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Collinear antiferromagnets (AFs) support two degenerate magnon excitations carrying opposite
spin polarizations, by which magnons can function as electrons in various spin-related phenomena.
In an insulating ferromagnet(F)/AF/F trilayer, we explore the magnon-mediated interlayer coupling
by calculating the magnon thermal energy in the AF as a function of the orientations of the Fs. The
effect manifests as an interlayer exchange interaction and a perpendicular magnetic anisotropy; they
both depend on temperature and the AF thickness. In particular, the exchange interaction turns
out to be antiferromagnetic at low temperatures and ferromagnetic at high temperatures, whose
magnitude can be 10 ∼ 100 µeV for nanoscale separations, allowing experimental verification.

An emerging thrust in the broad field of magnonics [1]
has been the investigation of collinear antiferromagnets
(AFs) as promising candidate materials. This is ascribed
to an appealing feature unique to collinear AFs: magnon
excitations always come up with two degenerate modes
as a consequence of symmetry [23]. The two modes carry
opposite spin polarizations and form an intrinsic degree
of freedom, which enables antiferromagnetic magnons to
function as active information carriers in replacement of
electrons [3–5]. For example, a longitudinal temperature
gradient can drive magnons with opposite spins to oppos-
ing transverse edges in layered transition metal trichalco-
genides [6–8], realizing a magnonic analogue of the spin
Hall effect. Very recently, we have proposed that antifer-
romagnetic magnons can be utilized to induce magnetic
switching in a ferromagnet (F)/AF/F heterostructure [9],
paving the way towards all-magnonic memory devices.
These studies have demonstrated the exciting possibility
of exploiting antiferromagnetic magnons to fulfill tasks
that used to be exclusive to electrons.

In spite of tremendous recent progress, the knowledge
we have acquired so far refers largely to the transport
property, namely, magnon spin currents generated by ex-
ternal stimuli [10, 11]. As for the static property, on the
other hand, it remains unexplored whether the analogy
between antiferromagnetic magnons and electrons still
holds. In particular, when two Fs are separated by an
insulating thin-film AF, will magnons in the AF mediate
non-local interactions between the Fs? Here, magnons
are supposed to play the role of conduction electrons in
the non-magnetic metal (NM) layer of a F/NM/F sand-
wich [12–15]. This problem becomes especially important
if at least one of the Fs is also insulating so that electron
tunneling [16, 17] across the AF is absent.

To address the above issue, we study in this Letter
a F/AF/F trilayer structure with exchange-coupled in-
terfaces. We extract the effective interlayer coupling by
computing the magnon thermal energy inside the AF
as a function of the relative orientation of the two Fs
at different AF thicknesses and temperatures. To avoid
ambiguity, we only consider insulating magnets so that

conduction electrons are eliminated. We allow the AF to
have multi-domains in the lateral dimensions but domain
boundaries do not exist in the thickness direction [9],
which is true for epitaxially grown films. While the F/AF
interface is exchange-coupled, we exclude the exchange
bias (EB) effect in this Letter since our predictions can
be viewed as additional effects on top of the EB. More-
over, it is experimentally possible to suppress the EB to
a negligible level with proper materials choice and careful
control of film growth [18].

Let the thickness direction be z and the transverse di-
mensions be labeled by x and y. Within each domain,
translational symmetry is respected along x and y so the
in-plane wave vector k‖ = {kx, ky} is a good quantum
number. To better associate the phenomenology to the
antiferromagnetic character, we only consider a G-type
AF with simple cubic lattice and compensated interfaces.
One can easily show that an A-type AF or a complicated
bipartite lattice can only introduce quantitative differ-
ences, leaving the essential physics unaltered.
Model.—We assume that the Curie temperature of the

Fs far exceeds the Néel temperature of the AF, which
is typically the case for insulating Fs and AFs. As a
result, when working below the Néel temperature, we
ignore magnon excitations in the Fs and focus only on
magnons in the AF, treating the two Fs as boundary
conditions practically independent of temperature. For
a specified domain with collinear ground state, the AF is
characterized by the spin Hamiltonian

HAF = JAF

∑
〈ij〉

si · si +KAF

∑
i

(ê · si)2, (1)

where si is the local spin vector on site i, JAF > 0 is
the Heisenberg exchange interaction, KAF < 0 is the
anisotropy constant, ê is the local easy-axis (uniform in-
side a given domain), and 〈ij〉 denotes nearest neighbor
links. On the interfaces, the coupling between F and AF
is represented by

Hint = Jint
∑
i;I

si · SI , (2)
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where SI (I = 1, 2) are the unit magnetization vectors
of the Fs and Jint is the interfacial exchange coupling
connecting the AF to the adjacent F. In the following, we
normalize energies and temperature kBT to JAF, which
is the largest energy scale in the system. In particular,
we set KAF/JAF = −0.05 [19] and let ξ = Jint/JAF be
the dimensionless interfacial coupling (ξ is tunable). The
sign of ξ does not matter since the magnon-mediated
interactions turn out to be scaled as ξ2.

Using the Holstein-Primakoff transformation [20], we
can recast the total Hamiltonian H = HAF + Hint in a
tight-binding model [6] that parametrically depends on
S1 and S2. Then magnons are similar to particles con-
fined in a quantum well. For a given configuration of S1

and S2, i.e., boundary conditions, the magnon spectrum
is solved as εi(k‖) with discretized i and continuous k‖.
The internal energy of the AF consists of thermal ex-
citations of all magnon bands obeying the Bose-Einstein
distribution. Consequently, U = U(S1,S2) is also a func-
tion of S1 and S2, which tells the effective interactions
between the two Fs. However, bilayer effects associated
with each individual F/AF interface also contribute to
U . In order to separate the desired interlayer coupling
(a trilayer effect) from U , we must compare an F/AF
bilayer with an F/AF/F trilayer as illustrated in Fig. 1.
The difference between the two cases can be attributed
to the effective interlayer coupling after an overall energy
shift is disregarded.

Results.—Let us consider a simple circumstance where
the AF is single domain with an in-plane Néel vector,
and the free F (S1) is restricted to rotate in the plane.
In the trilayer case, a bottom F (S2) is added and fixed
parallel to the Néel vector. So in both cases [Fig. 1 (a)
and (b)] the internal energy U has a single argument φ.
Thermodynamically, the amount of change in U(φ) by
varying φ is regarded as the work done by the free F on
the AF. By symmetry, U(φ) can be expanded as

Bilayer: UB(φ) = U0 +

∞∑
n=1

Kn cos 2nφ, (3)

Trilayer: UT (φ) = U ′0 −
∞∑
n=1

Jn cosnφ, (4)

where U0 and U ′0 are two reference energies that do not
concern us here. In UB , we interpret Kn as a series of
magnon-induced anisotropies. The φ-dependent part the
energy difference ∆U = UT − UB is characterized by
Jn (n ∈odd) and J̃n = Jn + Kn/2 (n ∈even), which we
interpret as the magnon-mediated interlayer couplings.
To fit those parameters, we numerically compute U(φ)
by summing over all energy bands εi(φ,k‖) as

U(φ) =
∑
i

∫
d2k‖

εi(φ,k‖)

exp[εi(φ,k‖)/kBT ]− 1
, (5)
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FIG. 1. Dependence of the internal energy U on the free layer
orientation in: (a) F/AF bilayer; (b) F/AF/F trilayer with
the bottom F pinned parallel to the Néel vector.

where kB is the Boltzmann constant and T is the system
temperature. Figure 1 plots U(φ) for the simplest possi-
ble situation—AF with only two atomic layers (L = 2)—
at T = 0.6 and ξ = 0.6. After a straightforward fitting,
we see that: (a) in the bilayer case, the K1 cos 2φ term
with K1 ≈ 24.17× 10−3 dominates, whereas all Kn com-
ponents with n > 2 are negligibly small, hence S1 prefers
to be perpendicular to the Néel vector; (b) in the trilayer
case, the leading contributions are J1 cosφ + J2 cos 2φ
with J1 = 8.82×10−3 and J̃2 = J2 +K1 = −1.58×10−3.
All Jn with n > 3 are negligibly. The negative J1 is
a ferromagnetic exchange interaction between S1 and
S2, while |J̃2| ≈ 6.5%K1 ≈ 17.9%J1 is a higher-order
interlayer coupling; they both have counterparts in the
electron-mediated interactions [12–17].

Next, we allow the AF to have multi-domains where
the Néel vector has a random in-plane orientation dis-
tributed uniformly from 0 to 2π. As a result, the magnon
energy density of a given domain is u = u(φ, γ), where γ
specifies the local Néel order direction with respect to the
reference [e.g., S2 in Fig. 1(b)]. The total magnon energy

becomes U(φ) =
∫ 2π

0
dγu(φ, γ)/2π. Repeating the calcu-

lation of Eq. (5) for each individual domain and taking
the multi-domain average, we find that: (a) in the bilayer
case, the free F (S2) favors the out-of-plane direction
since every domain in the AF prefers to align vertically
with S2. The overall effect becomes a magnon-induced
perpendicular anisotropy K⊥ = K1. (b) in the trilayer
case, the J2 component drops out while J1 survives, as



3

●

● ● ● ● ● ● ●●

■

■ ■ ■ ■ ■ ■ ■ ■

2 3 4 5 6 7 8 910

0.

0.005

0.01

0.015

0.02

0.025

0.

0.005

0.01

0.015

0.02

0.025

L

●●●●●●●●●●●●
●
●
●●●●●●●●●●●

●●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●●
●●
●●
●●
●●
●●
●●
●●●

●●●
●●●●

●●

■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■
■■■■

■■■■
■■■■

■■■■■
■■■■■■

■■■■■■■■■
■■■■■■

0 10 20 30 40 50 60 70

-0.0006

-0.0003

0.

0.0003

0.0006

0.0009

0.0012

0.0015

Printed by Wolfram Mathematica Student Edition

0.10 0.2 0.3 0.4 0.5 0.6 0.7

⇠
=

0.
6

⇠ = 0.3

�0.6

�0.3

0

0.3

0.6

0.9

1.2

1.5

T

⇥10�3

0.01 0.1 0.5 1

10-6
10-5
10-4
10-3

0.01 0.1 0.5 1

10-6
10-5
10-4
10-3

Printed by Wolfram Mathematica Student Edition

(a)

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●

●●●●
●●●

●●●
●●
●●
●●
●●
●●
●●
●●
●●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●

■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■
■■■■■■■■

■■■■■■
■■■■■

■■■■
■■■■

■■■■
■■■■

0 10 20 30 40 50 60 70
0.

0.005

0.01

0.015

0.02

0.025

0.03

Printed by Wolfram Mathematica Student Edition

0.10 0.2 0.3 0.4 0.5 0.6 0.7

T

0

0.005

0.01

0.015

0.02

0.025

0.03

⇠
=

0.
6

⇠ = 0.3

0.01 0.1 0.5 1

10-5
10-4
0.001

0.010

0.01 0.1 0.5 1

10-5
10-4
0.001

0.010

Printed by Wolfram Mathematica Student Edition

⇥10�3

●●●●●●●●●
●●
●
●
●
●
●
●
●
●
●
●
●
●●
●●
●●
●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

■■■■■■■■■■■■■■
■■■■

■■■■
■■■■■

■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■

0 10 20 30 40 50 60 70
0.

0.0002

0.0004

0.0006

0.0008

0.001

Printed by Wolfram Mathematica Student Edition

⇠ = 0.3

⇠ = 0.6

0

0.2

0.4

0.6

0.8

1

0.10 0.2 0.3 0.4 0.5 0.6 0.7

T

0.01 0.1 0.5 1
10-7
10-6
10-5
10-4
10-3

0.01 0.1 0.5 1

10-7
10-6
10-5
10-4
10-3

Printed by Wolfram Mathematica Student Edition

⇥10�3

(b) (c) (d)

⇠
<latexit sha1_base64="i/QXm4/r85EVZLG1+pp8FHbV4ek=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoxmVF+4B2KJlMpg1NMkOSEcswn+BWP8CduPVjXPsjptMubOuBC4dz7k3uPUHCmTau++2srW9sbm2Xdsq7e/sHh5Wj47aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh26neeqNIslo9mklBf4KFkESPYWOmh/8wGlapbdwugVeLNSbVRggLNQeWnH8YkFVQawrHWPc9NjJ9hZRjhNC/3U00TTMZ4SHuWSiyo9rNi1RzVrBKiKFa2pEGF+nciw0LriQhsp8BmpJe9qfif10tNdO1nTCapoZLMPopSjkyMpnejkClKDJ8sPBiIvFwLGSaK2eURGWGFibFxlW0q3nIGq6R9Uffcund/WW3czOKBEpzCGZyDB1fQgDtoQgsIDOEFXuHNyZ1358P5nLWuOfOZE1iA8/ULhgeU2A==</latexit><latexit sha1_base64="i/QXm4/r85EVZLG1+pp8FHbV4ek=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoxmVF+4B2KJlMpg1NMkOSEcswn+BWP8CduPVjXPsjptMubOuBC4dz7k3uPUHCmTau++2srW9sbm2Xdsq7e/sHh5Wj47aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh26neeqNIslo9mklBf4KFkESPYWOmh/8wGlapbdwugVeLNSbVRggLNQeWnH8YkFVQawrHWPc9NjJ9hZRjhNC/3U00TTMZ4SHuWSiyo9rNi1RzVrBKiKFa2pEGF+nciw0LriQhsp8BmpJe9qfif10tNdO1nTCapoZLMPopSjkyMpnejkClKDJ8sPBiIvFwLGSaK2eURGWGFibFxlW0q3nIGq6R9Uffcund/WW3czOKBEpzCGZyDB1fQgDtoQgsIDOEFXuHNyZ1358P5nLWuOfOZE1iA8/ULhgeU2A==</latexit><latexit sha1_base64="i/QXm4/r85EVZLG1+pp8FHbV4ek=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoxmVF+4B2KJlMpg1NMkOSEcswn+BWP8CduPVjXPsjptMubOuBC4dz7k3uPUHCmTau++2srW9sbm2Xdsq7e/sHh5Wj47aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh26neeqNIslo9mklBf4KFkESPYWOmh/8wGlapbdwugVeLNSbVRggLNQeWnH8YkFVQawrHWPc9NjJ9hZRjhNC/3U00TTMZ4SHuWSiyo9rNi1RzVrBKiKFa2pEGF+nciw0LriQhsp8BmpJe9qfif10tNdO1nTCapoZLMPopSjkyMpnejkClKDJ8sPBiIvFwLGSaK2eURGWGFibFxlW0q3nIGq6R9Uffcund/WW3czOKBEpzCGZyDB1fQgDtoQgsIDOEFXuHNyZ1358P5nLWuOfOZE1iA8/ULhgeU2A==</latexit><latexit sha1_base64="xnlsX+r25FFY+VBIU3s+C9dDn1w=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoxmVF+4B2KJlMpg1NMkOSEcswn+BWP8CduPVjXPsjpu0sbOuBC4dz7k3uPUHCmTau++2srW9sbm2Xdsq7e/sHh5Wj47aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh26neeqNIslo9mklBf4KFkESPYWOmh/8wGlapbd2dAq8QrSBUKNAeVn34Yk1RQaQjHWvc8NzF+hpVhhNO83E81TTAZ4yHtWSqxoNrPZqvmqGaVEEWxsiUNmql/JzIstJ6IwHYKbEZ62ZuK/3m91ETXfsZkkhoqyfyjKOXIxGh6NwqZosTwycKDgcjLtZBhophdHpERVpgYG1fZpuItZ7BK2hd1z61795fVxk2RTwlO4QzOwYMraMAdNKEFBIbwAq/w5uTOu/PhfM5b15xi5gQW4Hz9Ah9nlJA=</latexit>

⇠
<latexit sha1_base64="i/QXm4/r85EVZLG1+pp8FHbV4ek=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoxmVF+4B2KJlMpg1NMkOSEcswn+BWP8CduPVjXPsjptMubOuBC4dz7k3uPUHCmTau++2srW9sbm2Xdsq7e/sHh5Wj47aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh26neeqNIslo9mklBf4KFkESPYWOmh/8wGlapbdwugVeLNSbVRggLNQeWnH8YkFVQawrHWPc9NjJ9hZRjhNC/3U00TTMZ4SHuWSiyo9rNi1RzVrBKiKFa2pEGF+nciw0LriQhsp8BmpJe9qfif10tNdO1nTCapoZLMPopSjkyMpnejkClKDJ8sPBiIvFwLGSaK2eURGWGFibFxlW0q3nIGq6R9Uffcund/WW3czOKBEpzCGZyDB1fQgDtoQgsIDOEFXuHNyZ1358P5nLWuOfOZE1iA8/ULhgeU2A==</latexit><latexit sha1_base64="i/QXm4/r85EVZLG1+pp8FHbV4ek=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoxmVF+4B2KJlMpg1NMkOSEcswn+BWP8CduPVjXPsjptMubOuBC4dz7k3uPUHCmTau++2srW9sbm2Xdsq7e/sHh5Wj47aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh26neeqNIslo9mklBf4KFkESPYWOmh/8wGlapbdwugVeLNSbVRggLNQeWnH8YkFVQawrHWPc9NjJ9hZRjhNC/3U00TTMZ4SHuWSiyo9rNi1RzVrBKiKFa2pEGF+nciw0LriQhsp8BmpJe9qfif10tNdO1nTCapoZLMPopSjkyMpnejkClKDJ8sPBiIvFwLGSaK2eURGWGFibFxlW0q3nIGq6R9Uffcund/WW3czOKBEpzCGZyDB1fQgDtoQgsIDOEFXuHNyZ1358P5nLWuOfOZE1iA8/ULhgeU2A==</latexit><latexit sha1_base64="i/QXm4/r85EVZLG1+pp8FHbV4ek=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoxmVF+4B2KJlMpg1NMkOSEcswn+BWP8CduPVjXPsjptMubOuBC4dz7k3uPUHCmTau++2srW9sbm2Xdsq7e/sHh5Wj47aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh26neeqNIslo9mklBf4KFkESPYWOmh/8wGlapbdwugVeLNSbVRggLNQeWnH8YkFVQawrHWPc9NjJ9hZRjhNC/3U00TTMZ4SHuWSiyo9rNi1RzVrBKiKFa2pEGF+nciw0LriQhsp8BmpJe9qfif10tNdO1nTCapoZLMPopSjkyMpnejkClKDJ8sPBiIvFwLGSaK2eURGWGFibFxlW0q3nIGq6R9Uffcund/WW3czOKBEpzCGZyDB1fQgDtoQgsIDOEFXuHNyZ1358P5nLWuOfOZE1iA8/ULhgeU2A==</latexit><latexit sha1_base64="xnlsX+r25FFY+VBIU3s+C9dDn1w=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoxmVF+4B2KJlMpg1NMkOSEcswn+BWP8CduPVjXPsjpu0sbOuBC4dz7k3uPUHCmTau++2srW9sbm2Xdsq7e/sHh5Wj47aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh26neeqNIslo9mklBf4KFkESPYWOmh/8wGlapbd2dAq8QrSBUKNAeVn34Yk1RQaQjHWvc8NzF+hpVhhNO83E81TTAZ4yHtWSqxoNrPZqvmqGaVEEWxsiUNmql/JzIstJ6IwHYKbEZ62ZuK/3m91ETXfsZkkhoqyfyjKOXIxGh6NwqZosTwycKDgcjLtZBhophdHpERVpgYG1fZpuItZ7BK2hd1z61795fVxk2RTwlO4QzOwYMraMAdNKEFBIbwAq/w5uTOu/PhfM5b15xi5gQW4Hz9Ah9nlJA=</latexit>

⇠
<latexit sha1_base64="i/QXm4/r85EVZLG1+pp8FHbV4ek=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoxmVF+4B2KJlMpg1NMkOSEcswn+BWP8CduPVjXPsjptMubOuBC4dz7k3uPUHCmTau++2srW9sbm2Xdsq7e/sHh5Wj47aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh26neeqNIslo9mklBf4KFkESPYWOmh/8wGlapbdwugVeLNSbVRggLNQeWnH8YkFVQawrHWPc9NjJ9hZRjhNC/3U00TTMZ4SHuWSiyo9rNi1RzVrBKiKFa2pEGF+nciw0LriQhsp8BmpJe9qfif10tNdO1nTCapoZLMPopSjkyMpnejkClKDJ8sPBiIvFwLGSaK2eURGWGFibFxlW0q3nIGq6R9Uffcund/WW3czOKBEpzCGZyDB1fQgDtoQgsIDOEFXuHNyZ1358P5nLWuOfOZE1iA8/ULhgeU2A==</latexit><latexit sha1_base64="i/QXm4/r85EVZLG1+pp8FHbV4ek=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoxmVF+4B2KJlMpg1NMkOSEcswn+BWP8CduPVjXPsjptMubOuBC4dz7k3uPUHCmTau++2srW9sbm2Xdsq7e/sHh5Wj47aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh26neeqNIslo9mklBf4KFkESPYWOmh/8wGlapbdwugVeLNSbVRggLNQeWnH8YkFVQawrHWPc9NjJ9hZRjhNC/3U00TTMZ4SHuWSiyo9rNi1RzVrBKiKFa2pEGF+nciw0LriQhsp8BmpJe9qfif10tNdO1nTCapoZLMPopSjkyMpnejkClKDJ8sPBiIvFwLGSaK2eURGWGFibFxlW0q3nIGq6R9Uffcund/WW3czOKBEpzCGZyDB1fQgDtoQgsIDOEFXuHNyZ1358P5nLWuOfOZE1iA8/ULhgeU2A==</latexit><latexit sha1_base64="i/QXm4/r85EVZLG1+pp8FHbV4ek=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoxmVF+4B2KJlMpg1NMkOSEcswn+BWP8CduPVjXPsjptMubOuBC4dz7k3uPUHCmTau++2srW9sbm2Xdsq7e/sHh5Wj47aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh26neeqNIslo9mklBf4KFkESPYWOmh/8wGlapbdwugVeLNSbVRggLNQeWnH8YkFVQawrHWPc9NjJ9hZRjhNC/3U00TTMZ4SHuWSiyo9rNi1RzVrBKiKFa2pEGF+nciw0LriQhsp8BmpJe9qfif10tNdO1nTCapoZLMPopSjkyMpnejkClKDJ8sPBiIvFwLGSaK2eURGWGFibFxlW0q3nIGq6R9Uffcund/WW3czOKBEpzCGZyDB1fQgDtoQgsIDOEFXuHNyZ1358P5nLWuOfOZE1iA8/ULhgeU2A==</latexit><latexit sha1_base64="xnlsX+r25FFY+VBIU3s+C9dDn1w=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoxmVF+4B2KJlMpg1NMkOSEcswn+BWP8CduPVjXPsjpu0sbOuBC4dz7k3uPUHCmTau++2srW9sbm2Xdsq7e/sHh5Wj47aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfh26neeqNIslo9mklBf4KFkESPYWOmh/8wGlapbd2dAq8QrSBUKNAeVn34Yk1RQaQjHWvc8NzF+hpVhhNO83E81TTAZ4yHtWSqxoNrPZqvmqGaVEEWxsiUNmql/JzIstJ6IwHYKbEZ62ZuK/3m91ETXfsZkkhoqyfyjKOXIxGh6NwqZosTwycKDgcjLtZBhophdHpERVpgYG1fZpuItZ7BK2hd1z61795fVxk2RTwlO4QzOwYMraMAdNKEFBIbwAq/w5uTOu/PhfM5b15xi5gQW4Hz9Ah9nlJA=</latexit>

J1
<latexit sha1_base64="Smr+/OhA20LUdRZpame+wIpxreo=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoRlxVtA9oh5LJZNrQJDMkGaEM8wlu9QPciVs/xrU/YjrtwrYeuHA4597k3hMknGnjut/O2vrG5tZ2aae8u7d/cFg5Om7rOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvp37nmSrNYvlkJgn1BR5KFjGCjZUe7wfeoFJ1624BtEq8Oak2SlCgOaj89MOYpIJKQzjWuue5ifEzrAwjnOblfqppgskYD2nPUokF1X5WrJqjmlVCFMXKljSoUP9OZFhoPRGB7RTYjPSyNxX/83qpia79jMkkNVSS2UdRypGJ0fRuFDJFieGThQcDkZdrIcNEMbs8IiOsMDE2rrJNxVvOYJW0L+qeW/ceLquNm1k8UIJTOINz8OAKGnAHTWgBgSG8wCu8Obnz7nw4n7PWNWc+cwILcL5+AekclHU=</latexit><latexit sha1_base64="Smr+/OhA20LUdRZpame+wIpxreo=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoRlxVtA9oh5LJZNrQJDMkGaEM8wlu9QPciVs/xrU/YjrtwrYeuHA4597k3hMknGnjut/O2vrG5tZ2aae8u7d/cFg5Om7rOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvp37nmSrNYvlkJgn1BR5KFjGCjZUe7wfeoFJ1624BtEq8Oak2SlCgOaj89MOYpIJKQzjWuue5ifEzrAwjnOblfqppgskYD2nPUokF1X5WrJqjmlVCFMXKljSoUP9OZFhoPRGB7RTYjPSyNxX/83qpia79jMkkNVSS2UdRypGJ0fRuFDJFieGThQcDkZdrIcNEMbs8IiOsMDE2rrJNxVvOYJW0L+qeW/ceLquNm1k8UIJTOINz8OAKGnAHTWgBgSG8wCu8Obnz7nw4n7PWNWc+cwILcL5+AekclHU=</latexit><latexit sha1_base64="Smr+/OhA20LUdRZpame+wIpxreo=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoRlxVtA9oh5LJZNrQJDMkGaEM8wlu9QPciVs/xrU/YjrtwrYeuHA4597k3hMknGnjut/O2vrG5tZ2aae8u7d/cFg5Om7rOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvp37nmSrNYvlkJgn1BR5KFjGCjZUe7wfeoFJ1624BtEq8Oak2SlCgOaj89MOYpIJKQzjWuue5ifEzrAwjnOblfqppgskYD2nPUokF1X5WrJqjmlVCFMXKljSoUP9OZFhoPRGB7RTYjPSyNxX/83qpia79jMkkNVSS2UdRypGJ0fRuFDJFieGThQcDkZdrIcNEMbs8IiOsMDE2rrJNxVvOYJW0L+qeW/ceLquNm1k8UIJTOINz8OAKGnAHTWgBgSG8wCu8Obnz7nw4n7PWNWc+cwILcL5+AekclHU=</latexit><latexit sha1_base64="VvE9sp9QPLllBjbZlcmfWgKLKAs=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoRlxVtA9oh5LJZNrQJDMkGaEM8wlu9QPciVs/xrU/YtrOwrYeuHA4597k3hMknGnjut/O2vrG5tZ2aae8u7d/cFg5Om7rOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvp37nmSrNYvlkJgn1BR5KFjGCjZUe7wfeoFJ16+4MaJV4BalCgeag8tMPY5IKKg3hWOue5ybGz7AyjHCal/uppgkmYzykPUslFlT72WzVHNWsEqIoVrakQTP170SGhdYTEdhOgc1IL3tT8T+vl5ro2s+YTFJDJZl/FKUcmRhN70YhU5QYPll4MBB5uRYyTBSzyyMywgoTY+Mq21S85QxWSfui7rl17+Gy2rgp8inBKZzBOXhwBQ24gya0gMAQXuAV3pzceXc+nM9565pTzJzAApyvX4J8lC0=</latexit>

K1
<latexit sha1_base64="sLxnyK3FWHrxxCkdbrQ0CKbzN0g=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD9xBperUnSnQKnHnpNoowxTNQeWnH8QkjajQhGOleq6TaC/DUjPCaW73U0UTTMZ4SHuGChxR5WXT0DmqGSVAYSzNExpN1b8bGY6UmkS+mSxCqmWvEP/zeqkOr7yMiSTVVJDZR2HKkY5R0QAKmKRE88nCQT/K7VrAMJHMhEdkhCUm2hRnm1bc5Q5WSfu87jp19/6i2rie1QNlOIFTOAMXLqEBt9CEFhB4hBd4hTfr2Xq3PqzP2WjJmu8cwwKsr18YeZkI</latexit><latexit sha1_base64="sLxnyK3FWHrxxCkdbrQ0CKbzN0g=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD9xBperUnSnQKnHnpNoowxTNQeWnH8QkjajQhGOleq6TaC/DUjPCaW73U0UTTMZ4SHuGChxR5WXT0DmqGSVAYSzNExpN1b8bGY6UmkS+mSxCqmWvEP/zeqkOr7yMiSTVVJDZR2HKkY5R0QAKmKRE88nCQT/K7VrAMJHMhEdkhCUm2hRnm1bc5Q5WSfu87jp19/6i2rie1QNlOIFTOAMXLqEBt9CEFhB4hBd4hTfr2Xq3PqzP2WjJmu8cwwKsr18YeZkI</latexit><latexit sha1_base64="sLxnyK3FWHrxxCkdbrQ0CKbzN0g=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD9xBperUnSnQKnHnpNoowxTNQeWnH8QkjajQhGOleq6TaC/DUjPCaW73U0UTTMZ4SHuGChxR5WXT0DmqGSVAYSzNExpN1b8bGY6UmkS+mSxCqmWvEP/zeqkOr7yMiSTVVJDZR2HKkY5R0QAKmKRE88nCQT/K7VrAMJHMhEdkhCUm2hRnm1bc5Q5WSfu87jp19/6i2rie1QNlOIFTOAMXLqEBt9CEFhB4hBd4hTfr2Xq3PqzP2WjJmu8cwwKsr18YeZkI</latexit><latexit sha1_base64="VZ3JNAGKLKna3hA7RWLGEOu0RzA=">AAACBXicbVDLSsNAFL2pr1pfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2ixs64GBwzn33jkcL+ZMadv+tkpr6xubW+Xtys7u3v5B9fCoo6JEEtomEY9kz8OKciZoWzPNaS+WFIcep11vcpP73ScqFYvEg57G1A3xSLCAEayN5A5CrMcE8/QuGzrDas1u2DOgVeIUpAYFWsPqz8CPSBJSoQnHSvUdO9ZuiqVmhNOsMkgUjTGZ4BHtGypwSJWbzkJnqG4UHwWRNE9oNFP/bqQ4VGoaemYyD6mWvVz8z+snOrhyUybiRFNB5h8FCUc6QnkDyGeSEs2nCwe9MKvUfYaJZCY8ImMsMdGmuIppxVnuYJV0zhuO3XDuL2rN66KfMpzAKZyBA5fQhFtoQRsIPMILvMKb9Wy9Wx/W53y0ZBU7x7AA6+sXscqYwA==</latexit>

J1
<latexit sha1_base64="Smr+/OhA20LUdRZpame+wIpxreo=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoRlxVtA9oh5LJZNrQJDMkGaEM8wlu9QPciVs/xrU/YjrtwrYeuHA4597k3hMknGnjut/O2vrG5tZ2aae8u7d/cFg5Om7rOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvp37nmSrNYvlkJgn1BR5KFjGCjZUe7wfeoFJ1624BtEq8Oak2SlCgOaj89MOYpIJKQzjWuue5ifEzrAwjnOblfqppgskYD2nPUokF1X5WrJqjmlVCFMXKljSoUP9OZFhoPRGB7RTYjPSyNxX/83qpia79jMkkNVSS2UdRypGJ0fRuFDJFieGThQcDkZdrIcNEMbs8IiOsMDE2rrJNxVvOYJW0L+qeW/ceLquNm1k8UIJTOINz8OAKGnAHTWgBgSG8wCu8Obnz7nw4n7PWNWc+cwILcL5+AekclHU=</latexit><latexit sha1_base64="Smr+/OhA20LUdRZpame+wIpxreo=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoRlxVtA9oh5LJZNrQJDMkGaEM8wlu9QPciVs/xrU/YjrtwrYeuHA4597k3hMknGnjut/O2vrG5tZ2aae8u7d/cFg5Om7rOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvp37nmSrNYvlkJgn1BR5KFjGCjZUe7wfeoFJ1624BtEq8Oak2SlCgOaj89MOYpIJKQzjWuue5ifEzrAwjnOblfqppgskYD2nPUokF1X5WrJqjmlVCFMXKljSoUP9OZFhoPRGB7RTYjPSyNxX/83qpia79jMkkNVSS2UdRypGJ0fRuFDJFieGThQcDkZdrIcNEMbs8IiOsMDE2rrJNxVvOYJW0L+qeW/ceLquNm1k8UIJTOINz8OAKGnAHTWgBgSG8wCu8Obnz7nw4n7PWNWc+cwILcL5+AekclHU=</latexit><latexit sha1_base64="Smr+/OhA20LUdRZpame+wIpxreo=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoRlxVtA9oh5LJZNrQJDMkGaEM8wlu9QPciVs/xrU/YjrtwrYeuHA4597k3hMknGnjut/O2vrG5tZ2aae8u7d/cFg5Om7rOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvp37nmSrNYvlkJgn1BR5KFjGCjZUe7wfeoFJ1624BtEq8Oak2SlCgOaj89MOYpIJKQzjWuue5ifEzrAwjnOblfqppgskYD2nPUokF1X5WrJqjmlVCFMXKljSoUP9OZFhoPRGB7RTYjPSyNxX/83qpia79jMkkNVSS2UdRypGJ0fRuFDJFieGThQcDkZdrIcNEMbs8IiOsMDE2rrJNxVvOYJW0L+qeW/ceLquNm1k8UIJTOINz8OAKGnAHTWgBgSG8wCu8Obnz7nw4n7PWNWc+cwILcL5+AekclHU=</latexit><latexit sha1_base64="VvE9sp9QPLllBjbZlcmfWgKLKAs=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoRlxVtA9oh5LJZNrQJDMkGaEM8wlu9QPciVs/xrU/YtrOwrYeuHA4597k3hMknGnjut/O2vrG5tZ2aae8u7d/cFg5Om7rOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvp37nmSrNYvlkJgn1BR5KFjGCjZUe7wfeoFJ16+4MaJV4BalCgeag8tMPY5IKKg3hWOue5ybGz7AyjHCal/uppgkmYzykPUslFlT72WzVHNWsEqIoVrakQTP170SGhdYTEdhOgc1IL3tT8T+vl5ro2s+YTFJDJZl/FKUcmRhN70YhU5QYPll4MBB5uRYyTBSzyyMywgoTY+Mq21S85QxWSfui7rl17+Gy2rgp8inBKZzBOXhwBQ24gya0gMAQXuAV3pzceXc+nM9565pTzJzAApyvX4J8lC0=</latexit>

J1
<latexit sha1_base64="Smr+/OhA20LUdRZpame+wIpxreo=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoRlxVtA9oh5LJZNrQJDMkGaEM8wlu9QPciVs/xrU/YjrtwrYeuHA4597k3hMknGnjut/O2vrG5tZ2aae8u7d/cFg5Om7rOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvp37nmSrNYvlkJgn1BR5KFjGCjZUe7wfeoFJ1624BtEq8Oak2SlCgOaj89MOYpIJKQzjWuue5ifEzrAwjnOblfqppgskYD2nPUokF1X5WrJqjmlVCFMXKljSoUP9OZFhoPRGB7RTYjPSyNxX/83qpia79jMkkNVSS2UdRypGJ0fRuFDJFieGThQcDkZdrIcNEMbs8IiOsMDE2rrJNxVvOYJW0L+qeW/ceLquNm1k8UIJTOINz8OAKGnAHTWgBgSG8wCu8Obnz7nw4n7PWNWc+cwILcL5+AekclHU=</latexit><latexit sha1_base64="Smr+/OhA20LUdRZpame+wIpxreo=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoRlxVtA9oh5LJZNrQJDMkGaEM8wlu9QPciVs/xrU/YjrtwrYeuHA4597k3hMknGnjut/O2vrG5tZ2aae8u7d/cFg5Om7rOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvp37nmSrNYvlkJgn1BR5KFjGCjZUe7wfeoFJ1624BtEq8Oak2SlCgOaj89MOYpIJKQzjWuue5ifEzrAwjnOblfqppgskYD2nPUokF1X5WrJqjmlVCFMXKljSoUP9OZFhoPRGB7RTYjPSyNxX/83qpia79jMkkNVSS2UdRypGJ0fRuFDJFieGThQcDkZdrIcNEMbs8IiOsMDE2rrJNxVvOYJW0L+qeW/ceLquNm1k8UIJTOINz8OAKGnAHTWgBgSG8wCu8Obnz7nw4n7PWNWc+cwILcL5+AekclHU=</latexit><latexit sha1_base64="Smr+/OhA20LUdRZpame+wIpxreo=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoRlxVtA9oh5LJZNrQJDMkGaEM8wlu9QPciVs/xrU/YjrtwrYeuHA4597k3hMknGnjut/O2vrG5tZ2aae8u7d/cFg5Om7rOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvp37nmSrNYvlkJgn1BR5KFjGCjZUe7wfeoFJ1624BtEq8Oak2SlCgOaj89MOYpIJKQzjWuue5ifEzrAwjnOblfqppgskYD2nPUokF1X5WrJqjmlVCFMXKljSoUP9OZFhoPRGB7RTYjPSyNxX/83qpia79jMkkNVSS2UdRypGJ0fRuFDJFieGThQcDkZdrIcNEMbs8IiOsMDE2rrJNxVvOYJW0L+qeW/ceLquNm1k8UIJTOINz8OAKGnAHTWgBgSG8wCu8Obnz7nw4n7PWNWc+cwILcL5+AekclHU=</latexit><latexit sha1_base64="VvE9sp9QPLllBjbZlcmfWgKLKAs=">AAAB+3icbVDLSgMxFL3js9ZX1aWbYCm4KjMi6LLoRlxVtA9oh5LJZNrQJDMkGaEM8wlu9QPciVs/xrU/YtrOwrYeuHA4597k3hMknGnjut/O2vrG5tZ2aae8u7d/cFg5Om7rOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvp37nmSrNYvlkJgn1BR5KFjGCjZUe7wfeoFJ16+4MaJV4BalCgeag8tMPY5IKKg3hWOue5ybGz7AyjHCal/uppgkmYzykPUslFlT72WzVHNWsEqIoVrakQTP170SGhdYTEdhOgc1IL3tT8T+vl5ro2s+YTFJDJZl/FKUcmRhN70YhU5QYPll4MBB5uRYyTBSzyyMywgoTY+Mq21S85QxWSfui7rl17+Gy2rgp8inBKZzBOXhwBQ24gya0gMAQXuAV3pzceXc+nM9565pTzJzAApyvX4J8lC0=</latexit>

Ks
<latexit sha1_base64="w50dT7wMojv4gBYzkTEMcJHlt0M=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD9SgUnXqzhRolbhzUm2UYYrmoPLTD2KSRlRowrFSPddJtJdhqRnhNLf7qaIJJmM8pD1DBY6o8rJp6BzVjBKgMJbmCY2m6t+NDEdKTSLfTBYh1bJXiP95vVSHV17GRJJqKsjsozDlSMeoaAAFTFKi+WThoB/ldi1gmEhmwiMywhITbYqzTSvucgerpH1ed526e39RbVzP6oEynMApnIELl9CAW2hCCwg8wgu8wpv1bL1bH9bnbLRkzXeOYQHW1y+A45lK</latexit><latexit sha1_base64="w50dT7wMojv4gBYzkTEMcJHlt0M=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD9SgUnXqzhRolbhzUm2UYYrmoPLTD2KSRlRowrFSPddJtJdhqRnhNLf7qaIJJmM8pD1DBY6o8rJp6BzVjBKgMJbmCY2m6t+NDEdKTSLfTBYh1bJXiP95vVSHV17GRJJqKsjsozDlSMeoaAAFTFKi+WThoB/ldi1gmEhmwiMywhITbYqzTSvucgerpH1ed526e39RbVzP6oEynMApnIELl9CAW2hCCwg8wgu8wpv1bL1bH9bnbLRkzXeOYQHW1y+A45lK</latexit><latexit sha1_base64="w50dT7wMojv4gBYzkTEMcJHlt0M=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD9SgUnXqzhRolbhzUm2UYYrmoPLTD2KSRlRowrFSPddJtJdhqRnhNLf7qaIJJmM8pD1DBY6o8rJp6BzVjBKgMJbmCY2m6t+NDEdKTSLfTBYh1bJXiP95vVSHV17GRJJqKsjsozDlSMeoaAAFTFKi+WThoB/ldi1gmEhmwiMywhITbYqzTSvucgerpH1ed526e39RbVzP6oEynMApnIELl9CAW2hCCwg8wgu8wpv1bL1bH9bnbLRkzXeOYQHW1y+A45lK</latexit><latexit sha1_base64="Tb/hbsDuin/6TONI1naCkMgW4RU=">AAACBXicbVDLSsNAFL2pr1pfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2ixs64GBwzn33jkcL+ZMadv+tkpr6xubW+Xtys7u3v5B9fCoo6JEEtomEY9kz8OKciZoWzPNaS+WFIcep11vcpP73ScqFYvEg57G1A3xSLCAEayN5A5CrMcE8/QuG6phtWY37BnQKnEKUoMCrWH1Z+BHJAmp0IRjpfqOHWs3xVIzwmlWGSSKxphM8Ij2DRU4pMpNZ6EzVDeKj4JImic0mql/N1IcKjUNPTOZh1TLXi7+5/UTHVy5KRNxoqkg84+ChCMdobwB5DNJiebThYNemFXqPsNEMhMekTGWmGhTXMW04ix3sEo65w3Hbjj3F7XmddFPGU7gFM7AgUtowi20oA0EHuEFXuHNerberQ/rcz5asoqdY1iA9fULGkOZAg==</latexit>

Ks
<latexit sha1_base64="w50dT7wMojv4gBYzkTEMcJHlt0M=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD9SgUnXqzhRolbhzUm2UYYrmoPLTD2KSRlRowrFSPddJtJdhqRnhNLf7qaIJJmM8pD1DBY6o8rJp6BzVjBKgMJbmCY2m6t+NDEdKTSLfTBYh1bJXiP95vVSHV17GRJJqKsjsozDlSMeoaAAFTFKi+WThoB/ldi1gmEhmwiMywhITbYqzTSvucgerpH1ed526e39RbVzP6oEynMApnIELl9CAW2hCCwg8wgu8wpv1bL1bH9bnbLRkzXeOYQHW1y+A45lK</latexit><latexit sha1_base64="w50dT7wMojv4gBYzkTEMcJHlt0M=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD9SgUnXqzhRolbhzUm2UYYrmoPLTD2KSRlRowrFSPddJtJdhqRnhNLf7qaIJJmM8pD1DBY6o8rJp6BzVjBKgMJbmCY2m6t+NDEdKTSLfTBYh1bJXiP95vVSHV17GRJJqKsjsozDlSMeoaAAFTFKi+WThoB/ldi1gmEhmwiMywhITbYqzTSvucgerpH1ed526e39RbVzP6oEynMApnIELl9CAW2hCCwg8wgu8wpv1bL1bH9bnbLRkzXeOYQHW1y+A45lK</latexit><latexit sha1_base64="w50dT7wMojv4gBYzkTEMcJHlt0M=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD9SgUnXqzhRolbhzUm2UYYrmoPLTD2KSRlRowrFSPddJtJdhqRnhNLf7qaIJJmM8pD1DBY6o8rJp6BzVjBKgMJbmCY2m6t+NDEdKTSLfTBYh1bJXiP95vVSHV17GRJJqKsjsozDlSMeoaAAFTFKi+WThoB/ldi1gmEhmwiMywhITbYqzTSvucgerpH1ed526e39RbVzP6oEynMApnIELl9CAW2hCCwg8wgu8wpv1bL1bH9bnbLRkzXeOYQHW1y+A45lK</latexit><latexit sha1_base64="Tb/hbsDuin/6TONI1naCkMgW4RU=">AAACBXicbVDLSsNAFL2pr1pfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2ixs64GBwzn33jkcL+ZMadv+tkpr6xubW+Xtys7u3v5B9fCoo6JEEtomEY9kz8OKciZoWzPNaS+WFIcep11vcpP73ScqFYvEg57G1A3xSLCAEayN5A5CrMcE8/QuG6phtWY37BnQKnEKUoMCrWH1Z+BHJAmp0IRjpfqOHWs3xVIzwmlWGSSKxphM8Ij2DRU4pMpNZ6EzVDeKj4JImic0mql/N1IcKjUNPTOZh1TLXi7+5/UTHVy5KRNxoqkg84+ChCMdobwB5DNJiebThYNemFXqPsNEMhMekTGWmGhTXMW04ix3sEo65w3Hbjj3F7XmddFPGU7gFM7AgUtowi20oA0EHuEFXuHNerberQ/rcz5asoqdY1iA9fULGkOZAg==</latexit>

Kb
<latexit sha1_base64="DYXd0LTkmwlH9L7wjh5P54DMO6o=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD/xBperUnSnQKnHnpNoowxTNQeWnH8QkjajQhGOleq6TaC/DUjPCaW73U0UTTMZ4SHuGChxR5WXT0DmqGSVAYSzNExpN1b8bGY6UmkS+mSxCqmWvEP/zeqkOr7yMiSTVVJDZR2HKkY5R0QAKmKRE88nCQT/K7VrAMJHMhEdkhCUm2hRnm1bc5Q5WSfu87jp19/6i2rie1QNlOIFTOAMXLqEBt9CEFhB4hBd4hTfr2Xq3PqzP2WjJmu8cwwKsr19l/pk5</latexit><latexit sha1_base64="DYXd0LTkmwlH9L7wjh5P54DMO6o=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD/xBperUnSnQKnHnpNoowxTNQeWnH8QkjajQhGOleq6TaC/DUjPCaW73U0UTTMZ4SHuGChxR5WXT0DmqGSVAYSzNExpN1b8bGY6UmkS+mSxCqmWvEP/zeqkOr7yMiSTVVJDZR2HKkY5R0QAKmKRE88nCQT/K7VrAMJHMhEdkhCUm2hRnm1bc5Q5WSfu87jp19/6i2rie1QNlOIFTOAMXLqEBt9CEFhB4hBd4hTfr2Xq3PqzP2WjJmu8cwwKsr19l/pk5</latexit><latexit sha1_base64="DYXd0LTkmwlH9L7wjh5P54DMO6o=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD/xBperUnSnQKnHnpNoowxTNQeWnH8QkjajQhGOleq6TaC/DUjPCaW73U0UTTMZ4SHuGChxR5WXT0DmqGSVAYSzNExpN1b8bGY6UmkS+mSxCqmWvEP/zeqkOr7yMiSTVVJDZR2HKkY5R0QAKmKRE88nCQT/K7VrAMJHMhEdkhCUm2hRnm1bc5Q5WSfu87jp19/6i2rie1QNlOIFTOAMXLqEBt9CEFhB4hBd4hTfr2Xq3PqzP2WjJmu8cwwKsr19l/pk5</latexit><latexit sha1_base64="K1HKwrVyFC82yQEfVrB+Q8CG/0w=">AAACBXicbVDLSsNAFL2pr1pfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2ixs64GBwzn33jkcL+ZMadv+tkpr6xubW+Xtys7u3v5B9fCoo6JEEtomEY9kz8OKciZoWzPNaS+WFIcep11vcpP73ScqFYvEg57G1A3xSLCAEayN5A5CrMcE8/QuG3rDas1u2DOgVeIUpAYFWsPqz8CPSBJSoQnHSvUdO9ZuiqVmhNOsMkgUjTGZ4BHtGypwSJWbzkJnqG4UHwWRNE9oNFP/bqQ4VGoaemYyD6mWvVz8z+snOrhyUybiRFNB5h8FCUc6QnkDyGeSEs2nCwe9MKvUfYaJZCY8ImMsMdGmuIppxVnuYJV0zhuO3XDuL2rN66KfMpzAKZyBA5fQhFtoQRsIPMILvMKb9Wy9Wx/W53y0ZBU7x7AA6+sX/0+Y8Q==</latexit>

Kb
<latexit sha1_base64="DYXd0LTkmwlH9L7wjh5P54DMO6o=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD/xBperUnSnQKnHnpNoowxTNQeWnH8QkjajQhGOleq6TaC/DUjPCaW73U0UTTMZ4SHuGChxR5WXT0DmqGSVAYSzNExpN1b8bGY6UmkS+mSxCqmWvEP/zeqkOr7yMiSTVVJDZR2HKkY5R0QAKmKRE88nCQT/K7VrAMJHMhEdkhCUm2hRnm1bc5Q5WSfu87jp19/6i2rie1QNlOIFTOAMXLqEBt9CEFhB4hBd4hTfr2Xq3PqzP2WjJmu8cwwKsr19l/pk5</latexit><latexit sha1_base64="DYXd0LTkmwlH9L7wjh5P54DMO6o=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD/xBperUnSnQKnHnpNoowxTNQeWnH8QkjajQhGOleq6TaC/DUjPCaW73U0UTTMZ4SHuGChxR5WXT0DmqGSVAYSzNExpN1b8bGY6UmkS+mSxCqmWvEP/zeqkOr7yMiSTVVJDZR2HKkY5R0QAKmKRE88nCQT/K7VrAMJHMhEdkhCUm2hRnm1bc5Q5WSfu87jp19/6i2rie1QNlOIFTOAMXLqEBt9CEFhB4hBd4hTfr2Xq3PqzP2WjJmu8cwwKsr19l/pk5</latexit><latexit sha1_base64="DYXd0LTkmwlH9L7wjh5P54DMO6o=">AAACBXicbVDLSsNAFL2prxpfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2i5s64GBwzn33jkcP+FMacf5tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMey62NFORO0pZnmtJtIiiOf044/vin8zhOVisXiQU8S6kV4KFjICNZG8voR1iOCeXaXD/xBperUnSnQKnHnpNoowxTNQeWnH8QkjajQhGOleq6TaC/DUjPCaW73U0UTTMZ4SHuGChxR5WXT0DmqGSVAYSzNExpN1b8bGY6UmkS+mSxCqmWvEP/zeqkOr7yMiSTVVJDZR2HKkY5R0QAKmKRE88nCQT/K7VrAMJHMhEdkhCUm2hRnm1bc5Q5WSfu87jp19/6i2rie1QNlOIFTOAMXLqEBt9CEFhB4hBd4hTfr2Xq3PqzP2WjJmu8cwwKsr19l/pk5</latexit><latexit sha1_base64="K1HKwrVyFC82yQEfVrB+Q8CG/0w=">AAACBXicbVDLSsNAFL2pr1pfVZduBkvBVUlE0GXRjeCmgn1AG8pkMmmHTiZxZiKUkLWf4FY/wJ249Ttc+yNO2ixs64GBwzn33jkcL+ZMadv+tkpr6xubW+Xtys7u3v5B9fCoo6JEEtomEY9kz8OKciZoWzPNaS+WFIcep11vcpP73ScqFYvEg57G1A3xSLCAEayN5A5CrMcE8/QuG3rDas1u2DOgVeIUpAYFWsPqz8CPSBJSoQnHSvUdO9ZuiqVmhNOsMkgUjTGZ4BHtGypwSJWbzkJnqG4UHwWRNE9oNFP/bqQ4VGoaemYyD6mWvVz8z+snOrhyUybiRFNB5h8FCUc6QnkDyGeSEs2nCwe9MKvUfYaJZCY8ImMsMdGmuIppxVnuYJV0zhuO3XDuL2rN66KfMpzAKZyBA5fQhFtoQRsIPMILvMKb9Wy9Wx/W53y0ZBU7x7AA6+sX/0+Y8Q==</latexit>

FIG. 2. Properties of J1 and K1. (a) The decay of J1 fits into 1/L3; K1 fits into Ks + Kb(L) with Kb ∼ 1/L3 and Ks being
the interfacial contribution independent of L (for T = 0.6 and ξ = 0.6). (b), (c), and (d) plot the temperature dependences of
J1, Ks and Kb, respectively (for L = 4 and different ξ’s). The insets show the logarithmic plots of the ξ dependences of J1, Ks

and Kb at T = 0.6, which fits into ξ2 (dashed lines).

the averaging operation introduces the azimuthal sym-
metry. Correspondingly, the interlayer coupling J1 cosφ
can be written as J1S1 ·S2. The above analysis indicates
that J1 and K1 are the most relevant quantities in our
geometry. In the following, we will focus on the physical
properties of the two parameters.

When the AF becomes thicker, both J1 and K1 should
get smaller since the fraction of spins under direct influ-
ence of boundaries reduces. Figure 2(a) plots J1 and K1

versus the number of layers L from 2 to 10. The decay
patterns of J1 and K1 fit well into

J1 ∼
1

L3
; (6)

K1 = Ks +Kb(L) with Kb(L) ∼ 1

L3
. (7)

We interpret the L-independent term Ks as an interfacial
anisotropy arising from surface magnons, which do not
connect the two Fs together. By contrast, the term Kb(L)
decays similarly as J1; it originates from bulk magnons
with (quantized) wave vectors in the thickness direction.
We will discuss the physics underlying this 1/L3 decay
pattern of J1 and Kb later.

Here we estimate the magnitudes of J1 and K1. As
shown earlier, J1 is nearly 1% of JAF at L = 2 assuming
an interfacial coupling of ξ = 0.6. With the 1/L3 decay,
J1 is roughly 0.1% of JAF at L = 4. In insulating AFs
such as Cr2O3 [21], JAF is typically few tens of meV, and
the lattice constant in the in-plane geometry is 5Å. We
then deduce that J1 is 10 ∼ 100 µeV and K1 is 0.1 ∼ 1
meV at nanometer separations. Comparing with other
interlayer couplings such as the electron-mediated RKKY
interaction [12–15] and the dipole-dipole interaction [22]
at similar separations, the magnon-mediated mechanism
appears comparably strong.

Since magnons are bosons without particle number
conservation (chemical potential is zero), they become
more populated when we raise the temperature. As such,
we would näıvely expect that the magnon-mediated in-

terlayer coupling increases monotonically with tempera-
ture. In Fig. 2(b), (c), and (d), we plot J1, Ks, and Kb as
functions of temperature at separation L = 4 for ξ = 0.6,
where we see that only Ks bears a monotonic temper-
ature dependence. Counterintuitively, J1 flips sign at a
finite turning temperature: it is antiferromagnetic at low
temperatures and ferromagnetic at high temperatures.
We find that the turning temperature is smaller for larger
ξ and thicker films (not shown), but this remarkable sign
change persists. We will discuss the underlying physics
of the sign change in the next section.

Considering that the electron-mediated RKKY inter-
action scales quadratically with the interfacial exchange
coupling, we expect a similar behavior for the magnon-
mediated interlayer coupling. The insets of Fig. 2 show
the ξ2 fittings of J1 and K1 in the range ξ ∈ (0.05, 0.65)
with 0.05 increment. Above ξ = 0.7, the collinear ground
state becomes energetically unstable such that the Néel
vector undergoes a spin-flop transition and bends perpen-
dicular to the F, which invalidates our model. A stronger
anisotropy KAF can increase the spin-flop threshold, but
it also enlarges the magnon gap of the AF. Since magnons
are bosons that preferably occupy low-energy states, an
enlarged gap will diminish the magnitude of our results
(although the essential pattern in Fig. 2 will be kept).
It is numerically feasible to find a good balance between
KAF and the maximum possible ξ without incurring spin-
flop breakdown. Nevertheless, this is a matter of materi-
als choice, and we leave it for future studies.

Discussions.—The unique physical behavior of the
magnon-mediated interlayer coupling is closely related to
the Bose-Einstein statistics, where the most prominent
contribution stems from a few low-energy states. Those
states are long wavelength magnons (k‖ → 0) with small
band index i. Because of uniaxial symmetry, a magnon
eigenstate is always circularly-polarized and appears in
pair with its partner of the opposite chirality [21, 23], as
schematically depicted in Fig. 3(a). At the bottom of the
lowest band, all spins precess uniformly with nearly the
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FIG. 3. (a) Schematics of the two circularly-polarized modes
in the AF, where the two sublattice spins, SA and SB , pre-
cess with the same chirality but different cone angles [23]. (b)
Energy of the lowest magnon band as a function of the inter-
facial coupling ξ, where εR0 (εL0 ) stands for the right-handed
(left-handed) subband. For parallel (antiparallel) alignment
of the Fs, the degeneracy between εR0 and εL0 is lifted (main-
tained). For any ξ below the spin-flop transition, ∆1 > ∆2.
(c) ∆U = U↑↓−U↑↑ as a function of T for ξ = 0.3 and ξ = 0.6,
which qualitatively reproduces J1 in Fig. 2(b).

same phase, and its left-handed (right-handed) compo-
nent has energy εL0 (εR0 ). As shown in Fig. 3(b), when the
Fs are parallel and polarized along the easy-axis of the
AF, the degeneracy of the lowest band splits linearly with
ξ (dashed lines). By contrast, when the Fs are antipar-
allel, the degeneracy is preserved so that εL0 = εR0 = εd
(solid black curve). As ξ increases, εd bends downwards
until reaching the spin-flop transition at around ξ = 0.7.
The energy relation between the parallel and antiparallel
configurations is εR0 = εd + ∆1 and εL0 = εd − ∆2 with
∆1 > ∆2. Accordingly, the difference of thermal energy
between the two configurations reads

∆U =U↑↓ − U↑↑

=
2εd

exp(εd/kBT )− 1
− εd + ∆1

exp[(εd + ∆1)/kBT ]− 1

− εd −∆2

exp[(εd −∆2)/kBT ]− 1
. (8)

Figure 3(c) plots ∆U as a function of T for ξ = 0.3 and
0.6, which qualitatively reproduces the numerical result
in Fig. 2(b), suggesting that the non-monotonic behavior
of J1 is largely attributed to the lowest magnon band.
Figure 3(b) also reveals a fine structure: there is a very
narrow window of ξ just below the spin-flop transition
within which εd < εL0 < εR0 thus ∆2 is negative. In this

special region, the antiparallel configuration always has
a lower energy thus the interlayer exchange coupling is
antiferromagnetic for any temperature.

Now we turn to the crucial question why J1 scale as
1/L3 when it is ferromagnetic (at high temperatures).
The magnon band structure along the thickness direc-
tion is analogous to that of a quantum well, where the
gaps between neighboring energy levels scale as 1/L2.
In addition, the percentage of boundary atoms that are
exchange-coupled to the Fs scales as 1/L, i.e., the rela-
tive strength of exchange-fields on the boundaries scales
as 1/L. Therefore, the overall magnon energy splitting
scales as 1/L3. Up to the leading order in ε/kBT , Equa-
tion (8) expands into ∆U = (∆1 − ∆2)/2 + h.o., which
respects the 1/L3 law. A similar argument applies to Kd
as well, but in that case, we should compare U↑↑ with
the thermal energy for the perpendicular F/AF configu-
ration in which εL0 = εR0 (no splitting). This provides a
qualitative but not rigorous physical explanation of the
decay pattern obtained numerically.

The conceived in-plane Néel vector shown in Fig. 1
has been successfully fabricated in a recent experiment
using Cr2O3 [24]. But it remains a challenge to achieve
the collinear exchange-coupled F/AF interface based on
this device geometry. Since our predicted effects are pro-
portional to ξ2, good interfacial quality is crucial to the
observation. Therefore, to fully verify our predictions, it
calls for a serious materials search that goes beyond the
scope of this Letter.

To close the discussion, we finally comment on the cru-
cial distinction between magnon-mediated interlayer cou-
plings and their well-established electronic counterparts.
Electrons obey Fermi-Dirac statistics, and most physical
properties are directly linked to the existence of Fermi
surface. Because of geometrical confinement in the thin
film, electrons on the Fermi surface exhibits oscillatory
interference pattern as a function of the spacer thickness,
giving rise to an oscillatory exchange coupling [14, 15]. If
the non-magnetic spacer is electronically insulating while
the two Fs are metallic, electron tunneling becomes the
dominant mechanism for the interlayer coupling [15–17].
In this case, the interlayer coupling does not oscillate but
simply decays exponentially with the spacer thickness.
In contrast to electrons, magnons are bosonic excitaions
that do not have a Fermi surface, which is responsible for
the absence of an oscillatory decay with thickness. The
most defining feature lies in the nontrivial sign change
of J1 with temperature, which can be directly measured
from the hysteresis loop. Last but not least, we notice
that the magnon-mediated interlayer coupling proposed
in this Letter is the magnonic counterpart of the thermal
Casimir effect [25].

In summary, we have demonstrated that two ferromag-
netic layers separated by a thin-film AF can couple each
other via magnon excitations inside the AF, which is es-
pecially important when all layers are insulating and con-
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duction electrons are absent. The central result involves
a magnon-mediated exchange interaction (a trilayer ef-
fect) and a magnon-induced anisotropy (a bilayer effect).
While the former decays with the AF thickness as 1/L3,
the latter can be decomposed into a constant surface con-
tribution independent of L plus a term decaying as 1/L3.
The interlayer exchange interaction turns out to be an-
tiferromagnetic at low temperatures and ferromagnetic
at high temperatures. This sign change can be qualita-
tively explained in terms of the lowest magnon excitation
quantized in the thickness direction. Although antiferro-
magnetic magnons with opposite spins bear an apparent
resemblance to electrons, the difference in their statistical
properties leads to drastically different behaviors.
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