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Stress relaxation following deformation of an entangled polymeric liquid is thought to be affected
by transient reforming of chain entanglements. In this work, we use single molecule techniques to
study the relaxation of individual polymers in the transition regime from unentangled to entangled
solutions. Our results reveal the emergence of dynamic heterogeneity underlying polymer relaxation
behavior, including distinct molecular sub-populations described by a single-mode and a double-
mode exponential relaxation process. The slower double-mode timescale τd,2 is consistent with
a characteristic reptation time, whereas the single-mode timescale τs and the fast double-mode
timescale τd,1 are attributed to local regions of transient disentanglement due to deformation.

Entangled polymeric liquids are ubiquitous in materi-
als processing and have garnered broad interest in con-
densed matter physics for many years [1]. Topological
constraints in entangled polymer solutions and melts re-
sult in a dramatic slow down in chain dynamics, which
is commonly modeled using the classic tube theory by
de Gennes [1] and Doi and Edwards [2]. The tube model
relies on a mean-field approximation by considering a sin-
gle polymer chain moving or reptating through a confine-
ment potential due to obstacles created by neighboring
chains [3, 4]. Recent work has considered topological en-
tanglements in a self-consistent manner at the level of
microscopic forces [5], which avoids the ad hoc assump-
tions of a confining tube while fundamentally deriving an
effective confinement potential for entanglements.

A fundamental question underlying polymer solutions
and melts focuses on how stress relaxes in topologically
entangled systems. Following a large deformation, the
original Doi-Edwards model (D-E) assumes that poly-
mers undergo a fast chain retraction along the confining
tube, followed by a slow stress relaxation via reptation
to relax non-equilibrium orientations due to the deforma-
tion. Although the original D-E model was successful in
capturing some aspects of the physics of entangled poly-
mer solutions [6, 7], experimentally determined longest
relaxation times τd for melts exhibit a molecular weight
M dependence of τd ∼ M3.4 [8–10], whereas the D-E
model predicts a molecular weight dependence of M3. To
reconcile this discrepancy, the original tube theory was
extended to include constraint release (CR) [11, 12] and
contour length fluctuations (CLF) [13, 14]. For large non-
linear deformations, the D-E model was further extended
to account for chain stretching (CS) [15] and convective
constraint release (CCR) to account for dynamic release
of entanglements in flow. Accurate treatment of these
phenomena resulted in an advanced microscopic theory
(GLaMM) that captures a wide range of dynamic prop-
erties of entangled polymers [16].

In addition to theoretical modeling, entangled polymer

solutions have been extensively studied using bulk ex-
perimental methods such as light scattering and rheom-
etry [10, 17, 18]. In recent work, Wang et al. [19] used
small-angle neutron scattering (SANS) to infer molecu-
lar relaxation in entangled polymer solutions following
a large deformation. Interestingly, these results showed
that the fast initial chain retraction step predicted by
the D-E model following a step strain was absent from
experiments. These findings and recent theoretical ad-
vances [5, 20, 21] have brought into question some of the
fundamental assumptions of the classic D-E theory and
have highlighted the need for new molecular-level studies
of entangled polymer solutions[22]. Despite their utility
in probing polymer dynamics, bulk experimental meth-
ods tend to average over large ensembles of molecules,
thereby obscuring the role of molecular sub-populations.

Single molecule techniques allow for the direct observa-
tion of polymer chains in flow [23], thereby revealing dy-
namic heterogeneity and molecular sub-populations un-
der non-equilibrium conditions. Single molecule fluores-
cence microscopy (SMFM) has been used to directly ob-
serve tube-like or reptative motion in highly entangled
DNA solutions [24] and to measure the tube confining
potential in entangled DNA solutions [25]. Polymer re-
laxation in unentangled DNA solutions was recently stud-
ied using SMFM [26, 27], and single DNA relaxation in
highly entangled solutions following a step strain in shear
flow was studied by Teixeira et al. [28]. Despite recent
progress, however, polymer relaxation dynamics in en-
tangled solutions is not fully understood at the molecular
level.

In this letter, we study the relaxation dynamics of sin-
gle DNA polymers in the cross-over regime between semi-
dilute unentangled and entangled solutions using SMFM
(Fig. 1). Tracer bacteriophage λ-DNA molecules (48.5
kbp) are fluorescently labeled with a DNA intercalating
dye (YOYO-1) and added to background solutions of un-
labeled entangled λ-DNA (Supplemental Material, which
includes Ref. [29]). In this way, we prepared a series of
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FIG. 1. Single molecule studies of polymer relaxation in en-
tangled DNA solutions. (a) Flow deformation protocol and
polymer relaxation process. At time t = 0, the flow is stopped
and chains relax to equilibrium. Single molecule trajectories
(grey) and ensemble averaged fractional extension (black) at
15.3 c∗. (b) Schematic of experiment showing a single flu-
orescently labeled tracer λ-DNA molecule (red) in a back-
ground of entangled DNA solution. (c) Snapshots of a single
tracer DNA molecule relaxing in an entangled solution, show-
ing double-mode relaxation behavior. Scale bar: 5 µm; δt is
time between images.

DNA solutions with polymer concentrations between 3.9
c∗ and 15.3 c∗ (Table S1), where c∗=50 µg/mL is the
polymer overlap concentration for λ-DNA at 22.5 ◦C,
which accounts for solvent quality and temperature [30].
Prior work has shown that λ-DNA transitions to entan-
gled solution behavior around ce ≈ 3 c∗ [30], where ce is
the critical entanglement concentration [31]. Solutions of
λ-DNA between 3.9 c∗ and 15.3 c∗ correspond to approx-
imately n ≈ 1-12 entanglements per chain (Table S2).

A feedback-controlled microfluidic cross-slot device is
used to generate a planar extensional flow (Fig. S1)
[32, 33]. Using this approach, single polymers are
stretched to high degrees of extension (l/L ≈ 0.6-0.7),
where l is the end-to-end polymer extension and L = 21
µm is the contour length of fluorescently labeled λ-DNA
(Fig. 1a,b). During the deformation step, polymers are
exposed to at least ε = ε̇t = 10 units of accumulated fluid
strain in extensional flow, and deformation is performed
at a dimensionless flow strength called the Weissenberg
number Wi = ε̇τd � 1, where ε̇ is the strain rate and
τd is the reptation time (discussed below). In this way,
the flow induces a non-linear deformation prior to re-
laxation. Following cessation of flow, the relaxation of
a single tracer DNA molecule is observed as a function
of time (Fig. 1c). Flow field characterization including
strain rate determination in entangled DNA solutions is
performed via particle tracking velocimetry (PTV), with
no elastic instabilities observed under these flow condi-
tions (Fig. S3).

Polymer relaxation trajectories for the entire molecular

ensemble are plotted for different solution concentrations
in Fig. 2a. Here, time is scaled by solvent viscosity η0 to
compare relaxation data between the low concentration
5.0 c∗ sample (ηs = 18.1 cP) and the remaining solution
concentrations (ηs = 0.95 cP). Interestingly, for all poly-
mer concentrations, we find that the ensemble-averaged
relaxation trajectories cannot be fit by a single-mode ex-
ponential decay. Single exponential decay functions are
commonly used to analyze polymer extension relaxation
data in dilute polymer solutions (c < c∗) [23, 34, 35]
and semi-dilute unentangled solutions (c∗ < c < ce) [27].
On the other hand, our results show that the underly-
ing molecular ensemble consists of two sub-populations,
including polymers that exhibit either a single-mode or
a double-mode exponential decay (Fig. 2b and Fig.
S4). To classify single polymers into these two different
sets, each individual trajectory is fit to both functions,
and the best fit is accepted with a suitable adjusted R-
square value ≥90% (Fig. S5). The single-mode relax-
ation time τs is determined by fitting the terminal 30%
of the squared polymer extension (l/L)2 to a single-mode
exponential decay:

(l/L)2 = A exp(−t/τs) +B (1)

where A and B are numerical constants. The double-
mode relaxation times τd,1 and τd,2 are obtained by fitting
(l/L)2 to a double-mode exponential decay:

(l/L)2 = A1 exp(−t/τd,1) +A2 exp(−t/τd,2) +B (2)

where A1, A2, and B are numerical constants.
Molecular ensembles corresponding to single-mode and

double-mode relaxation behavior are shown in Fig. 2b
and Fig. S4. Polymers exhibiting double-mode relax-
ation behavior exhibit an initially fast retraction with
a characteristic timescale τd,1, followed by slower relax-
ation with timescale τd,2 before returning an equilib-
rium coiled state. A histogram showing the probabil-
ity of single-mode and double-mode relaxation behavior
as a function of polymer concentration is shown in Fig.
2c. Upon increasing polymer concentration concentra-
tion from 2.8 c∗ to 15.3 c∗, the probability of single-
mode relaxation behavior decreases, whereas the prob-
ability of double-mode behavior increases. The emer-
gence of multiple molecular sub-populations is consistent
with the gradual transition from the semi-dilute unentan-
gled regime (c < ce) to the semi-dilute entangled regime
(c > ce) at a critical entanglement concentration ce ≈ 3
c∗. This value of ce is consistent with prior work from
bulk shear rheology of DNA [30] and single molecule mea-
surements of polymer diffusion [36]. At relatively high
polymer concentrations (c = 15.3 c∗ ≈ 5.1 ce), nearly
all relaxation trajectories exhibit double-mode relaxation
behavior, which is consistent with prior observations on
highly entangled λ-DNA solutions [28].

We quantitatively determined the single-mode relax-
ation times τs and double-mode relaxation times τd,1 and
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FIG. 2. Single molecule studies of polymer chain relaxation in entangled solutions reveal heterogeneous sub-poplations. (a)
Semi-log plot of ensemble-averaged fractional extension 〈l〉/L showing relaxation trajectories at five DNA concentrations (5.0
c∗, 7.5 c∗, 9.8 c∗, 13.0 c∗, and 15.3 c∗; N ≥ 40 molecules in each ensemble). (b) Molecular sub-populations corresponding to
single-mode and double-mode relaxation trajectories for a representative solution concentation at 9.8 c*. Ensemble averaged
data for single and double-mode trajectories are shown. (c) Probability distribution of single and double-mode relaxation
behavior at different polymer concentrations.

τd,2 from our experiments (Table S2). In this way, we
observe clear power-law scaling behavior for the longest
relaxation times as a function of scaled concentration
c/c∗ across a wide range of polymer concentrations, as
shown in Fig. 3. Results from single molecule experi-
ments are compared to longest relaxation times of entan-
gled λ-DNA solutions measured from bulk shear rheology
(based on a relaxation time λ from zero-shear viscosity
η0) [30], single molecule experiments following cessation
of shear flow [28], and single polymer diffusion measure-
ments [37]. For bulk experiments and single molecule
measurements, the relaxation times λ and τ are normal-
ized by the longest polymer relaxation time in the dilute
limit λz and τz, respectively, and plotted as a function of
scaled concentration c/c∗ in Fig. 3.

Figure 3a shows the concentration-dependent power-
law scalings of the longest relaxation times across the
semi-dilute unentangled (c∗ < c < ce) and entangled
regime (c > ce). In the semi-dilute unentangled regime,
the longest relaxation time scales with polymer concen-
tration as τ/τz ∼ (c/c∗)0.48, as previously reported [27].
In the entangled regime, the relaxation behavior shows
a dramatic slow down in dynamics. Here, the slower
double-mode timescale τd,2 exhibits a power-law scal-
ing consistent with the characteristic reptation time for
semi-dilute entangled polymer solutions [3, 4]. In par-
ticular, we find τd,2/τz ∼ (c/c∗)2.4 from single molecule
experiments, which compares favorably with relaxation
time scalings from bulk shear rheological experiments
λ/λz ∼ (c/c∗)2.4 [30]. In entangled polymer melts, ex-
periments [9] show that the reptation time τd exhibits
a power-law scaling with polymer molecular weight M

such that:

τd ∼M3.4 (3)

On the other hand, in entangled polymer solutions, poly-
mer concentration and solvent quality both play a role on
the reptation time τd. Scaling theory can be used to de-
rive the concentration and solvent quality dependence of
τd [4] (Supplemental Material, which includes Ref. [38]),
such that:

τd =
τz

(Ne(1))1.4

( c

c∗

) 3.4−3ν
3ν−1

(zN−0.5)6ν−5.8(z1.4)2ν+1

(4)
where τz is the polymer relaxation time in the dilute
limit, ν is the effective excluded volume coefficient, N
is the number of statistical steps in the polymer (Kuhn
segments), and Ne(1) is the number of Kuhn steps in
one entanglement strand in a melt. Moreover, z is the
chain interaction parameter which is a measure of sol-
vent quality (Supplemental Material) [4]. Briefly, z =
k (1− Tθ/T )

√
M , where M is polymer molecular weight

and the constant k has been determined for DNA solu-
tions using a combination of light scattering and BD sim-
ulations [30], thereby enabling calculation of z for any M
and T . For our experiments on λ-DNA conducted at T
= 22.5 oC, we find z ≈ 0.71, which corresponds to the
lower limit of the good solvent regime [39].

Given that the reptation time τd scales with concen-
tration as τd ∼ (c/c∗)(3.4−3ν)/(3ν−1) for entangled solu-
tions and τd,2 ∼ (c/c∗)2.4 from our data, we determined
an effective excluded volume exponent ν ≈ 0.57, which
is consistent with good solvent conditions. Fig. 3b also
shows prior single molecule experimental data from Teix-
eira et al. [28], where double-mode relaxation behavior



4

FIG. 3. Normalized longest relaxation times τ/τz and λ/λz as
a function of scaled polymer concentration c/c∗. (a) Power-
law relaxation time scaling behavior across the semi-dilute un-
entangled and entangled regimes. (b) Characteristic longest
relaxation times in the entangled regime.

following shear flow deformation was observed at high
DNA concentrations (16 c∗ - 35 c∗). Analysis of these
prior data shows τd,2 ∼ (c/c∗)2.9, which is a steeper con-
centration dependence than the current work and corre-
sponds to an effective excluded volume exponent of ν ≈
0.53, which is closer to the expected scalings for Θ-solvent
conditions [4, 26]. Interestingly, the experiments of Teix-
eira et al. [28] were performed at T = 18 oC, such that
the chain interaction parameter z ≈ 0.3, suggesting near
Θ-solvent conditions. Together, these data show the sen-
sitivity of polymer relaxation behavior to experimental
conditions for entangled polymer solutions.

The fast double-mode relaxation time τd,1 exhibits a
weaker power-law concentration dependence compared
to the slow double-mode time τd,2, such that τd,1/τz ∼
(c/c∗)1.5 (Fig. 3b). Interestingly, the numerical values of
τd,1 are on the order of the Rouse time τR = 6R2

G/3π
2D2

G

[2] for λ-DNA (Table S2), where RG is radius of gyration
determined from universal scaling relations for DNA [30]
and DG is the center-of-mass diffusion coefficient deter-
mined in prior single molecule experiments [40]. In this
way, we determined a Rouse time τR = 0.3 sec for λ-
DNA at T = 22.5oC in a solvent viscosity ηs = 1.0 cP,
which is consistent with prior estimates of τR [25]. Here,
the Rouse time τR corresponds to the leading order time
constant, but of course, higher order harmonics exist in
a true Rouse spectrum. From this view, we hypothe-
size that τd,1 corresponds to a timescale associated with
a Rouse-like chain recovery or chain retraction following
the non-linear chain stretching step. A similar fast initial
stress relaxation following a large uniaxial extensional de-
formation has also been observed in entangled polymer
solutions [41, 42] and melts [43] using bulk methods.

However, despite the apparent similarity to Rouse-like
chain behavior, our data shows that the fast double-mode
relaxation time τd,1 is concentration dependent, unlike a
true Rouse-like response. These results suggest that the
initial fast retraction step slows down as the local poly-
mer concentration increases, which could occur due to
increasing intermolecular friction due to nearby polymer
chains. At longer times, entanglements reform in this
molecular sub-population, and the polymer chain transi-
tions to a reptative relaxation process described by τd,2.

Single molecule experiments further reveal an addi-
tional relaxation time τs, which emerges through a dif-
ferent molecular sub-population in the ensemble. The
single-mode relaxation time exhibits a power-law con-
centration scaling such that τs/τz ∼ (c/c∗)1.5. Although
τd,1 and τs show nearly the same power-law scaling with
concentration, τs is approximately a factor of 5 larger
than τd,1 (Table S2), which suggests a different physical
origin for τs compared to τd,1. We conjecture that τs
corresponds to the timescale of a polymer chain relax-
ation in a locally unentangled environment in the poly-
mer solution. For this molecular sub-population, poly-
mer chains experience no chain-chain entanglements dur-
ing the relaxation event, yet they may experience en-
hanced intermolecular interactions with an associated in-
crease in chain friction during the relaxation process rel-
ative to semi-dilute unentangled solutions. Interestingly,
locally unentangled behavior only exists in the transi-
tion regime from semi-dilute unentangled to semi-dilute
entangled solutions (Fig. 2c). At high polymer concen-
trations (c ≥ 16 c∗), the single-mode relaxation behavior
is absent. These results are further supported by bulk
shear rheology measurements on our entangled DNA so-
lutions, where an entanglement plateau emerges at 5.0 c∗

and is clearly observed around 15 c∗ (Fig. S6).
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Our single molecule experiments reveal several intrigu-
ing features of polymer chain relaxation following a non-
linear deformation. In the lightly entangled regime, our
results reveal two distinct molecular sub-populations ex-
hibiting single-mode and double-mode exponential relax-
ation behavior. We conjecture that these two distinct
behaviors correspond to different molecular relaxation
pathways, such that the slow double-mode timescale τd,2
is attributed to reptation, whereas the fast double-mode
relaxation time τd,1 is attributed to fast initial chain re-
traction step immediately following deformation. The
original D-E theory postulates that a fast chain retrac-
tion step occurs immediately following deformation that
serves to restore the initial primitive path length, with
the net effect of a step deformation as orienting strands
in a chain without stretching them. Our results are qual-
itatively consistent with a fast retraction step followed
by a slow relaxation process, at least to the extent that
the initial retraction step appears to significantly reduce
polymer stretch. However, we find that the fast double-
mode relaxation time τd,1 is a function of concentration,
which differs from a true Rouse-like response. On the
other hand, we hypothesize that the single-mode time τs
emerges from local regions of the polymer solution that
have become transiently unentangled due to the strong
deformation, and remain unentangled during the relax-
ation process. These results suggest that an apparently
well-mixed polymer solution may be entangled at equi-
librium and can become transiently disentangled upon
exposure to strong deformation. As polymer concentra-
tion is increased (c � c∗), the propensity for transient
disentanglements to occur within the solution decreases.

An intriguing question is how our results can be com-
pared to recent SANS experiments on entangled polymer
relaxation [19]. The results of Wang et al. showed no
evidence of chain retraction by analyzing the anisotropic
components of a structure factor, which is bulk quan-
tity averaged over a large ensemble. In our experiments,
we directly measure transient chain stretch during relax-
ation, which could be interpreted as a measure of chain
anisotropy, but polymer stretch is clearly different from
a wave vector-dependent structure factor. Future work
may enable more direct comparisons between molecular-
level and bulk measurements of entangled polymers.
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