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We present the first very long-term simulations extending up to ∼140 ms after merger) of binary
neutron star mergers with piecewise polytropic equations of state and in full general relativity. Our
simulations reveal that at a time of 30-50 ms after merger, parts of the star become convectively
unstable, which triggers the excitation of inertial modes. The excited inertial modes are sustained
up to several tens of ms and are potentially observable by the planned third-generation gravitational-
wave detectors at frequencies of a few kHz. Since inertial modes depend on the rotation rate of the
star and they are triggered by a convective instability in the post-merger remnant, their detection
in gravitational waves will provide a unique opportunity to probe the rotational and thermal state
of the merger remnant. In addition, our findings have implications for the long-term evolution and
stability of binary neutron star remnants.

PACS numbers: 04.25.D-, 04.40.Dg, 95.30.Lz, 97.60.Jd

Introduction.— On August 17, 2017, the advanced
LIGO and advanced Virgo detectors observed the first
gravitational-wave (GW) signal produced by the merger
of two neutron stars in a binary system, GW170817 [1].
This landmark detection initiated the field of GW Multi-
Messenger Astronomy [2] in which, thanks to the un-
precedented coordinated action of LIGO, Virgo and some
70 astronomical facilities, both ground-based and in
space, key evidence to address open issues in relativis-
tic astrophysics was collected. GW170817 has probed
the origin of short gamma-ray bursts [3] and kilonovae
and the r-process-mediated nucleosynthesis of heavy ele-
ments [4], along with providing independent measures of
cosmological parameters [5].

Numerical relativity simulations of binary neutron star
(BNS) mergers have shown that the outcome depends
primarily on the masses of the individual stars and on
the equation of state (EOS) (see [6–9] for recent reviews).
Prompt collapse to a black hole happens above a certain
threshold mass, while delayed collapse or no collapse is
produced otherwise. In the latter cases, the remnant is
a hypermassive (HMNS) [10] or supramassive neutron
star [11], respectively. Simulations of their post-merger
phase, lasting up to a few tens of ms, show the emission of
significant amounts of gravitational radiation at distinct
frequencies of a few kHz (e.g. [12–30]), with contributions
as low as ∼ 1 kHz, depending on the EOS [31].

It was first shown in [19], through a mode-analysis,
that in many cases the post-merger emission includes,
apart from a dominant m = 2 f -mode (denoted as f2
or fpeak), secondary, quasi-linear combination frequen-
cies between the f -mode and the quasiradial, m = 0
mode (sums and differences, denoted as f2−0 and f2+0).
These frequencies thus form an equidistant triplet. The
combination frequencies are primarily present in high-
mass/soft EOS models [24]. In addition, in [24] it was
found that in low-mass/stiff EOS models a different sec-
ondary peak, fspiral, due to a spiral deformation excited
during merger, can have comparable or larger amplitude
than f2−0 and a frequency systematically larger than
f2−0. The detection of GWs in the post-merger rem-
nant can lead to tight constraints on the neutron star
EOS, primarily through the application of an empirical
relation between the m = 2 f -mode frequency and the
neutron star radius [20, 21, 24, 32–37] (see [38] for the
first search of post-merger GWs in GW170817). For addi-
tional studies of the properties of post-merger remnants,
see e.g. [31, 39–48].

In previous simulations, the dynamics of the remnant
was followed up to ∼ 40 ms after merger. In this Letter
we present the first very long-term simulations of BNS
mergers (reaching up to ∼ 140 ms after merger) using a
piecewise polytropic EOS with a thermal part. Our sim-
ulations reveal that at t−tmerger ∼ 30−50 ms (depending
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FIG. 1. Top panels: time-frequency spectrograms of the h22 component of the GW signals for both EOS. The thick gray lines
indicate the frequency of the active spectral mode responsible for the GW emission. Colors indicate the relative intensity of
the spectral density (darker areas correspond to higher intensity). Bottom panels: mode amplitudes (in arbitrary units).

on the model), the initial m = 2 f -mode oscillation has
diminished and parts of the star become convectively un-
stable. Subsequently, the convective instability triggers
the excitation of global, discrete inertial modes, in which
the Coriolis force is the dominant restoring force. The
inertial modes are sustained up to several tens of ms and
will detectable by the planned third-generation GW de-
tectors at frequencies of a few kHz. We note that these
are the first simulations of BNS mergers that show the
excitation of inertial modes.

Detailed perturbative studies will be required to iden-
tify the particular inertial modes excited in BNS mergers,
which could be either polar-led (gravito-inertial) or axial-
led (similar to r-modes); see [49] for definitions. Since
inertial-mode frequencies depend on the rotation rate of
the star and their existence in the post-merger phase is
triggered by a convective instability, their detection in
GWs will provide a unique opportunity to probe the ro-
tational and thermal state of the merger remnant. Our
findings also have implications for the long-term evolu-
tion and stability of BNS remnants.
Initial data and methods.— Initial data were generated

with the LORENE code [50, 51]. We employ two EOS,
namely the APR4 and SLy EOS, parametrized as piece-
wise polytropes [52] with 7 pieces plus a thermal compo-
nent with adiabatic index Γth = 1.8. We consider sys-
tems of total mass of 2.56 M�, with an initial separation
of roughly 44.3 km (four full orbits before merger) and an
initial angular velocity of ' 1770 s−1. In particular, we
consider equal-mass systems characterized by relatively
low-mass components, below the range of the inferred
masses for GW170817 [1] (total mass between 2.73 and
3.29 M� for conservative spin priors). The compactness
of the stars is 0.166 for the APR4 EOS and 0.161 for the
SLy EOS. The remnant HMNS survives for more than
100 ms before collapsing to a black hole, developing in-

teresting new dynamics, as we show below. The simula-
tions were performed using the Einstein Toolkit [53]
employing the same setting of [31, 43, 54, 55]. The only
difference is the use of π-symmetry to reduce the com-
putational cost by a factor 2 (but one model was also
compared to a simulation without π-symmetry). This
allowed us to extend the limit of the simulation time up
to ∼ 160 ms, of which the last 140 ms correspond to the
post-merger phase. The reported simulations employed
a finest resolution of ∆x ' 275 m. The outermost grid
boundary was set at∼ 1040 km from the center of mass of
the system. Despite the long evolution times of our simu-
lations, the numerical violations of the Hamiltonian and
momentum constraints converge away at the expected
2nd order upon increasing the grid resolution. Conver-
gence, as well as the overall behavior of the evolutions
and the appearance of convective instabilities and differ-
ent modes at specific times, has been checked by perform-
ing additional simulations employing grid resolutions of
∆x = 369 m and ∆x = 185 m (at the innermost refine-
ment level) for selected models. Details will be reported
in [56].
Results overview.—The general dynamics of our BNS

mergers is summarized in Figure 1 for both EOS. The
upper panels show time-frequency spectrograms of the
h22 component of the spherical-harmonic decomposition
of the GW signals. We superimpose the frequency (thick
gray lines) of the dominant spectral modes which we de-
termine using the ESPRIT Prony’s method (using a mov-
ing window interval of 3 ms) as discussed in [31]. In the
lower panels, we show the time evolution of the corre-
sponding extracted amplitudes (in arbitrary units). For
the SLy EOS, the post-merger remnant survives for over
120 ms before collapsing to a black hole. For the APR4
EOS, the remnant has not collapsed even after 140 ms.
The dominant mode in the early post-merger phase is
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FIG. 2. GW spectrum for a BNS merger at 50 Mpc at opti-
mal orientation. It is shown for the entire GW signal (dashed
lines) and for a restricted time window (see main text) where
inertial modes are active (solid lines). The design sensitivities
of Advanced Virgo [57], Advanced LIGO [58], Einstein Tele-
scope [59], and Cosmic Explorer [60] are shown for reference.

the m = 2 f -mode, with a frequency above 3 kHz for
both EOS and a decaying amplitude. However, we find
that a distinct, lower-frequency mode appears later in the
evolution, at t − tmerger ∼ 35 ms for SLy and ∼ 55 ms
for APR4. At later times, the new mode becomes the
dominant emitter of GWs.

The mode dynamics is imprinted in the GW signal,
whose spectrum is displayed in Fig. 2. We show the
PSD of the GW signal for a maximally-aligned source
at a distance of 50 Mpc, both for the whole simulation
(dashed lines), and restricted to the interval between
55 ms and 140 ms after merger (solid lines). In the for-
mer case, GW emission dominates the spectrum between
3 kHz and 3.5 kHz for the SLy EOS, and shows a sin-
gle higher peak at 3.17 kHz for the APR4 EOS. On the
other hand, when selecting the signal in the range be-
tween 55 ms and 140 ms, the spectrum is dominated by
a peak at frequency 2.38 kHz in the case of the SLy EOS
while we see different peaks at frequencies pf ∼2.3 kHz,
∼2.5 kHz ∼2.7 kHz for the APR4 EOS, corresponding to
inertial modes excited at different times. We note that
there is sufficient power in these lower-frequency modes
to render them potentially observable by third-generation
detectors. For a source at 50 Mpc the expected Cosmic
Explorer [60] S/N ratio for optimal use of matched filter-
ing techniques for the signal emitted between 55 ms up to
140 ms after merger are ∼3.5 and ∼3.7 for SLy and APR4
EOS, respectively (for the Einstein Telescope-D [59] they
are ∼2.5 and ∼2.9 but enhancement can be expected due
to the triangular arrangement with three non-aligned in-
terferometers, see [37]). A first insight into the nature

of this late-time feature can be obtained by examining
the eigenfunction of the mode, which we extract by tak-
ing the FFT of the time series of the rest-mass density
in the equatorial plane and plotting the amplitude at a
specific frequency (see [61]). The first row of Figure 3
shows the eigenfunction of the dominant m = 2 f -mode
at an early time, for the two models. These eigenfunc-
tions have no azimuthal nodal line, corresponding to a
fundamental mode. The last panel in the upper row of
Figure 3 shows the extracted eigenfunction for the SLy
model in the vertical plane, which is consistent with an
m = 2 f -mode [62].
The second row of Figure 3 shows the eigenfunction

of the distinct, lower-frequency modes at a late time, for
the two models. The eigenfunctions still have an m = 2
character in the equatorial plane, but there are also az-
imuthal nodal lines, which is a characteristic of modes
with higher radial order. In addition, the amplitude van-
ishes in the core and peaks at the outer layers of the
remnant. The last panel in the lower row of Figure 3
shows the extracted eigenfunction for the SLy model in
the vertical plane, which is consistent with an inertial
mode [63].
Convective stability and inertial modes.—The late-

time, lower-frequency modes found in our simulations
can be interpreted as inertial modes, for which the Cori-
olis force is the dominant restoring force. The growth of
the inertial modes (up to their saturation amplitude) is
triggered by a convective instability that appears in the
non-isentropic remnant shortly before the inertial modes
start to grow from a small amplitude.
The local convective instability depends on the sign of

the Schwarzschild discriminant

Aα = 1
ε+ p

∇αε−
1

Γ1p
∇αp, (1)

where Γ1 := (ε + p)/p(dp/dε)s = (d ln p/d ln ρ)s is the
adiabatic index of linear perturbations about a pseudo-
barotropic equilibrium (see [62] and references therein)
and where ε is the energy density. Regions with Aα < 0
are convectively stable, whereas regions with Aα > 0 are
convectively unstable. For a piecewise polytropic EOS we
calculate Γ1 as

Γ1 = Γth + (Γi − Γth)Kiρ
Γi

p
, (2)

where Ki and Γi are the polytropic constant and expo-
nent in the i-th piece of the EOS and Γth is the adiabatic
index of the added thermal part. To determine the con-
vective stability in the star, we evaluate Ar and Aθ in the
equatorial and vertical planes, at different times during
the evolution.
Fig. 4 shows the convectively unstable regions, where

Ar > 0 (dark color), in the equatorial plane for the SLy
model. The top-left panel shows an instant at an early
time (t = 28 ms), when most of the star (except for some
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FIG. 3. Left and center panels: density eigenfunctions in the equatorial plane for particular modes at different times (relative to
the merger time), for the two models considered. Right panel: the corresponding eigenfunctions in the vertical plane for the SLy
model. The black lines are isocontours of the rest-mass density with values (for decreasing radii) 1.5 × 1013, 8 × 1013, 3 × 1014,
and 8 × 1014 (g/cm3).
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FIG. 4. Snapshots of Ar in the equatorial plane for the SLy
model at different times relative to the merger time. Convec-
tively unstable regions are shown with dark color.

parts in the low-density envelope) is convectively stable
and the m = 2 f -mode dominates the GW spectrum.
The entropy in the remnant created by shock heating
during merger (not shown here) is concentrated in an
expanding envelope around a relatively cold core (two
initial hot spots mix into a nearly axisymmetric structure

in the early post-merger phase, as also found by [44]).

At t = 36 ms, a convectively unstable ring appears in
the equatorial plane, at ρ ' 8 × 1013g/cm3. This coin-
cides with the first appearance of inertial modes in Fig. 1.
In accordance with the observed growth of convective mo-
tions, at t = 60 ms, the first convectively unstable ring
has expanded to lower densities and appears fragmented,
which coincides with a strong growth of an inertial mode
with frequency of 2.38 kHz in Fig. 1. The amplitude of
the inertial mode only diminishes slightly for the next
15 ms. At t = 74 ms, the convectively unstable regions
have expanded further and we observe a renewed growth
of the amplitude of the inertial mode in Fig. 1. We thus
observe a strong correlation between the appearance of
several convectively unstable regions in the remnant and
the appearance and growth of inertial modes.

Inertial modes can be either polar-led (gravito-inertial
modes) or axial-led (r-mode like). In slowly-rotating
stars, gravito-inertial modes become g-modes and we es-
timate a Brunt-Väissälä frequency 〈N〉/(2π) = 356Hz
using Γ = 1.36,Γ1 = 1.74 and ρ = 8 × 1013g/cm3

(see [64]). These modes are also excited in proto-neutron
stars, in the context of core-collapse supernovae (see
e.g. [65] and references therein). However, in rapidly-
rotating stars, gravito-inertial modes have very similar
properties to axial-led inertial modes, with frequencies
being nearly proportional to the rotational frequency of
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the star [64, 66, 67]. The m = 2 inertial modes identified
in the simulations of the two models discussed here have
frequencies only somewhat smaller than twice the maxi-
mum angular frequency in the differentially rotating star
Ωmax whose rotational profile is consistent with results
found in [47, 68] that will be reported in [56] (notice that
them = 2 f -mode frequency appearing at early times has
been empirically associated with 2Ωmax [42]). The char-
acterization of the (polar- or axial-led) inertial modes
that are excited in our simulations can be achieved after
a comparison with detailed perturbative studies, which
we plan to undertake in the future. We finally note that
mergers with unequal mass components may also show
the excitation of odd modes, which are suppressed in our
present equal-mass simulations with π-symmetry. For
the evolution of models very close to the ones discussed
here, neutrino effects have been considered in [48], while
the timescales for magnetic effects and the MRI-induced
effective viscosity have been analyzed in detail in [69].
These effects should be reconsidered on long timescales
of up to 140 ms.
Conclusions.—The appearance of convectively unsta-

ble regions and the excitation of particular inertial modes
in long-lived remnants of BNS mergers depends on the
rotational and thermal state of the remnant and impacts
its dynamical evolution. Whereas, in this first investi-
gation, we considered a piecewise polytropic EOS with
a thermal component (that has the advantage of having
a well defined, analytically expressed thermodynamics)
and we ignored the dependence on composition gradients,
magnetic fields and neutrino transport (which should be
clearly investigated in future simulations), our results im-
ply that either the presence or the absence of inertial
modes in the late-time GW spectrum of BNS mergers
will be a sensitive probe of neutron star physics.
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