescale time and the fields:

I‘L%brl, T’H*)bc’l"u, t%bzt, Vl*)bXVL,
op — bXrdp . (11)

These rescalings relate the parameters in the rescaled
equations (denoted by primes) are related to those of the
unrescaled equations. We will focus on the parameters
A, ~, and D7, and the combination of parameters 2—?&,
which control the fluctuations in the dominant direction
0q = 7/2 of wavevector q. We easily find:

,7/ _ bZ_C’}/ , A/ _ b2(z—x)+1—d—CA , (12)
Cg ' —x+z—1 C(Q) / z—2
DY) = prox D) | pL—p’Dp. (13)
Po Po T

We can thus keep the scale of the fluctuations fixed by
choosing the exponents z, ¢, x, and x, to obey

z2=¢=0, xp—x+2z—-1=0, 2—-2=0,
2(z—=x)+1-d—-¢=0. (14)

Solving these yields

3—-d 1-d

2l = —2 (15
2 y Xp,l 2 ( )

Zlin — Clin =2 ; Xlin =
The subscript “lin” in these expressions denotes the fact
that we have determined these exponents ignoring the
effects of the non-linearities in the equations of motion (2)
and (3). We now use them to determine in what spatial
dimension d those non-linearities become important.

Upon the rescalings (11), the non-linear terms A, and
g1,2,3,4 in the v, equation of motion (2) obey

N = = b N, (16)
1—d
Gios4= VX g1 034 =07 gio3a . (17)

By inspection of Eq. (17), we see that only A becomes
relevant in any spatial dimension d > 1; in fact, it be-
comes relevant for d < d. = 5. The g;’s are all irrelevant,
and can be dropped. Furthermore, if we restrict our-
selves to consideration of the transverse modes v ., which
we can do by projecting the spatial Fourier transform of
Eq. (2) perpendicular to q, , we see that there is no cou-
pling between v, and p at all, even at nonlinear order.
Hence, p completely drops out of the problem of deter-
mining the fluctuations of v,.. And since v,, is, as we saw
in our treatment of the linearized version of this problem,
the dominant contribution to the velocity fluctuations
when d > 2 (so that v, actually exists) and yvs < 0
(so that there is no direction of q for which the lon-
gitudinal velocity fluctuations vy, diverge more strongly
than 1/¢? in the linearized approximation), this means
that the long distance scaling of the velocity fluctuations
will be the same as in a model with no density fluctua-
tions at all; that is, an incompressible model, in which
VJ_ vV, = 0.

We now note two useful facts:

1) The only nonlinearity (the A term) can be written as
a total 1-derivative. This follows from the identity:

(VL~Vl)vf:8j‘(vj‘vil)fvaLovl. (18)

The first term on the right hand side of this expression is
obviously a total | -derivative. The second term vanishes
since V - v, = 0, which implies that the nonlinearity
can only renormalize terms which involve |-derivatives
(i.e., DY.); specifically, there are no graphical corrections
to either v or A.

2) There are no graphical corrections for A either, be-
cause the equations of motion (2) and (3) have an exact
“pseudo-Galilean invariance” symmetry [24], i.e., they re-
main unchanged by a pseudo-Galilean transformation:

r,or; —Avit , v, >V, +vy , (19)

for arbitrary constant vector vy L Z,. Since such an ex-
act symmetry must continue to hold upon renormaliza-
tion, with the same value of A\, the parameter A cannot
be graphically renormalized.

Taken together, these two facts imply that Eq. (12)
and the first equality of Eq. (16) are exact, even when
graphical correction are included. Therefore, to get a
fixed point, we must have

2—(=0,2>z—x)+1-d—C¢=0, 2+x—1=0, (20)

which imply



The fact that xy < 0 for all d in the range 2 < d < 5
implies that velocity fluctuations get smaller as we go to
longer and longer length scales; this implies the existence
of long ranged order (i.e., a non-zero average velocity
Vv # 0) in all of those spatial dimensions. The physically
realistic case in this range is, of course, d = 3.

These exponents imply that Fourier transformed ve-
locity correlations take the form:

9

q, /A —2<7 LC>>77
h(W) q, (A) A
2

V(P =——F—" ¢ (22)
: G i () <%

>

where A is an ultraviolet cutoff.

Nonlinear effects for yvy > 0, d = 2. Now “longi-
tudinal” fluctuations (i.e., dp and v, ) become important,
which causes the g and w non-linearities in the equations
of motion (2) and (3) important. This prevents us from
making such a compelling argument for exact exponents.
However, our experience with the annealed noise prob-
lem suggests a way forward. In that annealed case, the
assumption that below the critical dimension only one of
the non-linearities, namely the convective A term, is rel-
evant, makes it possible to determine exact exponents in
d = 2. These exponents agree extremely well with simu-
lations of flocking [3-7]. Thus this assumption appears to
be correct for the annealed problem, which suggests that
it might also be true in the quenched disorder problem.

If it is, then the two points that we used to determine
the exact exponents for the yvo < 0, d # 2 case just
considered also hold here. In this case, the A non-linearity
can be written as a total derivative because v, has only
one component in d = 2, so (v, -V v =v,0,v, =
9, (v* /2) . Pseudo-Galilean invariance also applies once
A is the only relevant non-linearity [24].

Hence, the arguments we made earlier for the exact
exponents for the case yvs < 0, d # 2 also apply for yvy >
0, d = 2. This implies that the exponents of Eq. (21)
apply here as well, albeit with d = 2, which implies z =
¢ =1, x = 0. The vanishing of x implies quasi-long-
ranged order (Eq. (1)), while the fact that ¢ = 1 implies
that fluctuations scale isotropically. Note that this is in
strong contradiction to the linear theory, which predicts
extremely anisotropic scaling of fluctuations when yvy >
0, as it is here.

The physical origin of this restoration of isotropic scal-
ing is that the damping coefficient €*(f4) is renormal-
ized by non-linear fluctuation effects by an amount that
scales like ¢72 as q¢ — 0 and 64 — 6., cancelling off
the explicit ¢? in Eq. (5), and thereby making the fluc-
tuations scale isotropically. Since this nonlinear effect is
caused by disorder induced fluctuations, we expect the fi-
nite q — 0 limiting value of ¢*¢?(0), which we define as
§ (i.c., § = 5q%€*(6.)) to get very small as the strength
A of the disorder does. Since our simulations are done at
weak disorder, we expect § to be small, which implies a
sharp peak in a plot of ¢%|v (q)|? versus 4. Specifically,

q* (v (@I?)

FIG. 1. Fourier-space velocity-velocity correlation function
of a Vicsek flock as a function of the direction of wavevector
q in the presence of quenched disorder. The solid line is the
theoretical prediction from the continuum hydrodynamic the-
ory. The linearized theory predicts that ¢?|v) (q)[? diverges
as q — 0 at some non-universal critical angle 6., while the
non-linear theory predicts that the divergence at 6. will be cut
off, leaving a large, but finite, maximum. In our simulations,
0. ~ 78°.

our analysis implies

A cos?(0)
[sin?(A) — tan?(6,) cos2(6)]2 + 6

¢*lvi(q)l? o (23)

We have tested some of our analytical predictions by
numerical simulations of a modified Vicsek model where
a certain number of static particles (“dead birds”) are
added to the simulation. These stationary particles are
placed randomly in space with fixed “pseudo-velocity vec-
tors” of length vy in random directions. Normal mov-
ing particles will align their velocities with these pseudo-
velocity vectors in their neighborhood. Details of the
model and all the simulation results are described in the
ALP. Due to space limitation, here we only highlight
the velocity correlation function obtained from our sim-
ulations. As shown in Fig. 1, the angular dependence
of the velocity correlation function agrees well with our
theoretical prediction (Eq. (23)). It should be noted
that this result cannot continue to hold down to arbi-
trarily small q because quasi-long-ranged order, which
our result x = 0 implies, is inconsistent with macro-
scopic anisotropy. Therefore, at large enough length
scales that the velocity correlation function in Eq. (1) be-
comes < (v(r))?, Eq. (23) will break down and isotropy
will be restored. However, as in the case of an equilib-
rium two-dimensional nematic [25], isotropy is restored
by slow (logarithmic) effects, which only dominates at an
exponentially large length scale that is much larger than
our simulation size.



Summary. We have studied a fully nonlinear hydro-
dynamic equation for flocking in the presence of quenched
disorder. We find that the critical dimension for the
nonlinear terms to become relevant is d. = 5. For
d < 5 and the combination of phenomenological param-
eters yvg < 0 we determine of all the scaling exponents
Eq. (21). These predicted exponents show that flocks
with non-zero quenched disorder can still develop long
ranged order in three dimensions, and quasi-long-ranged
order in two dimensions, in strong contrast to the equi-
librium case, in which any amount of quenched disorder
destroys ordering in both in two and three dimensions
[18-20]. This prediction is consistent with the simula-
tion results of Chepizhko et. al. [22] and Das et al. [23]
and ourselves. (see ALP for more comparisons).
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