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Recently two fundamental topological properties of a magnetic vortex at the interface of a superconductor
(SC) and a strong topological insulator (TI) have been established: the vortex carries both a Majorana zero-
mode relevant for topological quantum computation and, for a time-reversal invariant TI, a charge of e/4. This
fractional charge is caused by the axion term in the electromagnetic Lagrangian of the TI. Here we determine
the angular momentum J of the vortices, which in turn determines their mutual statistics. Solving the axion-
London electrodynamic equations including screening in both SC and TI, we find that the elementary quantum
of angular momentum of the vortex is −n2~/8, where n is the flux quantum of the vortex line. Exchanging two
elementary fluxes thus changes the phase of the wavefunction by −π/4.

In our three-dimensional world, a particle must either be a
boson or a fermion. Exchanging two identical particles either
leaves the wavefunction invariant (as it does for bosons) or in-
duces a sign-change (for fermions). By the spin-statistics the-
orem, these two distinct possibilities are related to the intrinsic
angular momentum of bosons (or fermions) being an integer
(or a half odd integer) multiple of the fundamental quantum
unit of ~. When restricted to two spatial dimensions (2D),
quantum statistics become much richer. In principle, parti-
cles can exist in 2D that, insofar as quantum statistics are con-
cerned, lie “in between” bosons and fermions. Such particles,
dubbed “anyons”, are predicted to have very peculiar physical
properties [1, 2]. Exchanging two identical anyons may pro-
duce a change of the phase of the wavefunction that is any-
where between zero and π; the intrinsic angular momentum
number of anyons need not be an integer or half-odd multiple
of ~. Topological quantum computation relies on the ability
to create and manipulate anyons with nontrivial (particularly,
more complex non-Abelian) statistics [3, 4].

Theoretically, anyons can emerge as composite particles
formed by a bound state between a 2D fermion and a flux tube
which provides an additional Aharonov-Bohm (AB) phase
to exchanged particles [2]. However, in conventional elec-
tromagnetism governed by the Maxwell field equations, the
canonical angular momentum cannot be fractional [5, 6].
Anyons play a prominent role in effective theories of the frac-
tional quantum Hall effect [4] wherein fermions are coupled to
auxiliary emergent gauge-fields. In these phenomenological
field theories, the fractional angular momentum arises from a
topological (Chern-Simons) term in the effective Lagrangian
and field equations.

The last decade has seen an explosion in experimental dis-
coveries of new classes of materials in which topological ef-
fects come to life [7]. A strong topological insulator (TI) is
characterized by a topologically protected surface state that
consists of a single Dirac cone. Electromagnetic fields that
enter or exit the TI couple to these Dirac fermions, which, in-
terestingly, gives rise to an additional, non-perturbative, topo-
logical term in the Maxwell Lagrangian. This (so-called ax-

ion) term couples the electric (E) and magnetic (B) fields and
is given by Laxion = αθ/(4π2)E · B [8, 9]. Here, α is the fine-
structure constant and θ the coupling constant. For a time-
reversal invariant strong TI, θ = π. Hallmarks of the axion
term have recently been detected in Bi2Se3, a prominent TI
material[10].

It was recently demonstrated that the axion term binds an
electric charge of e/4 to a magnetic vortex (see Fig. 1-a) at the
interface of a conventional type II superconductor (SC) and a
time-reversal invariant TI [11, 12]. At the interface, the mag-
netic flux (i.e., the magnetic vortex emerging from the SC)
becomes endowed with an electric charge via an elementary
realization of the Witten effect [8]. The vortex has also been
shown to carry a Majorana zero-mode due to the SC proxim-
ity effect in the TI [13, 14]. A principal result of the current
work is the demonstration that such vortices in addition carry
a canonical angular momentum J that is not an integer mul-
tiple of ~/2. This rather unconventional feature is triggered
by the topological axion term in the field equations governing
the electromagnetic response of the TI. In this way the results
of the present work can be viewed as providing a realization
of a bosonic TI [15]. In addition, fractional statistics can be
realized by means of a gauge field corresponding to the actual
electromagnetic field. A statistical Witten effect considered
earlier in the context of bosonic TIs required a compact gauge
field [16], which naturally leads to magnetic monopole excita-
tions. However, even in this context, duality arguments show
an equivalence to a system featuring electromagnetic vortices
rather than monopoles [12, 17].

In what follows, we derive the detailed electromagnetic
field profile of the vortex by explicitly solving the axion-
London electrodynamic equations including screening in both
the SC and the TI. In particular, the electromagnetic field in-
duced by the vortex depends on the screening properties of
both the SC and the TI via the London penetration depth
and dielectric constant ε. This subtle behavior arises be-
cause the (effectively 2D) interface between the TI and SC
that we consider is embedded in a 3D polarizable medium.
We establish that the total angular momentum is given by
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FIG. 1. (a) Schematic representation of a magnetic vortex in a
topological insulator (TI) - superconductor (SC) heterostructure. At
the interface, where the vortex line ends, stray fields similar the
field of a magnetic monopole appear which however do not vi-
olate the Maxwell equation ∇ · B = 0 (see main text). Panel
(b) shows the axion-induced electric charge density σ divided by
σ0 = neθ/(8π2λ2

L), summing up to a total charge e/4 for θ = π; (c)
and (d): contour plots of the radial and z−components of magnetic
field associated to the vortex; (e) contour plot of electric potential
induced by the magnetic vortex. Due to the axion term, the magnetic
vortex line becomes a source of electric field.

Jtot
z = −n2~θ/(8π), where n is the quantum of the vortex flux.

Interestingly, the fractionalization of Jtot
z is solely a property

of the electromagnetic fields matching at the interface. Our
results do not hinge on the existence of a SC proximity effect
on the surface of the TI.

London-axion electrodynamics — We consider a SC-TI in-
terface at z = 0 in the London regime (see Fig. 1) and employ
cylindrical coordinates R = (r, z). The SC occupies the lower
half of space, z < 0, with the TI lying in the region above it.
Thus, θ(z) = θ = const for z ≥ 0, vanishing otherwise. In the

static limit, Maxwell’s equations read

∇ ·

[
ε(z)E(r, z) −

αθ(z)
π

B(r, z)
]

= 4πρ(r, z), (1)

∇ ×

[
B(r, z) +

αθ(z)
π

E(r, z)
]

=
4π
c

j(r, z), (2)

along with the equations ∇ · B = 0 and ∇ × E = 0. Here, the
dielectric constant ε(z) = ε = const in the region z > 0 inside
the TI, while for z < 0, inside the SC, ε(z) = 1. The charge
density and current are given by

ρ(r, z) = −
(2e)2ρs

mc2 φ(r, z), (3)

j(r, z) = 2eρsvs(r, z). (4)

ρs is the superfluid density, m is the mass of the Cooper pair
and φ is the electric potential, and

vs(r, z) =
1
m

[
~∇ϕT −

2e
c

A(r, z)
]
, (5)

is the superfluid velocity of the SC. For z > 0, inside the TI,
∇ × B = 0 and ∇ · E = 0.

In Eq. (5) the longitudinal phase gradient is gauged away
while the transverse phase gradient is given by

∇ϕT =
1
2

∫
L

dγ × (R − γ)
|R − γ|3

, (6)

where the line integral is along the vortex line. For simplicity,
we consider a single straight vortex line centered about r = 0
lying parallel to the z-axis. In the absence of the TI, the SC
would occupy all space, and the vortex line would extend over
z′ ∈ (−∞,∞). In this case, a simple calculation using γ = z′ẑ
in Eq. (6) yields ∇ϕT = (n/r)ϕ̂, n ∈ Z. As a result, the
standard London equation holds and its solution yields [18,
19],

B(r) =
nΦ0

2π
m2

LK0(mLr)ẑ. (7)

Here, Φ0 = hc/(2e) is the fundamental flux of the vortex in the
superconductor, K0(u) is a modified Bessel function of second
kind, and m2

L = 16πe2ρs/(mc2) = 1/λ2
L, with λL being the

penetration depth.
In our case of an SC-TI structure, the integral in Eq. (6) has

to be performed over z′ ∈ (−∞, 0). We obtain,

∇ϕT =
n
2r

(
1 −

z
√

r2 + z2

)
ϕ̂, (8)

which in spherical coordinates reads, ∇ϕT = nϕ̂(1 −
cosϑ)/(R sinϑ). We recognize this as the gauge potential for
a magnetic monopole of charge n/2 with a Dirac string ex-
tending over the negative z-axis. Since A(r, z) = A(r, z)ϕ̂, the
monopole contribution is removed by performing the gauge
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transformation A→ A− nΦ0(1 + z/
√

r2 + z2)/(4πr), such that
Eq. (5) becomes,

vs =
1
m

(
n~
r
−

2e
c

A
)
ϕ̂. (9)

This is similar to the case of an infinitely long vortex line,
except that the vector potential A(r, z) = A(r, z)ϕ̂ depends on
z to account for the presence of the interface at z = 0.

Explicit solution for a single vortex — In cylindrical coor-
dinates, Eq. (2) becomes the partial differential equation

−
∂2A
∂r2 −

1
r
∂A
∂r

+
A
r2 −

∂2A
∂z2 + m2

LA =
m2

LnΦ0

2πr
. (10)

This equation has to be solved by imposing continuity of
A(r, z) at z = 0 together with the boundary condition,

∂A
∂z

∣∣∣∣∣
z=+η
−
∂A
∂z

∣∣∣∣∣
z=−η

=
αθ

π

∂φ

∂r

∣∣∣∣∣
z=0

, (11)

where η → +0. An additional boundary condition requires
that the magnetic field approach Eq. (7) as z → −∞. It is
easy to show that the latter condition corresponds to A(r, z =

−∞) = nΦ0[1/r − mLK1(mLr)]/(2π).
With these boundary conditions, the solution to (10) is

A(r, z) =
nΦ0m2

L

2π

∫ ∞

0
dp

J1(pr)a(p, z)
p2 + m2

L

. (12)

Here, J1(x) is a Bessel function of first kind. The function
a(p, z) = 1 + ez

√
p2+m2

L [ f (p)− 1] for z ≤ 0; otherwise a(p, z) =

f (p)e−pz. The function f (p) (see SI) has to be determined
with the help of Eq. (1) along with the boundary condition
(11). The above solution fulfills ∇ × B = 0 for z > 0, as it
should. Note that ∇ · B = 0 holds, since the vortex line plays
the role of a (screened) Dirac string. Indeed, we note the large
distance (mLr � 1) behavior,

A(r, z) ≈


nΦ0
2πr , z ≤ 0
nΦ0
2πr

(
1 − z

√
r2+z2

)
z > 0.

(13)

This is the gauge field of a thin solenoid of quantized flux
(nΦ0) for z ≤ 0 and the gauge field of a monopole for z > 0.

Equation (1) can now be solved using the boundary condi-
tions φ(r, z = +η) = φ(r, z = −η) and

∂φ

∂z

∣∣∣∣∣
z=−η
− ε

∂φ

∂z

∣∣∣∣∣
z=+η

=
αθ

πr
∂(rA)
∂r

∣∣∣∣∣
z=0

=
αθ

π
Bz(r, z = 0). (14)

The above boundary condition reflects the fact that Eq. (1)
implies that ε(z)Ez(r, z) − (αθ(z)/π)Bz(r, z) is continuous at
z = 0, which in turn leads to a discontinuity in Ez at z = 0.
This is reminiscent of the continuity at z = 0 (assuming
the same geometry) of the normal component of the elec-
tric displacement field D(r, z) = ε(z)E(r, z) in absence of
the so called ”free charges”. In our case it is the vector
ε(z)E(r, z) − (αθ(z)/π)B(r, z) that plays the role of D.

It is now straightforward to obtain the solution,

φ(r, z) =
neθm2

L

2π

∫ ∞

0
dp

pJ0(pr)F(p, z)(√
p2 + m2

L + εp
)

(p2 + m2
L)
, (15)

where F(p, z) = f (p)ez
√

p2+m2
L for z ≤ 0 and F(p, z) =

f (p)e−pz otherwise. We can verify that Eq. (15) yields
∇ · E = 0 for z > 0.

The boundary condition (11) enables us to determine f (p).
Its explicit form displays a very weak dependence on θ, de-
parting from the θ-independent expression only by a correc-
tion ∼ (αθ/π)2 ∼ 10−5. Thus, for all practical purposes
the θ-dependence of f (p) can be ignored, yielding f (p) =√

p2 + m2
L/

(
p +

√
p2 + m2

L

)
. It is interesting to note that

this function is independent of ε (for details, see SI). Note
that a(0, z) = 1, so that the usual flux quantization holds,∫

d2rBz(r, z) = nΦ0a(0, z) = nΦ0.
Charge bound to vortex — Equation (1) with the above

fields implies that the vortex line carries a quantized frac-
tional charge. Indeed, noting that for any function F of

p = |p| =
√

p2
x + p2

y and z,

∫ ∞

0

dp
2π

pJ0(pr)F (p, z) =

∫
d2 p

(2π)2 eip·rF (p, z), (16)

we easily obtain that induced fractional charge is independent
of ε and is given by,

Q =

∫ 0

−∞

dz
∫

d2rρ(r, z) = −
neθ
4π

, (17)

behaving in this way similarly to dyons in the Witten effect
[8]. Thus, the axion term causes the magnetic vortex line to
become electrically polarized.

In Fig. 1-(b) we show the charge density of the vortex at
the interface. Here and in all other panels of Fig. 1, we
have used ε = 20, corresponding to the bulk dielectric con-
stant of HgTe [20]. The contour plots of the vortex magnetic
field components are shown in panels (c) and (d) of Fig. 1.
The stray fields in the z > 0 region ensure that the magnetic
monopole contribution cancels out enforcing in this way the
Maxwell equation ∇ ·B = 0 [21]. The induced charge density
shows that the bound e/4 charge lying at the SC-TI interface
is localized, within a radius of λL, to the vortex core.

Fig. 1-(e) shows the electric potential that is induced by the
magnetic vortex at the SC-TI interface and screened by the
rest of the system. It clearly demonstrates that due to the ax-
ion term the vortex line flux becomes the source of the electric
field. In the SI [22], the axion-induced electric field compo-
nents are shown - the radial electric field profile is similar to
the radial magnetic field profile in Fig. 1-(b). The field profile
of the z−component of the electric field exhibits a discontinu-
ous behavior at z = 0, which is a consequence of the disconti-
nuity of the normal component of the electric field across the
interface, as expressed mathematically in Eq. (14).
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Angular momentum — We now turn to our central result
concerning the appearance of fractionalized angular momenta
of the dyons. As is well known [23], dyons, which are dipoles
constituted by electric and magnetic poles, have an angular
momentum proportional to the electric charge times the flux
from the magnetic monopole. Julia and Zee [24] have shown
that an Abrikosov-Nielsen-Olesen vortex [18, 19] would also
have an angular momentum of a similar form, provided the
vortex line has also an electric potential associated to it. How-
ever, it turns out that such a vortex solution would imply an
infinite vortex energy per unit length, since the electric poten-
tial would behave logarithmically at short distances, so there
must be no charge and the total angular momentum vanishes.
The axion term offers a way out of this problem, since it gives
a fractional charge to the vortex and the electric contribution
to its energy is finite, as can easily be verified using Eq. (15).
We will now calculate exactly the angular momentum of the
vortex and shows that its fractional charge implies a uncon-
ventional quantization of the angular momentum.

The total angular momentum is given by J = L + J, where

L =

∫
d3R(R × µvs), (18)

is the mechanical angular momentum and J is the angular mo-
mentum of the electromagnetic field, which for static fields
can be written as,

J =
1

4πc

∫
d3R(∇ · E)(R × A). (19)

In Eq. (18) µ is the mass density of the charged superfluid,
which is given by µ(R) = mρ(R)/(2e). The expression for Jtot

follows more generally from the T0i component of the sym-
metric energy-momentum tensor via the integral of the ex-
pression εi jk x jT0k. Since the energy momentum tensor is by
definition the conserved tensor current in response to changes
in the metric, it does not depend explicitly on the axion term,
which is a topological term.

Rotational invariance in the plane perpendicular to the vor-
tex line implies that only the z-component of the angular mo-
mentum is nonzero. Thus, using Eqs. (3) and (9), we obtain,

Lz =
2eρs

mc2

∫ 0

−∞

dz
∫

d2rφ(r, z)
[
2e
c

rA(r, z) − n~
]
, (20)

while from Eq. (19) we have,

Jz = −
m2

L

4πc

∫ 0

−∞

dz
∫

d2r rφ(r, z)A(r, z), (21)

since ∇ · E = 4πρ = −m2
Lφ for z < 0, vanishing otherwise.

Therefore, adding the two contributions above we obtain (re-
call that m2

L = 16πe2/(mc2)),

Jz = −
2eρsn~

mc2

∫ 0

−∞

dz
∫

d2rφ(r, z) =
nΦ0Q
2πc

. (22)

In the absence of the TI, and therefore from the axion term,
φ is obtained from the solution of the London equation,

(a) (b)

FIG. 2. (a) Sketch of the Josephson junction array on a TI to measure
the anyon fractional statistics. (a) Circles represent superconducting
islands and lines for Josephson weak links connecting these islands.
The bias current I is injected to the left electrode and collected from
the right electrode of the array. (b) Illustration of anyon with charge
e/4 and elementary flux Φ0 moving between plaquettes that inter-
feres when passing a flux island with total flux Φ.

−∇2φ + m2
Lφ = 0, which for an infinite system has the form,

φ(r) = −4λK0(mLr), where λ is the charge per unit length of
the vortex. This leads to an infinite energy per unit length,
and therefore only the trivial solution with zero charge can
exist [24], which in turn implies that Jz vanishes. In contrast,
thanks to the axion term, the case discussed above features a
magnetic vortex flux which becomes the source of an electric
field and a finite energy solution is obtained [22].

Inserting Eq. (17) into Eq. (22) we obtain,

Jz = −
n2~θ

8π
, (23)

which for θ = π, corresponding to TIs with either time-
reversal or inversion symmetries, yields Jz = −n2~/8. The
latter corresponds to twice the value obtained for a model of
self-dual CS vortices [25] (see also SI). Note that in that case
there is no Maxwell term and therefore only the mechanical
angular momentum contributes.

Equation (23) implies that the Cooper pair-vortex compos-
ites in the TI-SC interface obey anyonic statistics, since the
angular momentum is neither integer nor half-integer. The
statistics implied by the angular momentum (and a consis-
tency check on possibleJz values) may be rationalized by the
AB phases associated with the dyon electric charge (Q) and
magnetic field flux (Φ) components. Let |Ψ(r),Ψ(−r)〉 repre-
sent a product state of two identical dyons (each of the same
angular momentum) in their center of mass frame. The total
z−component of the angular momentum of the dyons (2Jz)
may generate a rotation Rπ of the pair by π about the ori-
gin (effectively exchanging the two dyons with one another).
This leads to a statistical transmutation (braiding) phase of
Rπ|Ψ(r),Ψ(−r)〉 = eiπΘ|Ψ(r),Ψ(−r)〉 with Θ ≡ 2Jz/~. The
latter phase factor is the Dirac phase associated with Rπ or,
equivalently, the AB phase for a full rotation of one dyon
around the other, i.e., eiQΦ/(~c). For TI-SC interfaces with
dyons of charge Q = −neθ/(4π) and flux Φ = nΦ0, the equiv-
alence eiπΘ = eiQΦ/(~c) leads to quantized Jz values consistent
with our central result of Eq. (23). We stress that the above
considerations are independent of the system geometry, thus
demonstrating the generality of our results.
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Experimental detection of fractional statistics — As we ex-
plained above, our computed total angular momentum can be
rationalized via a calculation of the AB phase. Similarly, the
AB phase can be evaluated from the total (electromagnetic
field + mechanical) angular momentum Jz. Thus, our found
Jz values imply corresponding results for the AB phase. Sim-
ilarly, experimentally measured AB type phases may also de-
termine, up to modular corrections, and test our predictions
for the total angular momentum. Our analysis of the AB
phases associated with the dyon electric charge and magnetic
field flux components indeed suggests that the ensuing frac-
tional statistics is observable via an interference experiment.
Interestingly, interference of fluxes has been demonstrated via
the Aharonov-Casher effect for vortices in Josephson-junction
(JJ) arrays at the surface of a trivial insulator already 25 years
ago [26], following the theoretical works in Refs. [27, 28].
This experiment measured the phase difference accumulated
by magnetic fluxes as they pass on either side of a charged
island. When manufactured on a TI surface, fluxes in the pla-
quettes of the JJs pierce the TI and thus will attain dyon statis-
tics. In the flux flow regime, a similar phase accumulation
occurs for anyons passing either side of a flux island (Fig. 2).
Due to interference and the quantized Jz values of the dyons,
we predict an 8π periodicity in the differential resistance of
the JJ array. This periodicity is expected to be robust. It re-
alizes a fingerprint of (Abelian) anyon statistics in absence of
any superconducting proximity effect in the TI.

In summary, we demonstrated that the axion term of the
topological insulator endows impinging magnetic vortices
from a superconductor with a nontrivial fractionalized angu-
lar momentum. The magnetic vortex-electric charge hybrids
forming at the topological insulator interfaces may thus con-
stitute a long sought tabletop realization of anyons in a new
and rather accessible experimental arena.
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