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Color superconductivity and charge neutrality in Yukawa theory
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It is generally believed that when Cooper pairing occurs between two different species of fermions,
their Fermi surfaces become locked together so that the resultant state remains “neutral”, with equal
number densities of the two species, even when subjected to a chemical potential that couples to
the difference in number densities. This belief is based on mean-field calculations in models with a
zero-range interaction, where the anomalous self-energy is independent of energy and momentum.
Following up on an early report of a deviation from neutrality in a Dyson-Schwinger calculation
of color-flavor-locked quark matter, we investigate the neutrality of a two-species condensate using
a Yukawa model which has a finite-range interaction. In a mean field calculation we obtain the
full energy-momentum dependence of the self energy and find that the energy dependence leads
to a population imbalance in the Cooper-paired phase when it is stressed by a species-dependent
chemical potential. This gives some support to the suggestion that the color-flavor-locked phase of

quark matter might not be an insulator.

1. Introduction. In a system containing a high den-
sity of fermions of two different species, there may be
Cooper pairing between the two species. This situa-
tion arises generically in quark matter, where Cooper
pairing of quarks is most energetically favorable in the
flavor-antisymmetric channel [1-3], and can also occur
in cold atomic gases [4]. It is generally believed that in
a BCS condensate with cross-species pairing, the Fermi
momenta of the two species are locked to a common
value, so that even in the presence of a chemical poten-
tial ps that would favor one species over the other, the
number densities remain equal. The charge imbalance
Ns = N1 — N, remains zero for a range of g, so, for ex-
ample, the charge imbalance susceptibility, dNs/dus at
us =0, is zero.

One example where this arises is the color-flavor-locked
(CFL) phase of dense quark matter [5]. The CFL phase
is believed to be an insulator, with no electrons present,
because BCS pairing between quarks of different flavors
locks the Fermi momenta of the three flavors to the same
value, ensuring that the quark population remains elec-
trically neutral even in the presence of an electrostatic
potential that would favor up quarks over down and
strange quarks. Thus the electron density in CFL quark
matter remains zero.

This rigid locking of the Fermi momenta has been
demonstrated for NJL-type models [6], where there
is a contact interaction between the fermions, so
the fermion self energy, including the fermion-number-
violating (“anomalous”) component that arises from
pairing, is independent of the energy and momentum.
However, a study of the CFL phase using the Dyson-
Schwinger approach [7], where the anomalous self-energy
is energy and momentum dependent, found that there
were electrons in the CFL phase. The authors of Ref. [7]
suggest that this arises from the energy dependence of
the anomalous self-energy.

In this paper we show explicitly, in a mean-field treat-
ment of a model where the fermions interact via a Yukawa

boson, that the energy dependence of the anomalous self-
energy A leads to a non-zero charge imbalance suscep-
tibility via a factor of OA/0k, in the relevant integral.
The form factor of our interaction is the free boson prop-
agator, not including any in-medium effects on the bo-
son self-energy. However, this simple model is sufficient
to give an energy and momentum dependent anomalous
self-energy.

The single-flavor Yukawa model was studied previ-
ously by Pisarski and Rischke [8], but they neglected the
energy-momentum dependence of the anomalous self en-
ergy, arguing that this was valid at strong coupling.

In very recent work, Sedrakian et al. [9] studied a two-
flavor model interacting via ¢ and 7 mesons. They cal-
culated the energy dependence (though not momentum
dependence) of the anomalous self energy, and also in-
cluded in-medium corrections to the boson self energy.
They did not calculate the charge imbalance.

2. Yukawa Theory. Our version of the Yukawa model
contains a massless fermion ¢ that comes in two fla-
vors and, to allow pairing in the J” = 0% channel, two
“tastes” which would become colors in a full QCD treat-
ment. The fermions have a Yukawa coupling of strength
g with a Yukawa boson of mass m. The Lagrangian den-
sity is

L= Ui t2 )+ 50u00 6 S5 — g . (1)

The coupling to the Yukawa boson breaks chiral sym-
metry, so the internal symmetry group is
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To probe the charge balance of the system we couple the
two flavors to separate chemical potentials uy = u + us
and po = p—pus. We study Cooper pairing in the channel
that is a singlet (and therefore antisymmetric) in flavor,
taste, and spin, since this channel is known to dominate



Cooper pairing in NJL models and in weakly coupled
QCD [3]. This leaves the flavor and taste symmetries
unbroken, and breaks U(1)g — Zs. The free energy of
this model in the mean field approximation is (see Chap-
ter 5 in Ref. [10])
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where S~!(k) is the inverse fermion propagator, the bo-
son propagator is D(k) = 1/(k*+m?), and f(q) is related
to the anomalous self-energy in momentum space
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The inverse fermion propagator in Nambu-Gor’kov space
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where the terms on the diagonal are given by
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and the off-diagonal terms by
Ty (k) = £A(k) ® 03, ® 09, . (7)

In each entry, the first factor in the tensor product lives
in Dirac space, the second factor lives in two dimensional
flavor space and the third factor lives in two-dimensional
taste space. The possibility of Cooper pairing is incor-
porated by the off-diagonal (“anomalous”) terms, which
represent the violation of quark number symmetry via
the condensate, allowing a quark to evolve into an anti-
quark. The inverse propagator has eight distinct eigen-
values, each of which is 4-fold degenerate. Since the de-
terminant is the product of the eigenvalues, we can use
this in Eq. (3) to obtain the free energy
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where each of the three s; varies over +1 in the product,
yielding 8 factors altogether. Minimizing the free energy
(8) with respect to f(k) gives the gap equation
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where we have defined
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where each of the two ¢; varies over £1 in the sum. Com-
paring this with (4), we find that at the minimum of the
free energy f(k) = W(k). Using this in (8), we find the
free energy of the mean-field ground state,

k k

We emphasize that this expression is only valid when
A(k) is a solution of the gap equation.
From now on, we work in the zero-temperature limit.

3. Charge imbalance susceptibility. We now briefly re-
view the argument that the charge imbalance susceptibil-
ity is zero in NJL models, and describe why it is nonzero
in a Yukawa model. The NJL model is the limit of the
Yukawa model where D(k — q) — 1/m?. A momentum
cutoff A is then required, but the k4 integral can be left
unregulated. The anomalous self-energy A is then inde-
pendent of energy and momentum, and the gap equation
(9) becomes
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where the ¢, integration contour can be closed in the
upper or lower half-plane, since the poles come in com-
plex conjugate pairs with opposite sign residues. Since
the residues of the poles are independent of ps, the gap
equation is independent of us as long as one can elim-
inate ps by performing a change of integration variable
¢y = q4 — ips without moving any poles from the upper
half plane to the lower half plane and vice versa.

The poles of the integrand in the gap equation (12) are

a=i(-ps VA E (A Ep2) . (13)

We can see that the poles with a “+” sign in front of the
square-root move toward the lower half plane from the
upper half plane as we increase ug, and they first cross the
real axis when ps = A (with |q] = ). Therefore, as long
as pus < A, the gap equation and hence the anomalous
self-energy A and the free energy of the paired state Qpcg
are independent of us and the charge imbalance Ny and
all its derivatives vanish [6].
For a Yukawa interaction the gap equation (9,10) is
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Unlike the NJL case, the presence of a scalar propaga-

tor in the gap equation results in an energy- and mo-

mentum dependent anomalous self-energy. Because the

anomalous self-energy and the scalar propagator have ¢4




dependence, a shift in g4 by ¢} = g4 —ius does not result
in a ug independent gap equation. This raises the possi-
bility that N5 and its derivatives may no longer be zero.
Below we will describe explicit calculations that find that
this is indeed the case.

4. Number Density and Susceptibility. The charge imbal-
ance Ny = —dQ/dus only receives a contribution from
the first term in the free energy (8), since the second
term only depends on us via A(k), and in the ground
state 6Q/0A(k) = 0. Thus

d*k 10X
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The charge imbalance susceptibility is X5 = dNs/dus
evaluated at us = 0. In principle N5 depends on s
both explicitly and via the dependence of A(k) on us,
but we can take Xs = ONjs/Ous|a because we evalu-
ate the derivative at pus =0 and A(k) can only depend
on us at O(u?) or higher. This follows from the flavor
symmetry which ensures that the free energy € is an
even function of us, and A(k) being defined by requiring
dQ/0A(k) = 0. From (15) and (8) we find
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Integrating by parts, we find
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The factor involving Uy is negative for all (k4, k). In NJL
models the factor OA/Oky is zero, but in models with
more realistic interactions, such as the Yukawa model, we
expect that k40A/0ks will be negative since the interac-
tion between fermions effectively weakens at high energy
or momentum, so the anomalous self energy should de-
crease at high energy. Thus we expect X5 to be positive,
meaning that the charge imbalance grows with the rele-
vant chemical potential p.

Our numerical results, presented below, confirm these
expectations.

5. Numerical Results. To study examples of the result
obtained above, we numerically solved the gap equation
(9), including all energy and momentum dependence,
by an iterative procedure. We discretized the function
A(ky, |K|) on a grid in energy-momentum space with cut-
offs Ay4 in the range ~ 10% to 10'°MeV and Aj in the
range ~ 10* to 10°MeV. Since the Yukawa model is
renormalizable, we obtained cutoff-insensitive results as
long as (p, m) < Ay < Apy. The typical (ky, 12) grid sizes
were (512 x 256). The grid points were generated by us-
ing a Gauss-Legendre quadrature rule. The points and

m [MeV] 25 50 75
Aspectral & 50 MeV g =  4.787348 4.871645 4.969172
Xs= 24721 21746 1919.7
Agpectral ® 75 MeV g =  5.322668 5.388405 5.466438
X;= 30289 27911 2559.8
Aspectral & 100 MeV g = 5.726067 5.778862 5.841499
X; = 34705 3279.9 3077.2

TABLE I: The charge imbalance susceptibility Xs =
dNs/dps|ps—o in MeV? for nine parameter sets, with different
Yukawa boson masses and spectral gaps, evaluated at fermion
chemical potential = 350 MeV. We find X5 > 0 in all cases.

weights were then remapped to achieve better resolution
of regions where the integrand shows strong variation.
The integration was performed on a graphics processing
unit.

We studied nine different parameter sets, as shown
in Table I. Each row shows a set of theories with dif-
ferent masses for the Yukawa boson, but with the cou-
pling tuned to the value shown so that the spectral gap,
which is a physically measurable quantity, has the same
value in all three cases. To determine the spectral gap
we increased us until we reached the spinodal point at
which the condensate and anomalous self-energy vanish
[6]. This value of s is the spectral gap. We find that the
charge imbalance susceptibility is non-zero and positive,
as our calculations above led us to expect.

In Fig. 1 we show the full energy-momentum depen-
dence of the anomalous self-energy A for the Yukawa
theory with g = 4.871645 and m = 50 MeV, evaluated at
w = 350 MeV. This case shows the same qualitative prop-
erties that we see for all parameter values that we studied
(Table I). The anomalous self energy is symmetric in kq,
and decreases monotonically with |ky|, so ksdA/dky is
always negative, implying via Eq. 17 that X5 > 0. At
large ks, A o 1/k2. At large 3-momentum |k| the self
energy drops off roughly as 1/ |E|1'7, however the behav-
ior is not monotonic for all |k|. As |k| rises from zero the
anomalous self energy grows until at reaches a maximum
at |E\ ~ u, after which it decreases monotonically, see
Fig. 2.

Fig. 3 shows the fractional charge imbalance y; =
2N;s/(Ny + N3), as a function of the charge imbalance
chemical potential ps. In an NJL model, where the gap
parameter is energy-independent and the Fermi surfaces
are locked by pairing, it would remain exactly zero un-
til ps reaches Agpectral/ V2. This is the Chandrasekhar-
Clogston limit [11, 12] where there is a first order tran-
sition from a paired state to the unpaired state, so Nj
jumps up to around the value expected for free fermions,
Ys=2fis(3 + fi3)/ (1 + 3fi5) where fis = s/ 1.

The solid curve with dots in Fig. 3 shows that in the
Yukawa model Ny does not remain zero, but rises slowly
in response to us. The inset shows how our numerical
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FIG. 1: The full energy and momentum dependence of the
anomalous fermion self-energy in Yukawa theory with m = 50
MeV and g = 4.872.
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FIG. 2: Slices through the anomalous self-energy A(ka, k) of
Fig. 1, showing that as a function of energy A is monotonically
decreasing (dotted curve), but as a function of momentum it
rises to a maximum around k = p and then decreases (solid
curve).

calculation of Ny using (15) agrees well with the extrap-
olation N =~ Xsus (dashed red line).

6. Conclusions and Discussion. We have shown that,
in a mean field calculation, Cooper pairing between two
different species does not guarantee exact equality in the
number densities of the two species. This marks a quali-
tative difference from earlier calculations using NJL mod-
els which found that the charge imbalance was zero (the
Fermi surfaces were “locked together”) as long as the
system remained in the paired phase.

Our result confirms and clarifies the suggestive re-
sults of Ref. [7], which reported such an imbalance in
a Schwinger-Dyson treatment of CFL quark matter. We
studied a simpler system where we could clearly identify
the energy dependence of the self energy as an essential
factor in creating the charge imbalance. The integrand
for the charge imbalance susceptibility contains a factor
of k4OA /Oky (Eq. 17). Since the anomalous self-energy A
drops monotonically as a function of energy, this means

pu=350 MeV, m=50 MeV, g=4.871645
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FIG. 3: Fractional difference ys in the number densities of
the two species as a function of the imbalance potential ps.
The dashed line in the inset plot is the linear approximation
Ns = Xsus based on the charge imbalance susceptibility Xs
(Egs. 16,17).

that the susceptibility is generically non-zero. This im-
plies that the charge imbalance itself is generically non-
zero, although it can be tuned to zero by a specific choice
of the chemical potential ps that couples to the difference
in number densities. We cannot rule out the possibility
that our result is an artefact of the mean field approxi-
mation, but that would mean that the most widely used
technique for analysis of Cooper pairing is not reliable
for calculations of important properties such as suscepti-
bilities.

Our result and that of Ref. [7] have potentially major
implications for the phenomenology of quark matter in
neutron stars. Previous mean field calculations in NJL
models led to the prediction that the CFL phase of quark
matter should be an electrical insulator because the pair-
ing between the different quark flavors was thought to
ensure that the quark matter contained equal numbers
of all three flavors, so there are no electrons present in
neutral CFL matter. If this prediction is incorrect, then
the phenomenology of the CFL phase, and the signa-
tures by which it might manifest itself in neutron star
observations, will be significantly affected. A neutraliz-
ing population of electrons would, for example, dominate
the specific heat and thermal conductivity and powerfully
resist the motion of magnetic field lines [6].

If the charge imbalance responds to an arbitrarily small
chemical potential ps5 then there should be some mode
based on the quark degrees of freedom that is massless
and carries an Ny — Na charge. Further investigation of
this mode, along with the study of in-medium corrections
to the Yukawa boson propagator, beyond-mean-field ef-
fects, an analogous investigation of fermions interacting
via gluons, and the phenomenological consequences for



quark matter, would be natural extensions of this work. arXiv:hep-ph/0102047 [hep-ph] .
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