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The experimental realization of the Harper-Hofstadter model in ultra-cold atomic gases has placed
fractional states of matter in these systems within reach—a fractional Chern insulator state (FCI)
is expected to emerge for sufficiently strong interactions when half-filling the lowest band. The
experimental setups naturally allow to probe the dynamics of this topological state, yet little is
known about its out-of-equilibrium properties. We explore, using density matrix renormalization
group (DMRG) simulations, the response of the FCI state to spatially localized perturbations.
After confirming the static properties of the phase we show that the characteristic, gapless features
are clearly visible in the edge dynamics. We find that a local edge perturbation in this model
propagates chirally independent of the perturbation strength. This contrasts the behavior of single
particle models with counter-propagating edge states, such as the non-interacting Harper-Hofstadter
model, where the chirality is manifest only for weak perturbations. Additionally, our simulations
show that there is inevitable density leakage into the bulk, preventing a naive chiral Luttinger theory

interpretation of the dynamics.

Introduction. Understanding the dynamical prop-
erties of strongly correlated quantum phases in dimen-
sions higher than one still remains a difficult challenge
in the vast majority of cases [1, 2]. The lack of a com-
plete paradigm originates from the inherent complexity
of simulating the dynamics of strongly interacting quan-
tum systems. However, modern experiments [3-7] are
now able to access time-dependent properties and thus
the need to precisely characterize dynamical signatures
of correlated phases is becoming pressing. Among the
most intriguing are scenarios in which topology joins in
as an additional ingredient of the system.

A recent prominent example is the realization of
the Chern insulator phase using ultracold atoms, both
in a bosonic Harper-Hofstadter model [8-11] and the
fermionic Haldane honeycomb model [12, 13]. In both
cases, periodically driving a lattice loaded with ultra
cold atoms has been proven to show topological fea-
tures [13, 68], as predicted by general theoretical argu-
ments based on Floquet theory [15-19]. On-site interac-
tions in the Harper-Hofstadter realization can drive the
system into a bosonic Floquet fractional Chern insula-
tor (FCI) state [20-29], the bosonic periodically driven
analog of the fractional quantum Hall (FQH) effect [30—-
35]. Several protocols have been proposed to prepare this
state and the phase diagram of the Harper-Hofstadter
model for hardcore bosons has been established using var-
ious numerical methods [32, 34, 36]. Although this body
of knowledge combined with proposals to detect chiral
edge states [37-39] hinted how to identify the existence
of the FCI state in cold atomic experiments, simulations
of dynamical signatures of this phase are still lacking.
However, the observation of time-dependent quantities in
this system is possible, due to the high tunability of pa-
rameters and slow dynamics compared to the solid state,

and necessary, due to the difficulty of probing transport
quantities characterizing these states, such as the Hall
conductivity.

In this paper we address dynamical properties of the
edge of the FCI phase of hardcore bosons at filling factor
v = 1/2 after local quenches using matrix-product state
(MPS) based simulations. We use the density matrix
renormalization group (DMRG) method together with a
recently introduced method [65] that allows for the ef-
ficient simulation of the dynamical response function in
two-dimensional systems [66]. Our goal is to provide dis-
tinct dynamical signatures of the FCI phase which could
be probed with current state of the art experiments. By
adding a particle at the edge we find a clear chiral prop-
agation of the FCI gapless edge modes, characteristic for
such phases (see Fig. 1). Moreover, this protocol pro-
vides a simple distinction between an emergent Laugh-
lin state and a non-interacting Chern insulator (CI) that
hosts multiple edge modes of opposite chirality. The
latter shows no chiral asymmetry while the chirality in
the former case is clearly visible. The reason is that a
generic perturbation in the non-interacting case mixes
edge states with opposite chirality while the chirality in
the Laughlin case is protected by the many-body bulk
state. As an experimentally relevant example we study
the ¢ = w/2 Harper-Hofstadter model at total filling
1/8 [8-11] and propose a protocol that applies a local
trap at the edge to distinguish the FCI state by varying
the trap strength.

Static properties. We consider the
Hofstadter Hamiltonian [8, 9]

H= —JZ (ew“a;raj + h.c.) (1)
(ig)

Harper-
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FIG. 1. Time evolution of the particle density in the Harper-
Hofstadter model after a particle has been created at the edge
of an empty vacuum state with total filling v = 0 (a) and in
the interacting FCI state at v = 1/2 of the lowest band (b).
The spectral function A(k,,w) of the non-interacting case (c)
reveals a prominent overlap with gapless edges states of both
chiralities. The inset shows for comparison the density of
states of the single-particle model. In contrast, the spectral
function for the FCI (d) shows a single chiral mode.

on a square lattice with a magnetic flux of ¢ = m/2 per
plaquette. Here a! (a;) creates (annihilates) a hardcore
boson on site i. The single-particle spectrum of H has
four bands (see Fig. lc, inset) with the central bands
touching at four Dirac points. The model is charac-
terized, from top to bottom, by three Chern numbers
C; = £(1,—-2,1) where the sign is determined by the sign
of ¢. We start by verifying that H indeed hosts av = 1/2
Laughlin state in agreement with previous results [30-
34, 43]. For this we simulate Hamiltonian (1) on an in-
finite cylinder of circumference L, and total filling 1/8
with DMRG, which enforces the half-filling of the lowest
Chern band. The results are summarized in Fig. 2 and
[42] which confirm the topological nature of the state. We
find a quantized Hall conductivity of ¥ = 1/2, the char-
acteristic structure in the entanglement spectrum, the
static correlation function on the edge that approaches
the prediction of Luttinger liquid theory with increasing
bond dimension (), and a central charge of ¢ = 1 for the
edge theory through a finite entanglement scaling [62, 63]
when considering an infinite strip geometry. The latter
quantity shows that the DMRG simulations on the infi-
nite strip reproduces the expected critical behavior at the
edge and that edge overlap is negligible for our choices of
L, > 8 [46, 61].

Evolution of an added particle at the edge. Hav-
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FIG. 2. Static properties of the bosonic ¥ = 1/2 fractional
Chern insulator. Panel (a) shows the pumping of a charge per
two flux periods as expected for a v = 1/2 FCI state. The
inset shows the entanglement spectrum of the zero charge-
sector. The low lying states satisfy the expected conformal
field theory (CFT) counting {1,1,2,3,5,...} (see also [42]).
All data in (a) are calculated in an infinitely long cylinder
with L, = 8. Panel (b) shows the scaling of the entanglement
entropy S as function of the correlation length &, for an infi-
nite strip. The slope of ¢/6 determines the central charge of
the edge theory ¢ = 1. The lower right inset displays the real
space charge density of a strip configuration, which is infinite
in the z-direction and finite in the y-direction with L, = 8.
The upper left inset shows the ground state correlation func-

tion C, = (aza;()) on the edge versus x — xo of an infinite
strip with L, = 10. The dashed line oc (z — 2¢) 2 follows the
Luttinger liquid theory prediction.

ing established the presence of the many-body FCI state
at 1/8 filling, we will now focus on the dynamical re-
sponse. The results are shown in Fig. 1 and reveal char-
acteristic differences between the single-particle and FCI
case. We first investigate the single-particle case and con-
sider the system on a strip geometry with open (periodic)
boundary conditions along y (z). A particle is created at
the edge of an empty lattice by acting on it with an af
operator and the resulting state is then evolved in time.
Figure la shows the time evolution of the particle density
on the edge which exhibits no chirality; this can be un-
derstood by the following reasoning. The single-particle
spectrum of the model (shown in the inset of Fig. 1c)
possesses two dispersing mid-gap modes at different en-
ergies of opposite chiralities. These connect the central
band (C' = —2) to the top and bottom bands (C = 1)
and both modes are exponentially localized at the edge
of the finite strip. When creating a single particle at
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FIG. 3. Fourier transformation of the particle density evolu-
tion for a shallow (@ = —2J) and a deep trap (u = —100J)
localized at an edge site of the single-particle (a,c) and FCI
case (b,d).

one edge, the state has overlap with both edge modes
since both have support on the edge where the parti-
cle is created leading to the symmetric dispersion of the
particle density. To verify the above interpretation, we
compute the spectral function A(k,,w) as the Fourier
transform in space and time of the dynamical correlation
function Cy(t) = (ax(t)aio (to)) for momentum k, along
the edge at frequency w shown in Fig. 1c. When com-
pared to the energy spectrum of H (Fig. lc, inset), the
spectral function highlights the fact that both mid-gap
chiral states have overlap with the created particle, ex-
plaining the achiral behavior observed when simulating
the time evolution.

For the interacting case, we consider an infinite strip
geometry at v = 1/2 filling of the lowest band to prepare
the system in an FCI ground state |[WECE) (see lower right
inset of Fig. 2b). We again create a particle at the edge
to obtain the state |U;) = a;f|\Il§%Ip>. We then simulate
the time evolution of |¥;) under the Hamiltonian H using
a matrix-product operator based time evolution method
[42, 64-66]. Unlike in the free particle case, the propa-
gation of the density is chiral (Fig. 1b) consistent with
the single chiral branch in the spectral function (Fig. 1d).
In the FCI state, the emergent chirality is protected by
the topology of the many-body wave function in the bulk

and thus it is more robust than the single-particle case.

Trapping potential and dynamics. With the in-
sight gained previously it is possible to devise a proto-
col closer to what is experimentally realizable. In cold
atomic systems, lasers are used to control the local den-
sity of particles, making it possible to create a local trap-

ping potential of varying strength of the form [49, 50)
H, = palas 2)

We again restrict ¢ € edge and compare the response of
the single-particle case and the hardcore boson v = 1/2
FCI state as a function of p. Our results are shown in
Fig. 3 where we plot the Fourier transform of the parti-
cle density evolution on the edge, i.c. [dz [ dta(t)a.(t)
with 2 on the edge. (see also [42]). For the single-particle
scenario in Figs. 3a and c, we fill the lowest energy state
of Hamiltonian (1) with one particle in the presence of
a finite p and then time evolve the resulting state with
a quenched Hamiltonian by abruptly switching off the
local potential. As a function of the trapping potential,
the Fourier transform shows a non-symmetric (symmet-
ric) structure corresponding to a chiral (achiral) density
evolution for a shallow (deep) trap (see Fig. 3a and c).
This difference originates from the fact that for a given p,
the evolving state can only explore a sub-set of the band
structure. If p is smaller than the gap between lowest and
central band, then time evolution allows to explore states
only within one chiral edge state and thus exhibits chiral
behavior. If p is large compared to the total band width,
the initial state has overlap with the entire spectrum af-
ter switching off the potential. As discussed previously
for Fig. 1c, these states include two chiral modes of oppo-
site chirality, and thus the chiral propagation disappears
(Fig. 3c).

For the interacting case, we find the ground state for
finite & on an infinite strip at total filling 1/8 with an ex-
tra particle using DMRG and subsequently let the state
evolve under the quenched (x4 = 0) Hamiltonian. The
v = 1/2 FCI state is a topologically ordered many-body
state, and thus the single-particle band structure argu-
ments do not apply. The evolution stays chiral for arbi-
trary trapping potential strength, as we observe in Fig. 3b
and d. In this case, the many-body state dictates the
excitations at the edge which prove to be chiral in one
direction. Taken together, the chiral evolution and the
insensitivity to the trapping potential can be probed as
an experimental signature of the v = 1/2 FCI state in
this model, and is therefore one of the main results of
this paper.

In order to quantify the dependence of the chirality on
the value of p, we define the imbalance Z = Np — N
of the total particle number on the edge to the left and
right of site ¢ during the time evolution in Figs. 4a and
b. The single-particle case is shown in Fig. 4a and the
imbalance decreases with increasing the absolute value of
1 consistent with the explanation above. For a very deep
trap, the difference is almost zero, which denotes achiral
behavior as expected. In contrast, the chiral behavior of
the interacting topologically ordered state persists even
for a very deep trap as shown in Fig. 4b.

Towards a chiral Luttinger liquid description.
It is tempting to connect our previous analysis with the



(2) 1.0 /_\/\/\/\/
~ 050

0.0 * - ’

0 5 10 15

t(h)J)

Q) =

0.0t

[e=]

5 10 15
t(h)J)

t(h)J)

FIG. 4. The time evolution of the imbalance Z = Nr — N,
between the total particle density on the right and left part of
site ¢ for the single-particle (a) and FCI (b) case for different
values of the perturbation g in units of the hopping J. For
single particle (FCI) case the imbalance decreases (saturates)
with increasing perturbation strength. Panels (c¢) and (d)
show the total density per row as a function of time for the
single-particle and the interacting scenario, respectively for
u = —100J, showing a sizable leakage of particle density into
the bulk. The legend indicates the row number in the y-
direction in the geometry of the inset of Fig.2b.

chiral Luttinger liquid of quantum Hall edge states [67].
For a Laughlin state at a filling v = 1/m, this description
predicts that the spectral function and the density of
states behave as [42, 67]

A(k,w) o (w+vk)™ 15(w —vk), N(w)ocw™ 1, (3)

where v is the velocity of the edge state. A direct mea-
surement of A(k,w) or N(w) = [, dkA(k,w) could be
used to extract m, which would be solid evidence for the
presence of the FCI state in experiment. Such analytical
spectral function could be in principle compared directly
to our numerical spectral function in Fig. 1d. However,
this exercise reveals two potential problems that experi-
ments may face to extract m. First, the main differences
between a trivial edge state and a chiral Luttinger liquid
will be most drastic at longer times, or smaller w. This
region is however the most elusive numerically, due to en-
tanglement growth, and experimentally, due to heating
and particle loss. Second, particles created at the edge
have a finite overlap with bulk states as the correlation
length is finite. Consequently, the particle will diffuse
into the bulk at longer times, making it difficult to re-
solve the low-energy (long time) behavior of the edge.
We have numerically observed that a sizable part of the
edge density is lost into the bulk. Our results are shown
in Fig. 4c and d where we plot the average density per
row for the free and interacting cases respectively when a

4

particle is added at the edge (row y = 0). In both cases,
we find that there is a leakage of density to the bulk, and
the edge does not behave as an isolated liquid. In the
single-particle case of Fig. 4c, the particle density stabi-
lizes after an initial drop, features that may be explained
by the high overlap of the initial state with the expo-
nentially localized edge eigenstates of the spectrum. The
interacting case in Fig. 4d suffers from a more severe par-
ticle loss to the bulk of the system. We have attempted
several protocols to decrease such a leakage. First, by
increasing the width of the strip L, = 4, 8,12 we find no
appreciable change in the density loss. This is consistent
with the fact that for any finite width, the interactions
between the two edge states are marginal for v = 1/2 [67].
Second, we have tried to confine the chiral edge modes
with an additional negative chemical potential localized
at the edge. We observed that although it reduces the
leakage at long times, sufficient density is lost at short
times to prevent a comparison with Eq. (3). Third, we
find that the leakage is reduced by choosing J,/J, < 1.
By studying the static properties as a function of J,, we
have checked that the FCI phase with v = 1/2 is stable
up to strong anisotropies [32, 35]. The smaller leakage as
Jy decreases indicates that the correlation between the
edge state and the bulk states in the y-direction is the
main source for particle loss.

Conclusions. In this paper, we have studied the dy-
namical properties of a bosonic fractional Chern insulator
edge under local perturbations using the infinite density
matrix renormalization group. We have dynamically es-
tablished the chirality of the v = 1/2 bosonic FCI state
emergent in the Harper-Hofstadter model at 1/8 total
filling, a relevant example for current cold atom experi-
ments. We found that in the fractional Chern insulating
phase a generic edge perturbation in this model prop-
agates chirally, while the chirality in the single-particle
case is only visible for weak perturbations, up to the or-
der of the gap between the lowest and central band. This
distinction can be carried over to Chern insulating mod-
els which host chiral edge modes with opposite chirality
coexisting at a given edge, a common instance for multi-
band models, such as the Harper-Hofstader model. In
contrast, two band Chern insulator models, such as the
Haldane model [12] realized experimentally [13] fall out-
side this category, and our approach is in principle not
sufficient to distinguish the CI from the FCI state. How-
ever, in these models, if y is larger than the single particle
band gap, bulk excitations will be created, which will in-
troduce larger noise to the chiral signal [52] than in their
FCI counterparts, where the gap is set by the strong in-
teraction energy scale. Our simulations also showed that
there is inevitable density leakage into the bulk, prevent-
ing a naive chiral Luttinger theory interpretation of the
dynamics.

Recently, a related example of the interplay between
interactions and topology causing chiral dynamics was



experimentally observed on a ladder system underlining
the relevance of our results to ongoing experiments [7].
This experiment employed a box-like confining poten-
tial that brings in line with our numerical simulations
and which circumvents the effects of harmonic confine-
ment [53, 54]. A different realistic alternative is the en-
gineering of sharp interfaces [55].

Our work highlights that in realistic experimental set-
ups a richer dynamical behavior beyond a naive 1D Lut-
tinger liquid behaviour should be expected in fractional
Chern insulators. It is triggered by an unforeseen den-
sity leakage and the insensibility to the energy scales set
by a perturbation localized to the edge, emphasizing the
need for further studies of dynamics of fractional Chern
insulators.
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