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We study the band topology and the associated linking structure of topological semimetals with nodal lines
carrying Z»> monopole charges, which can be realized in three-dimensional systems invariant under the combi-
nation of inversion P and time reversal 7" when spin-orbit coupling is negligible. In contrast to the well-known
PT-symmetric nodal lines protected only by 7 Berry phase in which a single nodal line can exist, the nodal lines
with Z> monopole charges should always exist in pairs. We show that a pair of nodal lines with Z> monopole
charges is created by a double band inversion (DBI) process, and that the resulting nodal lines are always linked
by another nodal line formed between the two topmost occupied bands. It is shown that both the linking struc-
ture and the Z> monopole charge are the manifestation of the nontrivial band topology characterized by the
second Stiefel-Whitney class, which can be read off from the Wilson loop spectrum. We show that the second
Stiefel-Whitney class can serve as a well-defined topological invariant of a PT'-invariant two-dimensional (2D)
insulator in the absence of Berry phase. Based on this, we propose that pair creation and annihilation of nodal
lines with Z2 monopole charges can mediate a topological phase transition between a normal insulator and a
three-dimensional Stiefel-Whitney insulator (3D SWI). Moreover, using first-principles calculations, we pre-
dict ABC-stacked graphdiyne as a nodal line semimetal (NLSM) with Z> monopole charges having the linking
structure. Finally, we develop a formula for computing the second Stiefel-Whitney class based on parity eigen-
values at inversion invariant momenta, which is used to prove the quantized bulk magnetoelectric response of
NLSMs with Z2 monopole charges under a T-breaking perturbation.

PACS numbers:

Introduction.— Topological semimetals [1-38] are novel
states of matter whose band structure features gap-closing
points or lines. Such gapless nodal points or lines are pro-
tected by either crystalline symmetry [4—17] or topological
invariants [18-38]. The nodal point (Weyl point) in a Weyl
semimetal [31-38] is a representative example of the latter
case. Due to the quantized monopole charge, Weyl points al-
ways exist in pairs [31-34]. Moreover, pair creation and an-
nihilation of Weyl points can mediate topological phase tran-
sitions between a normal insulator (NI) and a topological in-
sulator in three dimensions (3D) [31-33, 37-40]. Since the
origin of the monopole charge is the Berry curvature of com-
plex electronic states, breaking either time reversal 7' [31—
33] or inversion P [35-38] is a precondition to host a Weyl
point [34].

However, recent theoretical studies have found that, in
the presence of P and T' symmetries, a nontrivial monopole
charge can exist, carried by a nodal line (NL), when spin-
orbit coupling is negligibly weak [18-23]. Here the monopole
charge is a Z5 number originating from the topology of real
electronic states [18-20, 23], which is clearly distinct from
the integer monopole charge of Weyl points originating from
complex electronic states. In fact, recently, spinless fermions
in PT-symmetric systems have received great attention due
to the discovery of semimetals with NLs protected by =
Berry phase [23-26], appearing in various forms including
rings [41-49], crossings [50-53], chains [54-56], links [57—
64], knots [63-65], nexus [66—68], and nets [69—71]. How-
ever, all the NL belonging to this class do not carry a Zs

monopole charge. Because of this, such a NL can exist alone
in the Brillouin zone (BZ), which can disappear after shrink-
ing to a point [23]. No candidate material has been predicted
to host Zs-nontrivial NLs (Z3NLs) yet. Although there are
preceding theoretical studies on Z3NLs [21-23], the generic
feature of the associated band structure topology, which is
useful to facilitate material discovery, has not been thoroughly
studied.

In this work, we study topological characteristics unique
to a nodal line semimetal (NLSM) with Zs monopole
charges and propose the first candidate material, ABC-stacked
graphdiyne. In particular, we describe the mechanism for cre-
ating ZsNLs and the linking structure between them, which
originates from the underlying global topological characteris-
tics of real electronic states represented by the second Stiefel-
Whitney (SW) class. The linking structure exists between
a ZoNL near the Fermi energy E'r and another NL below
Er, similar to the linking structure predicted in 5D Weyl
semimetal recently [72]. This demonstrates that, in contrast
to the common belief, the topological property of NLSM is
determined not only by the local band structure near crossing
points at E'r but also by the global topological structure of all
occupied bands below Er.

Band crossing in PT-invariant spinless fermion systems.—
Zo-trivial NLs can be described as follows [23, 26]. Since
(PT)? = +1 in the absence of spin-orbit coupling, PT op-
erator can be represented by PT" = K where K denotes
the complex conjugation. In this basis, the PT invariance of
the Hamiltonian, PTH (k)(PT)~! = H(k), requires H (k)



FIG. 1: (a) Band structure near a nodal line (NL) with zero Z»
monopole charge. (b) Band structure near a NL carrying a unit Z>
monopole charge (Z2NL) linked with another nodal line (NL™) be-
low the Fermi level (E'r). (c¢) Atomic structure of ABC-stacked
graphdiyne. (d) Band structure of ABC-stacked graphdiyne where
thick orange lines indicate degenerate NLs above and below Er. (e)
The shape of two Z>NLs (red loops) at Er (£ = 0) linked with a
NL* below Er (yellow line) in ABC-stacked graphdiyne.

to be real. Then the effective two-band Hamiltonian near
a band crossing point can be written as H(k) = fo(k) +
fi(k)oz+ f3(k)o, where o . are the Pauli matrices for the
two crossing bands and fj 1 3(k) are real functions of momen-
tum k=(k;, k,, k,). Because closing the band gap requires
only two conditions f; 3(k) = 0 to be satisfied whereas there
are three independent variables £, , ., the generic shape of
band crossing points is a line.

On the other hand, to describe Z5NLs, one needs to con-
sider a four-band Hamiltonian as first proposed in [23]. When
the reality condition is imposed, H (k) can include three 4 x 4
anticommuting matrices, which indicates that a 3D massless
Dirac fermion can exist. The Dirac point is stable against the
gap opening because the mass terms, which are imaginary, are
forbidden. However, there are other allowed real matrix terms
that can deform the Dirac point into a NL. For instance, let us
consider the following Hamiltonian introduced in [23],

H(k) = kyo, + ky1yo, + k0, +mt,0,, (D

where 7, , . and 0, , . are Pauli matrices. The energy eigen-

values are E = +1/k2 + (p =+ |m/|)® where p = \/ k2 + k2

One can see that the conduction and valence bands touch
along the closed loop (a Z2NL) satisfying k, = 0 and p =
|m|. Moreover, two occupied bands cross along another line
along p = 0 (NL*), which is linked with the Z;NL. Because
of this linking, the Z5NL is stable and distinct from trivial
NLs. As m — 0, the linking requires that the Z5NL shrinks
to a Dirac point. As m becomes finite after sign-reversal, the
size of the Z;NL increases again. It can never disappear by
itself. Because a single Z>NL is stable, only a pair of Z;NLs
can be created by band inversions.

FIG. 2: (a) Evolution of band structure during a double band in-
version (DBI). Red (Orange) points and lines indicate the crossing
between the conduction and valence bands (two occupied bands). 4
indicate the inversion eigenvalues at the I" point. (b) A variant of BDI
process realized in graphdiyne. Due to the three-fold rotation sym-
metry, both the valence and conduction bands are degenerate along
the k. axis, thus NL* exists before ZoNLs are created.

ZyNLs in ABC-stacked graphdiyne.— Our first-principles
calculations predict that ABC-stacked graphdiyne realizes
Z5NLs with the linking structure. ABC-stacked graphdiyne
is an ABC stack of 2D graphdiyne layers composed of sp?-
sp carbon network of benzene rings connected by ethynyl
chains. [See Fig. 1(c).] Recently, Nomura et. al. [73] theo-
retically proposed ABC-stacked graphdiyne as a NLSM. Here
we show that the NLs in this material are Z5NLs. Consistent
with [73], we find NLs occurring off the high-symmetry Z
point of the BZ. While the electronic band structure displays
band gap along the high-symmetry lines as shown in Fig. 1(d),
the valence and conduction bands cross off the high-symmetry
k-points along a pair of closed NLs colored in red in Fig. 1(e).
Additionally, we find that two topmost occupied bands form
another NL [the orange line in Fig. 1(e)], which pierces the
red NLs, manifesting the proposed linking structure. Interest-
ingly, the effective four-band Hamiltonian describing ABC-
stacked graphdiyne near Ef is identical to Eq.(1) [73], indi-
cating the generality of our theory.

Double band inversion (DBI).— Let us illustrate a generic
mechanism for a pair creation of Z5NLs in inversion symmet-
ric systems, which is comprised of consecutive band inver-
sions, dubbed a double band inversion (DBI). For concrete-
ness, we describe a DBI by using the Hamiltonian in Eq. (1)
after the replacement k, — |k|> — M. The evolution of
the band structure during the DBI is illustrated in Fig. 2(a)
as a function of the parameter M. As we increase M from
M < —|m], the first band inversion occurs at M = —|m/| be-
tween the top valence and bottom conduction bands, creating
a trivial NL. Then, the inversion at M = ( between two occu-
pied (unoccupied) bands generates another NL below (above)
Er, which we call NL*. The last band inversion at M = |m)|
between two inverted bands near E'r splits the trivial NL into



two Z5NLs linked by the NL* below Er [Fig. 2(a)]. During
the DBI, each occupied (unoccupied) band crosses both of two
unoccupied (occupied) bands, which explains why the mini-
mal number of bands required to create a Z>;NL is four. In
ABC-stacked graphdiyne, both valence and conduction bands
are doubly degenerate along the high-symmetry k. axis due
to three-fold rotation symmetry, thus NL* exists from the be-
ginning. In such a system, a single band crossing immediately
inverts two occupied and two unoccupied bands having oppo-
site parities, generating a Z;NL pair as shown in Fig. 2(b). In
noncentrosymmetric systems, ZsNL pair creation occurs in a
similar manner, that is, by splitting a trivial NL into a Z3;NL
pair which are linked with another NL below Er as described
in [75].

Zo monopole charge, linking number, and the second
Stiefel-Whitney class.— Here we give a formal proof for the
equivalence between the Z5 monopole charge and the link-
ing number, based on the correspondence between the Za
monopole charge and the second Stiefel-Whitney (SW) class
implied by K-theory [74].

The Z, invariant was originally defined in [23] as follows.
First, we take real occupied states by imposing PT |u,k) =
|tnk). Then we consider a sphere surrounding a NL, which
is divided into two patches (the northern and southern hemi-
spheres) overlapping along the equator as shown in Fig. 3(a).
One can find smooth real states [u)Y ) (|u>))) on the northen
(southern) hemisphere. On the overlapping circle, |u271;5 )
are connected by a smooth transition function tV°(k) €
SO(Noce) in a way that |u2,) = tI5(k)|uS, ), where Noc
denotes the number of occupied bands. Let us note that, since
the real occupied states are orientable on a sphere, transition
functions can be restricted to SO(Noc.) [75]. The homotopy
group 71 (SO(Noee > 2)) = Zs indicates that there is a Zo-
type obstruction for defining real smooth state on the sphere,
which is nothing but the Z5 monopole charge of NLs. Because
71(SO(2)) = Z, the winding number of tV9(k) is an inte-
ger invariant when N, = 2. In this case, the Z> monopole
charge is defined by the parity of the winding number.

Now we make a connection between the Zs monopole
charge and the second SW class ws. ws characterizes the ob-
struction to lifting transition functions of real occupied states
to their double covering group [97-99]. When we, = 0
(wg = 1), the lifting is allowed (forbidden). For simplic-
ity, let us first consider the case with Ny = 2 so that the
transition function tV°(k) = exp(if(k)o,), where o, .
are the Pauli matrices for two occupied bands. When the
Z5 monopole charge on the sphere is 0 (1), the angle 6(k)
evolves from 0 to 4n7 ((4n + 2)m) with an interger n, be-
cause tV* is periodic along the equator and has an even (odd)
winding number. Now let us ask whether it is possible to
take a lift V9 — #V5 from SO(2) to its double covering
group U(1) while the periodicity of tV is kept. To answer
this, one defines a two-to-one mapping 7 : U(1) — SO(2)
by using £V9(0) = exp(i4) and tV5(0) = exp(ifo,). Let
us note that when ¢V5(#) has an even (odd) winding num-
ber with § € [0,4n7] (0 € [0, (4n + 2)7)), V9(8) is peri-

odic (non-periodic), thus the lifting from ¢tV to V9 is well-

defined (ill-defined). The same argument applies to the case
with Ny > 2 [98]. The Z5 monopole charge is thus identi-
fied with wsy.

To derive the equivalence between ws and the linking num-
ber, let us continuously deform the sphere wrapping a NL ~,
by gluing the north and south poles at the center, into a thin
torus completely enclosing . As long as the band gap remains
finite during the deformation, w, is invariant since the gluing
of the north and south poles does not creat a monopole, which
is further confirmed numerically as shown in Fig. 3(c,d). We
assume that the torus is thin enough so that all occupied bands
on it are non-degenerate. In this limit, according to the Whit-
ney sum formula [100, 101], wo safisfies the following rela-
tions modulo two [75]

Wy = Z [w1,6(Br)wi,0(Bm) — wi,6(Bm)wi,e(Bn)] (2)

n<m

where w1 ¢/9(Br) is the first SW class of the nth occupied
band B,, along the toroidal/poloidal cycle on the torus wrap-
ping 7. As shown in [75], the first SW class w; 49 (B, ) cor-
responds to the Berry phase ®,, 44 of the nth band along ¢/
calculated in a smooth complex gauge, and it characterizes the
orientability of the occupied states. Through a direct calcula-
tion of the Berry phase in a Coulomb gauge, we find that [75]

= Lk(y, %)), (3)
i

where Lk(y,7;) = & §7 dk x §&j dp - ‘kk_;pplg, is the linking
number [102] between v and another NL ; formed by the
occupied band degeneracy. Let us notice that NLs formed
between unoccupied bands do not contribute to the linking
number because the monopole charge is defined by occupied
bands. For the model in Eq. (1) with Nooe = 2, &1 4 = T,
Di19=m, Py 4 =m, and Py 9 = 0, so Lk = 1 as expected.
Wilson loop method for computing wo.— we can be
computed efficiently by using the Wilson loop tech-
nique [22, 23, 103-105]. The relation between the
Wilson loop spectrum and the Z; monopole charge can
be proved by using the definition of wy [97, 99] as
explicitly shown in [75]. In general, on a 2D closed
manifold with coordinates (¢,6), the Wilson loop op-
erator along ¢ at a fixed 6 is defined by [103-105]
W (po-+2m,6)(d0,0) = Imy oo EN—1FN_2...F1 Fy
where Fj is the overlap matrix at ¢; = ¢o + 2mj/N
with matrix elements [Fj|nn = (Um(dj11,0)|un(¢;,0)),
and ¢n+1 = ¢Po. On the wrapping sphere covered
by three patches shown in Fig. 3(b), the Wilson loop
operator Wo(0) = Wiar9)(0.0) becomes Wo(0) =

tABWiar 0y (r,0)t° W(w 0)« (/2,0 LW 12,014 (0,0)-

where t4A8 = (u2(0,0 |u2? 2m,0)), tB¢ =
(s (m,0)uy; (w,0)), and t% = (S, (r/2,6) u (/2. 0)).
Let us take a parallel-transport gauge defined by

[upin (0, 0)) = [W&,a)k(qi)g’g)}mnm?n(ﬁz’a9)>’ where
o8 = 0,m,7/2 for a = A, B, C, respectively, and W is
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FIG. 3: (a, b) The wrapping sphere covered by two or three patches.
(c, d) Wilson loop spectrum for ABC-stacked graphdiyne computed
on a sphere or a torus wrapping a Z>NL. (e) A torus covered by four
patches. (f) The Wilson loop spectrum on a torus with (w1, w2) =
(0,0) when Ny = 2. Similar spectra with (w1,y,w2) = (0,1),
(1,0), (1, 1) are shown in (g), (h), and (i), respectively.

defined with smooth states within the patch «. Then the
Wilson loop operator becomes

Wo(0) = Wyo(0) = t22(0)t7C (0)t54(0), )

where W, and t,, are the Wilson loop operator and the transi-
tion function in the parallel-transport gauge. Let ue note that,
in this gauge, Wy (6) is simply given by the product of transi-
tion functions along the ¢ cycle. Since Wy (0, 7) = 1 due to
the consistency condition at triple overlaps [75], the image of
the map Wy () for 6 € [0, x| forms a closed loop. Then ws
is given by the parity of the winding number of Wy (6) [75],
which can be obtained gauge-invariantly from its eigenvalue
O(0) [22, 103]. We apply the Wilson loop technique to ABC-
stacked graphdiyne, and find that the Z2NLs carry nontrivial
monopole charges. Figure 3(c) shows the first-principles cal-
culations of the Wilson loop spectrum computed on a sphere
wrapping a Z;NL. The single crossing on the © = 7 line in-
dicates the odd winding number, leading to wy = 1. Fig. 3(d)
shows that the Wilson loop spectrum computed on a torus
is also nontrivial. These first-principles results confirm the
NLSM phase that we proposed here hosted in ABC-stacked
graphdiyne.

2D SW insulator (SWI).— Using wy computed on a 2D BZ
torus, we can define a new PT-invariant 2D topological insu-
lator characterized by wo when w; = 0 (i.e., w14 = W19 =
0). To prove this, we consider a 2D BZ torus with coordinates
(¢,0) = (ky, ky) [Fig. 3(e)]. Then ws is again given by the
spectral degeneracy of the Wilson loop Wy () on the torus, as
shown in [75].

Let us first consider Ny, = 2 case. We calculate W, along
an orientable cycle, because otherwise the Wilson loop spec-
trum has no stable crossing points such that it does not show
the topological property. One can always choose such an ori-
entable cycle [75]. Then, there are four Z; homotopy classes
of Wilson loop spectra shown in Fig. 3(f-i). They are classi-
fied by the parity of the number of linear crossing points on

© = 0and ©® = 7. A spectrum corresponds to wy = 0
(wg = 1) when it has an even (odd) linear crossing points on
© = m. Fig. 3(f,g2) and 3(h,i) are distinguished by the total
number of linear crossing points, which is even (odd) since
wp =0 (wrp = 1) [75].

Notice that the topology of the spectrum in Fig. 3(h) and
(i) differs only by an overall shift of the eigenvalues by ,
whereas those in Fig. 3(f,g) are invariant under the shift. This
indicates that ws is independent (dependent) of the unit cell
choice when w19 = 0 (w19 = 1), because the Wilson
loop eigenvalues correspond to the Wannier centers for in-
sulators [103]. Indeed, the same unit cell dependence exists
for any even N,.. whereas w- is independent of the unit cell
choice for any odd N [75]. Therefore, w- is a well-defined
topological invariant when w; = 0. We may call the insulator
characterized by wy, = 1 as a 2D SW insulator (SWI). This is
a new kind of fragile topological phase [106—108] since it can
be trivialized when bands with (w1, ws) = (1,0) are added.

Topological phase transition.— As a sphere wrapping a
ZsNL can be continuously deformed to two parallel 2D BZs,
one with wy = 1 and the other with wy; = 0, a ZoNL can be
considered as a critical state separating a 2D NI and a 2D SWI.
Accordingly, the pair creation and annihilation of Z;NLs can
mediate a topological phase transition between a 3D NI and a
3D SWI, a vertical stacking of 2D SWIs. The presence of two
NL*s formed between occupied bands clearly distinguishes a
3D SWI from a NI. Interestingly, first principles calculations
show that ABC-stacked graphdiyne turns into a 3D SWI af-
ter pair annihilation of Z5NLs under about 3 % of a uniaxial
tensile strain applied along the z direction. [See [75].]

Discussion.— Let us discuss about measurable properties
of NLSM with Z5NLs. Unfortunately, its surface states are
generally not robust due to P breaking on the surface [23].
Nevertheless, our study suggests that observing the linking
structure using ARPES [109] can provide strong evidence for
ZsNLs. Moreover, the bulk magnetoelectric response under
magnetic field can provide another evidence. When P and
T are individually symmetries of the system, the number of
pairs of Z3NLs (Ny,p) can be determined from the inversion
eigenvalues of the occupied bands at inversion-invariant mo-
menta (IIM). Since a DBI changes two inversion eigenvalues
at an IIM, NV, is given by the sum of the number of nega-
tive eigenvalue pairs over all [IM [21, 75]. Let us note that, in
P-invariant insulators with broken 7', two times magnetoelec-
tric polarizability 2P5 is determined by inversion eigenvalues
in the same way as N, is [86]. This implies that a NLSM
with an odd number of ZsNL pairs turns into an axion insu-
lator, which can host chiral hinge modes along the domain
wall [110-112], when the band gap is opened due to a 7-
breaking perturbation such as magnetic field [75]. We believe
that the theoretical prediction given in the present work can
be experimentally tested in ABC-stacked graphdiyne in near
future.

Note Added.— After the submission of this letter, fragile
topology in Zs-nontrivial NLSMs was also explored in [113];
the results of that work is consistent with our conclusions.
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