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We show that electrons undergoing a two-particle collision in a crystal experience a coordinate shift
that depends on their single-particle Bloch wave functions, and derive a gauge-invariant expression
for such shift, valid for arbitrary band structures, and arbitrary two-particle interaction potentials.
As an application of the theory, we consider two-particle coordinate shifts for Weyl fermions in space
of three spatial dimensions. We demonstrate that such shifts in general contribute to the anomalous
Hall conductivity of a clean electron liquid.

Introduction – Studies of quantum corrections to semi-
classical transport in itinerant systems have become
an interdisciplinary research direction, encompassing
the phenomena of anomalous Hall effect[1], the chiral
anomaly in the particle physics[2, 3] and condensed mat-
ter physics[4, 5]contexts, static and dynamic chiral mag-
netic effect in quark-gluon plasma[6–12] and metals with
nontrivial band geometry[13–23]. Most of the studies on
the above subjects focused on the single-particle prop-
erties of the systems of interest, exploring the effects of
band geometry on observable properties (see Ref. 24 for
a comprehensive review of quantum corrections to the
semiclassical dynamics in crystals). There are several
exceptions to this rule: for instance, in Refs. 25 and 26,
the effect of single-particle coordinate shifts[27] on colli-
sions of distinguishable species of electrons was consid-
ered; Refs. 28 and 29 considered how geometry of single-
particle wave functions affected two-particle collisions of
chiral fermions interacting via a local interaction in free
space. Naturally, Refs. 28 and 29 relied heavily on the
Lorentz (and hence rotational) invariance present in the
problem.

In this paper, we consider coordinate shifts of two col-
liding indistinguishable electrons – two-particle coordi-

nate shift – in a generic crystalline band structure, in-
teracting via a generic two-particle potential, without
the convenience of rotational, or full Lorentz symme-
tries. The problem is motivated by advances in mate-
rials physics, which have yielded itinerant electronic sys-
tems of purity level sufficient for the electronic liquid to
demonstrate hydrodynamic behavior [30–34]. These ex-
perimental advances triggered theoretical studies of elec-
tronic flow in the hydrodynamic regime [35–38].

In the hydrodynamic regime, the transport properties
of the electronic liquid are determined by the collisions
between carriers, rather than those with phonons or im-
purities. Therefore, the study of how the quantum me-
chanics of electrons in crystals affects such collisions, and
manifests itself in the hydrodynamic properties, is of fun-
damental importance. In this work, we consider how the
quantum mechanical effects, in particular the geometry
of Bloch functions in the Brillouin zone, manifests itself in

the anomalous transport properties: the hydrodynamic
anomalous Hall effect.

It is well known that one-particle coordinate shifts in
electron-impurity and electron-phonon collisions are re-
lated to the band geometry of the material [39], and play
an important role in the transport and optical proper-
ties of crystalline materials (see Refs. 40 and 41 for a
review). While the early works on this subject were car-
ried out several decades ago[27, 42, 43], the modern band
theory of the side-jump process was formulated fairly
recently[39]. However, to the best of our knowledge, col-
lisional two-particle shifts in crystals have not been yet
considered. Below we will show that two-particle col-
lisional coordinate shifts are a new type of quantum-
mechanical correction to the semiclassical electron dy-
namics, distinct from the single-particle ones for indistin-
guishable particles, and that they make a contribution to
the anomalous Hall effect in the hydrodynamic regime.

Two-particle coordinate shift – Consider a collision of
two electrons in a crystal. Physically, the collision should
be thought of as that of two electronic wave packets,
centered around certain quasi-momenta, which belong to
some bands in the electronic band structure. The loca-
tion of a single electron in the unit cell of a crystal in gen-
eral depends on its quasimomentum, hence the change of
the quasimomenta upon the collision will lead to a redis-
tribution of the wave packets in the unit cell: the “center
of mass” coordinates of the two colliding particles shift
upon a collision. In the case of collisions of distinguish-
able particles – e.g. electrons with impurities, or elec-
trons with phonons – one can trace the initial and final
quasimomenta of the colliding electron, and define the
corresponding coordinate shift of the electron, which, for
weak centrosymmetric impurity potential depends only
on the initial and final Bloch states.

In the case of a two-electron collision, the preced-
ing logic applies inasmuch as that the collision must be
accompanied by some coordinate shift. However, par-
ticle indistinguishability makes it impossible to decide
which initial state the electrons in the final states came
from, and it is clear that the total displacement of the
two-electron system – the two-particle coordinate shift –
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cannot be reduced to any combination of single-particle
shifts. In fact, individual coordinate shifts are not de-
fined under such circumstances in general, in the sense
that there is no way to express them within the second
quantization formalism.
To describe such two-particle coordinate shifts, we

define the Hamiltonian, Ĥ , of electrons in a crystal
as Ĥ = Ĥ0 + V̂ , where the first and second terms
are the Hamiltonians of non-interacting Bloch electrons,
and the electron-electron interaction, respectively. The
single-particle eigenstates of Ĥ0 are described by Bloch
functions,ψnp, that have the usual form of

ψnp(r) =
1√
N
eiprunp(r), (1)

where unp(r) is a spinor periodic with respect to lattice
translations, N is the number of unit cells in the crys-
tal, and we set ~ = 1, which will be assumed from here
on. The corresponding single-particle energies will be de-
noted with εnp. In what follows we assume that the spin
degeneracy is lifted in the band structure, since the main
applications of the theory, e.g. Weyl fermions physics,
or anomalous Hall effect, all correspond to broken time-
reversal, or inversion symmetries in materials with strong
spin-orbit coupling.
For notational convenience, we will combine the band

index of the Blosh state, n, and its quasimomentum, p,
into a single index (n,p), which will be denoted with in-
dices i or f whenever it is necessary to emphasize whether
the state is one the initial or final scattering states, or in-
dex ℓ if such identification is not important. In the basis
of Bloch eigenstates, the single-particle and interaction
parts of the Hamiltonian are given by

Ĥ0 =
∑

ℓ

εℓa
†
ℓaℓ,

V̂ =
1

2

∑

ℓ1ℓ2ℓ3ℓ4

vℓ1ℓ2;ℓ3ℓ4a
†
ℓ1
a†ℓ2aℓ3aℓ4 . (2)

In this work, we assume the absence of Umklapp pro-
cesses, which implies that the matrix element of the in-
teraction Hamiltonian contains a momentum-conserving
factor δp1+p2,p3+p4

.
In what follows, we consider collisions of electrons de-

scribed by Hamiltonian (2), assuming that V̂ can be
treated in the Born approximation. Neglecting the Fermi
liquid effects allows to derive the coordinate shift for the
two electrons considering the collision in vacuum. In-
deed, we will see that the shift is determined only by

the single-particle wave functions of the colliding elec-
trons, while the presence of other electrons can only lead
to Pauli blocking of the collision itself, or provide RPA-
type renormalization of the interaction matrix element.
Both effects do not bring any essential physics into the
consideration of the coordinate shift.
The process of semiclassical scattering of two electrons

described by Hamiltonian (2) can be visualized as the mo-
tion of two wave packets, with their momenta centered
around the initial states i1 = (k1, n1) and i2 = (k2, n2)
at time t → −∞, which scatter into wave packets with
momenta centered around states f1 = (p1,m1) and
f2 = (p2,m2) at t → +∞. The two-particle state corre-
sponding to the incoming pair of particles can be written
as

|ψin〉 =
∑

q1,q2

w(q1, q2)a
†
ℓ1
a†ℓ2 |0〉, (3)

with ℓ1 = (q1, n1), and ℓ2 = (q2, n2), and the anti-
symmetric, w(q1, q2) = −w(q2, q1), wave packet am-
plitude restricts q1 and q2 to the vicinity of quasimo-
menta k1 and k2 in bands n1 and n2. For well-separated
in momentum space electrons in the initial state, the
wave packet amplitude can be written as w(q1, q2) =
(wk1

(q1)wk2
(q2) − wk1

(q2)wk2
(q1))/

√
2, where individ-

ual amplitudes wk(q) are functions of q centered around
k, and normalized according to |wk(q)|2 = 1.

The evolution of wave packet (3) under the action of
the interaction Hamiltonian, V̂ of Eq. (2), is described
by standard quantum mechanics, and is analogous to the
considerations of Ref. [39]. The details will be presented
elsewhere [44]. Here we only mention that the expecta-
tion value of the “total coordinate” R = r1 + r2 of the
colliding electrons before and after the collision can be
written as

R(t → −∞) = vi1t+ vi2t+ rin,

R(t → +∞) = vf1t+ vf2t+ rout,

where the group velocities of electrons in the initial and fi-
nal states are denoted with v with appropriate subscripts.
The two-particle collisional coordinate shift is defined as

δrf1f2
i1i2

= rout − rin, (4)

for which we obtain [44]

δrf1f2
i1i2

= i〈uf1 |∂p1
uf1〉+ i〈uf2 |∂p2

uf2〉 − i〈ui1 |∂k1
ui1〉 − i〈ui2 |∂k2

ui2〉 − (∂p1
+ ∂p2

+ ∂k1
+ ∂k2

) argVf1f2;i1i2 . (5)
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The matrix element of the interaction Hamiltonian is
given by Vf1f2;i1i2 = 〈f1f2|V̂ |i1i2〉. Eq. (5) is the central
result of this work; it provides a gauge-invariant expres-
sion for the two-particle coordinate shift, in the sense that
it does not depend on the momentum-dependent phase
choice for the Bloch wave functions.

It is straightforward to show that for distinguishable
particles the two-particle shift reduces to the sum of the
usual single-particle shifts for each particle species. That
is, if states i1, f1 belong to particles of type 1, and states
i2, f2 belong to those of type 2, the total coordinate shift
becomes

δrf1f2
i1i2

= δr
(1)
f1,i1

+ δr
(2)
f2,i2

, (6)

where δr
(1,2)
f,i are the usual single-particle shifts for par-

ticles of types 1 and 2 (see Ref. 41 for a review).

Coordinate shifts for Weyl fermions – To illustrate the
obtained result, we choose a model of fermions often con-
sidered in literature: that of a single species of Weyl
fermions in free space, with local interaction. The free-

fermion Hamiltonian for this model is

Ĥ0 =
∑

p

a†p,s(vpσ)ss′ap,s′ , (7)

where v is the speed of fermions, σ is a vector of Pauli
matrices, and s, s′ are the spin indices.
To apply Eq. (5) to collisions of fermions described by

Hamiltonian (7), we specialize to the “particle” band,
εp = vp, in which the spinor describing a particle with
momentum p is given by

|up〉 =
(

cos
θp
2

sin
θp
2 e

iφp

)

, (8)

where θp and φp are the standard spherical angles of vec-
tor p. Written in the basis of states (8), the interaction
amplitude, Eq. (2), for the particle band becomes

vk1k2;p1p2
=
λ

V 〈uk1
|up2

〉〈uk2
|up1

〉δk1+k2,p1+p2
, (9)

where λ is the strength of the local interaction, and V is
the volume of the crystal.

The interaction matrix element that defines the two particle coordinate shift, Eq. (5), is given by

Vk1k2;p1p2
=
λ

V
(〈uk1

|up1
〉〈uk2

|up2
〉 − 〈uk1

|up2
〉〈uk2

|up1
〉)δk1+k2,p1+p2

, (10)

and has proper antisymmetry with respect to the interchange of initial or final particles.
Defining a unit vector ep = p/p, we obtain the coordinate shift for the (p1p2) → (k1k2) collision:

δrk1k2

p1p2
= −v

2

(

1

εk1

− 1

εk2

)

ek1
× ek2

1− ek1
· ek2

+
v

2

(

1

εp1

− 1

εp2

)

ep1
× ep2

1− ep1
· ep2

. (11)

Note that this expression vanishes when the energies of
the colliding electrons are equal to each other before and
after collision. This implies that two-particle shifts for
Weyl fermions, unlike the single-particle ones, vanish at
zero temperature, when there is no thermal cloud around
the Fermi surface.

We would like to emphasize that Eq. (11) gives the to-
tal coordinate shift for the system of the two scattering
Weyl fermions. One must note that in Ref. 28, individual
coordinate shifts were defined for Weyl fermions inter-
acting via a local interaction in free space in a reference
frame where the collision is head-on. Using appropriate
Lorentz transformations, one can then consider the colli-
sion in any reference frame. To see the relation between
the results of this paper and those of Ref. 28, we note
that the sum of the individual shifts for scattered par-
ticles defined in Ref. 28 corresponds to the first term in
Eq. (11) above, while the second term is trivially zero

due to the collision being head-on (ep × ep′ = 0). Fur-
ther, for a head-on collision of particles with zero-range
interaction and zero impact parameter, as in Ref. 28, the
individual shifts can be counted from the collision point,
and thus are physically well defined.

All these considerations break down for a collision in
a crystal, and for a finite-range interparticle interaction
potential. Indeed, the crystal represents a preferred refer-
ence frame, in which the Hamiltonian (2) of the colliding
particles is given, eliminating the Lorentz invariance; any
finite-range interaction potential allows non-zero impact
parameters even for a head-on arrangement of the col-
liding particles momenta, making individual shifts unde-
fined due to indistinguishability of particles. Therefore,
in the realm of solid state physics, Eq. (5) appears to be
the only statement one can make regarding the net shift
of the system of two colliding particles. The presence of
a crystal also makes the collision effectively a three-body
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one, one assumed infinitely massive; this makes sure that
the net collisional shift of the two-electron system’s cen-
ter of mass does not violate basic physical principles.

Application to the anomalous Hall effect – Two-
particle coordinate shifts have two-fold effect on electron
kinetics, much in the same way it happens with single-
particle shifts upon impurity scattering: they modify the
expression for the electric current, and lead to the ap-
pearance of an additional generation term in the Boltz-
mann equation, stemming from the collision integral not
being nullified by the equilibrium distribution function
in the presence of an external electric field [41].

The contribution to the electric current associated with
the accumulation of two-particle shift events can be ob-
tained from the Fermi golden rule considerations. Indeed,
consider ℓ1ℓ2 → ℓ3ℓ4 scattering events, which happen at
the rate of W ℓ3ℓ4

ℓ1ℓ2
. Since the pair of electrons gets shifted

by δrℓ3ℓ4
ℓ1ℓ2

in such events, they contribute eW ℓ3ℓ4
ℓ1ℓ2

δrℓ3ℓ4
ℓ1ℓ2

to the electric current. Summing over all initial and fi-
nal states, and including standard factors associated with
the Fermi statistics, we obtain the following generaliza-
tion of the “shift accumulation” current, jshift, to the
present situation:

jshift =
1

4
e
∑

ℓ1ℓ2ℓ3ℓ4

W ℓ3ℓ4
ℓ1ℓ2

δrℓ3ℓ4
ℓ1ℓ2

(1− fℓ3)(1 − fℓ4)fℓ1fℓ2 .

(12)

The factor of 1/4 removes double-counting of initial and
final state pairs, which occurs due to indistinguishabil-
ity of particles. Note also that the expression for the
shift accumulation current does not include the reverse
processes, ℓ3ℓ4 → ℓ1ℓ2: due to the summation over all
four of initial and final momenta in Eq. (12), inclusion
of such processes would constitute double-counting. The
antisymmetry of δrℓ3ℓ4

ℓ1ℓ2
with respect to the interchange

of initial and final states, the scattering rateW ℓ3ℓ4
ℓ1ℓ2

being
symmetric, guarantees that current Eq. (12) vanishes in
equilibrium.

For linear transport, one can directly relate the shift
accumulation current (12) to the deviation of the distri-
bution function from the equilibrium one, f0(εℓ), defined
via

fℓ = f0(εℓ)− φℓ
∂f0(εℓ)

∂εℓ
, (13)

where φℓ is now a smooth function of energy and mo-
mentum, the sharp energy dependence close to the Fermi
surface being contained in the derivative of f0(εℓ).

Nothing that

∂f0(εℓ)

∂εℓ
= − 1

T
f0(εℓ)(1 − f0(εℓ)),

we obtain the final expression for the shift accumulation

current:

jshift =
e

2T

∑

ℓ1ℓ2ℓ3ℓ4

W ℓ3ℓ4
ℓ1ℓ2

δrℓ3ℓ4
ℓ1ℓ2

(1− fℓ3)(1− fℓ4)fℓ1fℓ2φℓ1 .

(14)

We now turn to the additional generation term in the
Boltzmann equation, which stems from the fact that the
work done by the electric field due to the shift during the
collision must be taken into account in the energy con-
servation. This fact is taken into account by modifying
the energy-conserving δ-function in the collision integral:

δ(ǫℓ3 + ǫℓ4 − ǫℓ1 − ǫℓ2) → δ(ǫℓ3 + ǫℓ4 − ǫℓ1 − ǫℓ2 − eEδrℓ3ℓ4
ℓ1ℓ2

).

As in the single-particle case [39], this means that in
the presence of the coordinate shifts the collision integral
is not nullified by the Fermi-Dirac distribution function.
Expanded to the linear order in the external electric field
E, the electron-electron collision integral then contains
an effective generation term, −eEgℓ with gℓ, given by

gℓ1 =
1

2T

∑

ℓ2ℓ3ℓ4

W ℓ3ℓ4
ℓ1ℓ2

δrℓ3ℓ4
ℓ1ℓ2

(1− fℓ3)(1− fℓ4)fℓ1fℓ2 ,

(15)

which can be combined with the usual electric drive term
in the left hand side of the kinetic equation for the sta-
tionary non-equilibrium state:

eE

(

vℓ

∂f0(εℓ)

∂εℓ
+ gℓ

)

= Ist(φℓ). (16)

In this equation, Ist(φℓ) is the linearized collision in-
tegral, which in general must contain electron-impurity
and electron-phonon contributions, necessary to reach a
steady state in the presence of an external electric field.

The kinetic equation (16) makes it clear that the devia-
tion from the equilibrium is created by both acceleration
by E, as well as two-particle coordinate shifts. The cor-
responding changes in the distribution function, Eq. (13),
are given by

φv = I−1
st

(

eEvℓ

∂f0(εℓ)

∂εℓ

)

,

φg = I−1
st (eEgℓ) . (17)

The assumed presence of the electron-impurity and
electron-phonon contributions to the collision integral en-
sures that the inverse operator, I−1

st , is defined for any
generation term in the left hand side of the kinetic equa-
tion.

Finally, the expression for the current contribution due
to the two-particle coordinate shifts is given by

jAHE = jshift + jballistic, (18)
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where

jballistic = − e

V
∑

ℓ

vℓ

∂f0(εℓ)

∂εℓ
φgℓ , (19)

and

jshift =
e

V
∑

ℓ

gℓφ
v
ℓ . (20)

We used Eqs. (14) and (15) to write down the above ex-
pression for jshift. One can show that the conductivity
tensor that defines the linear relationship between jAHE

and the electric field E is indeed antisymmetric, as ap-
propriate for the anomalous Hall effect. Expressions (15),
(19), and (20) are one of the central results of this work.

An illustration of a solution of kinetic equation (16)
for the two-dimensional massive Dirac model will be pre-
sented in a forthcoming publication [44]. Here we only
mention that the generation term due to two-particle co-
ordinate shifts, Eq. (15), conserves the particle number,
the total momentum, and the total energy of the elec-
tronic liquid. This can be verified in the usual way [45] by
using Eq. (15), antisymmetry of δrℓ3ℓ4

ℓ1ℓ2
, and symmetry of

the scattering rate W ℓ3ℓ4
ℓ1ℓ2

with respect to the interchange
of initial and final pairs states. This fact can be shown to
ensure that the present mechanism does not contribute to
the transport coefficients for purely parabolic dispersion,
as expected.

Conclusions – In this paper, we have introduced the
notion of the two-particle collisional coordinate shift, oc-
curring in electron-electron collisions in crystals. The ex-
pression for the shift, Eq. (5), is valid for arbitrary band
structure, and arbitrary interparticle interaction poten-
tial, which can be treated in Born approximation – a
typical assumption in treatment of carrier collisions in
semiconductors. We further showed that the two-particle
shifts make a contribution to the anomalous Hall effect
in the hydrodynamic regime.

While Eq. (5) was derived for particle collisions in vac-
uum, its validity is more general. In particular, the ex-
pression is valid also in many-particle systems, in which
all the other particles is treated as a ‘refractive medium’
for the two colliding particles, which, in RPA-class of
approximations, leads to the dependence of the effective
interaction matrix elements on the transferred energy.
The effective interaction, however, has to be treated in
the Born approximation. The RPA-type renormaliza-
tions of the effective interaction can bring in a true many-
body physics into the problem of anomalous transport in
hydrodynamic electronic systems. Further investigation
along this direction, as well as inclusion of the Fermi liq-
uid effects, represents an interesting and open theoretical
problem.
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Andreev, Eugene Mishchenko, Dam Thanh Son, Oleg

Starykh, and Mikhail Stephanov. This work was sup-
ported by the National Science Foundation Grant No.
DMR-1738384.
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