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Ground state two-proton (2p) radioactivity is a rare decay mode found in a few very proton-rich
isotopes. The 2p-decay lifetime and properties of emitted protons carry invaluable information on
nuclear structure in the presence of low-lying proton continuum. The recently measured 2p decay
of 67Kr [1] turned out to be unexpectedly fast. Since 67Kr is expected to be a deformed system, we
investigate the impact of deformation effects on the 2p radioactivity. We apply the recently developed
Gamow coupled-channel framework, which allows for a precise description of three-body systems in
the presence of rotational and vibrational couplings. This is the first application of a three-body
approach to a two-nucleon decay from a deformed nucleus. We show that deformation couplings
significantly increase the 2p decay width of 67Kr; this finding explains the puzzling experimental
data. The calculated angular proton-proton correlations reflect a competition between 1p and 2p
decay modes in this nucleus.

Introduction.– There are very few even-Z nuclei be-
yond the two-proton dripline that can decay by emit-
ting two protons from their ground states. In such cases,
the emission of a single proton is energetically forbidden
or strongly suppressed due to the odd-even binding en-
ergy effect originating from proton pairing [2–8]. The
corresponding half-lives are long enough to characterize
this phenomenon as 2p radioactivity. Experimentally, 2p
emission from the nuclear ground state (g.s.) was ob-
served for the first time in 45Fe [9, 10], and, later on,
in 19Mg [11], 48Ni [12–14], and 54Zn [15, 16]. Inter-
est in this exotic phenomenon has been envigorated by
measurements of proton-proton correlations in the de-
cay of 45Fe [17], 19Mg [18], and 48Ni [14], which have
demonstrated the unique three-body features of the pro-
cess and – when it comes to theory – the sensitivity of
predictions to the angular momentum decomposition of
the 2p wave function. The high-quality 2p decay data
have called for the development of comprehensive theo-
retical approaches, capable of simultaneous description
of structural and reaction aspects of the problem [4, 5].

The main challenge for theoretical studies of 2p ra-
dioactivity lies in the model’s ability to tackle simulta-
neously nuclear structure aspects in the internal region
and the three-body behavior in the asymptotic region.
This becomes especially challenging for 2p decay since
the Coulomb barrier strongly suppresses the wave func-
tion at large distances, which also makes the 2p life-
time quite sensitive to the low-` wave function compo-
nents inside the nucleus. So far, most of the theoret-
ical models of 2p radioactivity, such as the WKB ap-
proach [19–21], R-matrix theory [22, 23], and three-body
reaction model [24, 25], treat internal and asymptotic
regions separately. In our previous work [26], we in-
troduced the Gamow coupled-channel (GCC) method,
which describes structure and decays of three-body sys-
tems within one coherent theoretical framework by uti-

lizing resonant and scattering states in eigenfunction ex-
pansion. Consequently, this tool is suitable for unraveling
the intriguing features of 2p g.s. decay of 67Kr.

Being the heaviest g.s. 2p emitter observed so far,
67Kr is of particular interest, since it provides unique
structural data on medium-mass unbound systems in the
presence of collective excitations. The measured 2p de-
cay energy is 1690 ± 17 keV and the partial 2p lifetime
20 ± 11 ms [1] is significantly lower than the original the-
oretical prediction [27]. As suggested in Ref. [1], this
may be due to configuration mixing effects and/or de-
formation in the daughter nucleus 65Se. An alternative
explanation involves the competition between two-body
and three-body decay channels [25]: the partial 2p life-
time can be reproduced only if the two valence protons
primarily occupy the 2p3/2 shell that is supposed to be
already filled by the core nucleons.

The objective of this work is to incorporate a deformed,
or vibrational, core into the GCC model, and study the
2p decay as the quadrupole coupling evolves. To bench-
mark the GCC Hamiltonian, we first consider the simpler
case of spherical 48Ni. Thereafter, we investigate defor-
mation and configuration mixing effects on the 2p decay
of 67Kr.

Theoretical framework– To describe 2p emission,
we extend the previously introduced [26] three-body
core+nucleon+nucleon Gamow coupled-channel (GCC)
approach by allow the pair of nucleons to couple to the
collective states of the core. To this end, the wave
function of the parent nucleus is written as ΨJπ =∑
Jpπpjcπc

[
ΦJpπp ⊗ φjcπc

]Jπ
, where ΦJpπp and φjcπc are

the wave functions of the two valence protons and the
core, respectively. ΦJpπp is constructed in Jacobi coor-

dinates with the hyperspherical harmonics YJpMγK (Ω) for
the hyperangle part. And the hyperradial part ψγK(ρ) is
expanded in the Berggren ensemble that defines a com-

plete basis BJpπγn (ρ) in the complex-momentum plane in-
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cluding bound, decaying, and scattering states [26, 28].

As a result, ΦJpπp = ρ−5/2
∑
γnK C

Jpπ
γnKB

Jpπ
γn (ρ)YJpMγK (Ω),

where K is the hyperspherical quantum number and
γ = {s1, s2, S12, S, `x, `y, L, Jp, jc}. By using the
Berggren basis, the inner and asymptotic regions of the
Schrödinger equation can be treated on the same footing,
and this provides the natural connection between nuclear
shell structure and reaction aspects of the problem.

The core+p+p Hamiltonian of GCC is

Ĥ =

3∑
i=c,p1,p2

p̂2
i

2mi
+

3∑
i>j=1

Vij(rij) + Ĥc − T̂c.m., (1)

where Vij is the interaction between clusters i and j, Ĥc

is the core Hamiltonian represented by excitation ener-
gies of the core Ejcπc , and T̂c.m. stands for the center-
of-mass term. In this work, the proton-core interaction
Vpc is approximated by a Woods-Saxon (WS) average po-
tential including central, spin-orbit and Coulomb terms.
At small shape deformations, we applied the vibrational
coupling as in Refs. [29, 30]. At large quadrupole defor-
mations we consider rotational coupling, which was in-
corporated as in the non-adiabatic approach to deformed
proton emitters [31, 32].

In order to deal with the antisymmetrization between
core and valence protons, one needs to eliminate the
Pauli-forbidden states occupied by the core nucleons.
Due to the transformation between different coordinates,
the standard projection technique [26] can introduce
small numerical errors in the asymptotic region. Since
the wave function needs to be treated very precisely at
large distances, we have implemented the supersymmet-
ric transformation method [33–35] which introduces an
auxiliary repulsive “Pauli core” in the original core-p in-
teraction to eliminate Pauli-forbidden states. For sim-
plicity, in this work we only project out those spherical
orbitals which correspond to the deformed levels occu-
pied in the daughter nucleus.

By using the hyperspherical harmonics and Berggren
basis, the Schrödinger equation can be written as
coupled-channel equation including the couplings not
only among the hyperspherical basis but also among the
collective states of core. The resulting complex eigen-
values contain information about resonance’s energies
and decay widths. However, for medium-mass nuclei,
proton decay widths are usually below the numerical
precision of calculations. Still, one can estimate decay
widths through the current expression [36] as demon-
strated in previous work [26, 37, 38]. According to
the R-matrix theory, if the contribution from the off-
diagonal part of the Coulomb interaction in the asymp-
totic region is neglected, the hyperradial wave function
of the resonance ψγK(ρ) is proportional to the outgoing
Coulomb function H+

K+3/2(ηγK , kpρ) [24, 39, 40]. By as-

suming a small decay width and adopting the expression

ψ′/ψ = kpH
+′/H+ [31, 32], one can bypass the numer-

ical derivative of the small wave function in the asymp-
totic region that appears in the original current expres-
sion and increase numerical precision dramatically [41].

According to Refs. [38, 42], the high-K space of hy-
perspherical quantum numbers also has some influence
on the decay width. Since practical calculations must
involve some K-space truncation, we adopt the so-called
Feshbach reduction method proposed in Refs. [38, 42].
This is an adiabatic approximation that allows one to
evaluate the contributions to the interaction matrix ele-
ments originating from the excluded model space.
Hamiltonian and model space – For the nuclear two-

body interaction between valence protons we took the
finite-range Minnesota force with the original param-
eters of Ref. [43]. The proton-proton interaction has
been augmented by the two-body Coulomb force. The
core-valence potential contains central, spin-orbit and
Coulomb terms. The nuclear average potential has been
taken in a WS form including the spherical spin-orbit
term with the “universal” parameter set [44], which has
been successfully applied to nuclei from the light Kr re-
gion [45]. The depth of the WS potential has always
been readjusted to the experimental value of Q2p. The
Coulomb core-proton potential is assumed to be that of
the charge Zce uniformly distributed inside the deformed
nuclear surface [44].

Since 48Ni is doubly-magic, to discuss its 2p decay we
limited our calculations to the spherical case. For 67Kr,
we assumed a deformed core of 65Se described by the
quadrupole deformation β2, with the unpaired neutron
treated as a spectator. According to calculations [46–48],
the 65Se core has an oblate shape. Based on the data
from the mirror nucleus 65Ga [49], we assume the g.s.
of 65Se to have Jπ = 3/2− [50] and its rotational (vibra-
tional) excitation to be a Jπ = 7/2− state at 1.0758 MeV.
This estimate is consistent with excitation energies of 2+1
states in the neighboring nuclei 64Zn and 66Ge [49]. In
our coupled channel calculations, we included collective
states of 65Se with J ≤ jmax

c = 15/2−; such a choice guar-
antees stability of our results. In particular, we checked
that the calculated half-life differs by less than 3% when
varying jmax

c from 11/2 to 15/2.
The calculations have been carried out in the model

space of max(`x, `y) ≤ 7 with the maximal hyperspheri-
cal quantum number Kmax = 50 and the Feshbach reduc-
tion quantum number Kf = 20, which is sufficient for all
the observables studied [26, 38, 42]. For the hyperradial
part, we used the Berggren basis for the K ≤ 6 channels
and the HO basis for the higher angular momentum chan-
nels. The complex-momentum contour of the Berggren
basis is defined as: k = 0→ 0.3−0.1i→ 0.5→ 4→ 8 (all
in fm−1), with each segment discretized with 50 points.
For the HO basis we took the oscillator length b = 1.75 fm
and Nmax = 60.

Results.– We first investigate the spherical 2p emit-
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ter 48Ni, which has been the subject of numerous the-
oretical studies [12, 19, 21, 51–54]. By assuming the
experimental value of Q2p = 1.28 ± 0.06 MeV [55] we
obtain T1/2 = 30+133

−24 ms, which is consistent with the

current experimental estimates: T1/2 = 8.4+12.8
−7 ms [12]

and 3+2.2
−1.2 ms [14]. Moreover, we found that calculations

with different sets of WS parameters result in fairly sim-
ilar decay widths, which is in accord with the conclusion
of Ref. [21] that – as long as the sequence of s.p. levels
does not change – the 2p lifetime should rather weakly
depend on the details of the core-proton potential as the
tunneling motion of the 2p system is primarily governed
by the Coulomb interaction.
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FIG. 1. Top: Nilsson levels Ω[NnzΛ] of the deformed core-
p potential as functions of the oblate quadrupole deforma-
tion β2 of the core. The dotted line indicates the valence
level primarily occupied by the two valence protons. Bot-
tom: Decay width (half-live) for the 2p g.s. radioactivity
of 67Kr. The solid and dashed lines mark, respectively, the
results within the rotational and vibrational coupling. The
rotational-coupling calculations were carried out by assum-
ing that the 1/2[321] orbital is either occupied by the core
(9/2[404]-valence) or valence (1/2[321]-valence) protons.

The lifetime of 67Kr can be impacted by deforma-
tion effects [1]. Indeed, studies of one-proton (1p) emit-
ters [30–32, 41, 56–60] have demonstrated the impact of
rotational and vibrational couplings on 1p half-lives. Fig-
ure 1a shows the proton Nilsson levels (labeled by the
asymptotic quantum numbers Ω[NnzΛ]) of the WS core-p
potential. At small deformations, |β2| ≤ 0.1, the valence

protons occupy the f5/2 shell. The half-life predicted in
the vibrational variant of calculations is T1/2 > 218 ms,
which exceeds the experimental value by over an order
of magnitude, see Fig. 1b. This result is consistent with
previous theoretical estimates [19, 27].

As the deformation of the core increases, an apprecia-
ble oblate gap at Z = 36 opens up, due to the downslop-
ing 9/2[404] Nilsson level originating from the 0g9/2 shell.
This gap is responsible for oblate g.s. shapes of proton-
deficient Kr isotopes [45, 61, 62]. The structure of the
valence proton orbital changes from the 9/2[404] (` = 4)
state at smaller oblate deformations to the 1/2[321] or-
bital, which has a large ` = 1 component. While the
exact crossing point of the 1/2[321] and 9/2[404] levels
depends on details of the core-proton parametrization,
the general pattern of Fig. 1a is robust: one expects a
transition from the 2p wave function dominated by ` = 4
components to ` = 1 components as oblate deformation
increases. Figure 1b shows the 2p decay width predicted
in the two limits of the rotational model: (i) the 1/2[321]
level belongs to the core, and the valence protons primar-
ily occupy the 9/2[404] level; and (ii) the valence protons
primarily occupy the 1/2[321] level. In reality, as the core
is not rigid, proton pairing is expected to produce the dif-
fused Fermi surface; hence the transition from (i) to (ii)
is going to be gradual, as schematically indicated by the
shaded area in Fig. 1b. The decreasing ` content of the 2p
wave function results in a dramatic increase of the decay
width. At the deformation β2 ≈ −0.3, which is consis-
tent with estimates from mirror nuclei [63] and various
calculations [45–48, 63] the calculated 2p g.s. half-live of
67Kr is 24+10

−7 ms, which agrees with experiment [1].
Since the Minnesota force used here is an effective in-

teraction that is likely to be affected by in-medium ef-
fects, one may ask how changes in the proton-proton in-
teraction may affect the 2p decay process. Figure 2 dis-
plays the partial 2p width for the g.s. decay of 48Ni and
67Kr for two strengths of the pp interaction V Npp . The pre-

dicted Γ2p of 48Ni is quite sensitive to the strength of V Npp ;
namely, it increases by an order of magnitude when the
interaction strength increases by 50%. For the original
Minnesota interaction, the Qp of 47Co is 1.448 MeV, i.e.,
the 1p decay channel in 48Ni is closed. Consequently, fur-
ther increases in the valence proton interaction strength
can only affect the pairing scattering from the 0f7/2 res-
onant shell into the low-` proton continuum. The corre-
sponding increase of low-` strength in the 2p wave func-
tion results in the reduction of half-life seen in Fig. 2a.

The case of 67Kr is presented in Fig. 2b. Here the trend
is opposite: the decay width actually decreases with the
strength of V Npp . To understand this we note that the 1p
decay channel of the 67Kr g.s. is open (Qp > 0) for a large
range of interaction strengths, see the insert in Fig. 2b.
At the standard strength of V std

pp , the predicted Qp of
66Br is 1.363 MeV, i.e., one expects to see a competi-
tion between the sequential and three-body decay in this
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FIG. 2. Calculated 2p partial width (half-life) of the g.s.
decay of (a) 48Ni and (b) 67Kr as a function of Q2p. The re-
sults obtained with 100% (solid line) and 150% (dashed line)
strength of the Minnesota force V N

pp are marked. The experi-
mental data are taken from Refs. [12, 14] (48Ni) and [1] (67Kr).
The inset in (b) shows the 1p decay energy Qp of 67Kr at the
experimental value of Q2p obtained with different strengths of
V N
pp relative to the original value V std

pp . The Qp = 0 threshold
is indicated by a dotted line.

case. With the increasing pairing strength, the odd-even
binding energy difference grows, and the 1p channel gets
closed around V Npp /V

std
pp = 1.2. The further increase of

V Npp strength results in pairing scattering to higher-lying
proton states originating from 0g9/2 and 0f5/2 shells with
higher ` content, see Fig. 1. Both effects explain the re-
duction of Γ2p seen in Fig. 2b.

Since the 1p channel is most likely open for 67Kr [25],
it is interesting to ask: How large is the diproton com-
ponent in the 67Kr decay? To this end, in Fig. 3 we
study the 2p angular correlations ρ(θ) [26, 64] for the
g.s. decays of 48Ni and 67Kr. In both cases, a diproton-
like structure corresponding to a peak at small opening
angles is very pronounced. Interestingly, while the shell-
model structures of 48Ni and 67Kr are very different, the
two valence protons are calculated to form very similar T-
type Jacobi-coordinate configurations in these two nuclei.
Namely, for 48Ni the dominant (S12, `x, `y) configurations
in T-type Jacobi-coordinate are 58% (0, 0, 0) and 30%
(1, 1, 1), while the corresponding amplitudes for 67Kr
are 59% and 27%. The diproton peak in 67Kr is slightly
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FIG. 3. Two-proton angular correlation for the g.s. of (a)
48Ni and (b) 67Kr obtained with the Minnesota force of stan-
dard strength (solid line) and 50%-increased strength (dashed
line). The dotted line marks the angular correlation obtained
with the standard strength assuming that the two valence
protons occupy the 9/2[404] level.

lower than that in 48Ni due to the fact that sequential de-
cay is energetically allowed in 67Kr. The 1p decay width
of 67Kr estimated by the core-proton model is 8.6×10−20

MeV, which has the same order of magnitude with the 2p
decay width. Consequently, the 2p decay branch in 67Kr
is expected to compete with the sequential decay. With
the pairing strength increased by 50% the diproton peak
in ρ(θ) becomes strongly enhanced, see Fig. 3, as the 1p
channel gets closed. The dotted line in Fig. 3 marks the
2p angular correlation of 67Kr by assuming that the two
valence protons occupy the 9/2[404] level. In this case,
the correlation exhibits a minimum at 90◦ indicating that
ρ(θ) is a good indicator of the valence proton structure.

Conclusions.– We extended the Gamow coupled-
channel approach by introducing couplings to core ex-
citations. We demonstrated that deformation effects are
important for the 2p g.s. decay of 67Kr. Due to the
oblate-deformed Z = 36 subshell at β2 ≈ −0.3, the Nils-
son orbit 1/2[321] with large ` = 1 amplitude becomes
available to valence protons. This results in a significant
increase of the 2p width of 67Kr, in accordance with ex-
periment.

The sensitivity of 2p lifetime to the proton-proton
interaction indicates that the pairing between the va-
lence protons can strongly influence the decay process.
Through the comparison of one-proton decay energies
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and angular correlations between 48Ni and 67Kr, we con-
clude that there is a competition between 2p and 1p de-
cays in 67Kr, while the decay of 48Ni has a 2p character.

In summary, the puzzling 2p decay of 67Kr has been
naturally explained in terms of the shape deformation of
the core. The explanation is fairly robust with respect to
the details of the GCC Hamiltonian. We conclude that
the Gamow coupled-channel framework provides a com-
prehensive description of structural and reaction aspects
of three body decays of spherical and deformed nuclei.
The future theoretical work will primarily focus on im-
proving the quality of the underlying Hamiltonian. To
this end, high-statistics angular correlation 2p data are
needed to better constrain theoretical input and improve
our understanding of 2p radioactivity.
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[3] M. Pfützner, Nucl. Phys. A 738, 101 (2004), proceed-

ings of the 8th International Conference on Clustering
Aspects of Nuclear Structure and Dynamics.

[4] B. Blank and M. P loszajczak, Rep. Prog. Phys. 71,
046301 (2008).
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