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The incoherent dynamical properties of open quantum systems are generically attributed to an
ongoing correlation between the system and its environment. Here, we propose a novel way to
assess the nature of these system-environment correlations by examining the system dynamics alone.
Our approach is based on the possibility or impossibility to simulate open system dynamics with
Hamiltonian ensembles. As we show, such (im)possibility to simulate is closely linked to the system-
environment correlations. We thus define the nonclassicality of open system dynamics in terms of
the nonexistence of a Hamiltonian-ensemble simulation. This classifies any nonunital open system
dynamics as nonclassical. We give examples for open system dynamics that are unital and classical,

as well as unital and nonclassical.

Introduction.—When a quantum system interacts with
its environment, its dynamical behavior will in general
deviate from the dynamics of a strictly isolated one [I—

]. As a result of an ongoing bipartite correlation arising
from the system-environment interaction, the system dy-
namics may display incoherent characteristics, such as
dephasing or damping processes. Formally, such pro-
cesses are captured by quantum master equations, re-
placing the von Neumann equation for isolated systems.

However, incoherent dynamics can also arise as a con-
sequence of a purely classical averaging procedure over
distinct autonomous evolutions. For example, the double
slit experiment can, when exposed to a disordered poten-
tial and after averaging, encounter similar decoherence as
if which-slit information had leaked into an environment
[7]. In this sense, disordered quantum systems described
by Hamiltonian ensembles can behave in an analogous
manner as open quantum systems, even if individual re-
alizations are strictly isolated (Fig. 1) [7—10].

Here, we exploit this dynamical correspondence to as-
sess the nature of the system-environment correlations
in terms of the system properties alone. As we show,
the impossibility to simulate is necessarily linked to non-
classical system-environment correlations. On the other
hand, if such simulation is possible, then there always
exists a system-environment model, which reproduces
the system dynamics by relying only on classical cor-
relations. This leads us to defining the nonclassicality
of open system dynamics in terms of the nonexistence
of a Hamiltonian-ensemble simulation. Alternative def-
initions for the nonclassicality of system dynamics have
been proposed [11, 12]. In these definitions, the dynam-
ics is considered classical if the state preserves classicality
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during the temporal evolution. Typically, the classical-
ity of states in these approaches is formulated in terms
of the Wigner function or the Glauber-Sudarshan P-
representation [13-18]. While these definitions also rely
on system properties alone, their applicability is limited
to systems amenable for such a phase space description,
excluding other cases of interest. We, instead, propose to
discuss the nonclassicality of open system dynamics sepa-
rately, based on the system-environment correlations and
independent of the nature of the system.

Hamiltonian ensemble (b) System-environment arrangement

P ﬁl = exp[—l'ﬁlt/ A

Environment Hg

FIG. 1. (a) Schematic illustration showing the averaged state
() resulting from the Hamiltonian ensemble {(p;, H;)}. The
averaged state in general follows incoherent dynamics, i.e.,
similar to open quantum systems, its time evolution cannot be
accurately captured by the von Neumann equation alone. (b)
If a quantum system interacts with a bath, their interaction
will in general correlate them. As we show, the nature of these
correlations, i.e., classical or quantum, is intimately connected
to the (im)possibility to simulate the dynamics of the open
system with a Hamiltonian ensemble.

As an immediate consequence of our definition, all
nonunital dynamics, e.g., dissipative processes, are non-
classical. The spin-boson model, in contrast, which dis-
plays unital dynamics and—on the level of the model—
quantum correlations, can, as we find, be simulated and
thus exhibits classical open-system dynamics according
to our definition, since these correlations cannot be cer-
tified by considering the system dynamics alone. In the
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case of an extended spin-boson model, however, where
the environment is complemented by a second qubit and
the system dynamics remains unital, we prove the nonex-
istence of a simulating Hamiltonian ensemble for certain
spectral densities, i.e., the system’s evolution is in these
cases witnessed to be manifestly nonclassical.

Dynamics of Hamiltonian ensembles.—An isolated
quantum system is described by a Hamiltonian ensem-
ble (HE) {(p;, H;)}, if the autonomous Hamiltonian H;
of the system is drawn from a probability distribution p;
[see Fig. 1(a)]. Such HEs are applicable to describing dis-
ordered quantum systems. Here, we relate HEs to open
quantum systems.

The dynamics of the ensemble averaged state p(t) ex-
hibits features distinct from the dynamics of any sin-
gle realization. T}/l\e latter is governed by the unitary
evolution p;(t) = UjpoU]T, with the initial state pg and

ﬁj = exp|—iH ;t/h], whereas the dynamics of the aver-
aged state p(t) is given by the unital (i.e., identity invari-
ant) map

o(t) = ij exp[—iﬁjt/h]po exp[if[jt/h]. (1)

Note that, an evolution equation for p(t) cannot be re-
duced to some effective Hamiltonian alone, but must in
general take the form of a quantum master equation [7, §]
(see [19] for an experimental implementation of this).

A seminal and instructive example considers a single
qubit subject to spectral disorder, i.e. the Hamiltonians
in the ensemble only differ in their eigenvalues, while they
share a common basis of eigenstates [38]. The HE may be
given by {(p(w), wd,/2)}, with the probability distribu-
tion p(w) kept general. The resulting master equation
reads

0 _ 1 . PN

S() = — (062, p0)] + (1) [5-p0)6. — O], (2)
where the effective energy e(t) = Alm[0; In ¢(t)]/2 and
the decoherence rate v(¢) = —Re[d; In ¢(¢)]/2 follow from
the dephasing factor
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Depending on the underlying probability distribution
p(w), the master equation (2) can range from time-
constant dephasing to a strongly oscillating incoherent
behavior, the latter even giving rise to purity revivals [8].

It is worthwhile to recall that the occurrence of inco-
herent dynamics in the case of HEs is a consequence of
the averaging procedure. Nevertheless, it is reminiscent
of open quantum systems, where, in contrast, an ongo-
ing correlation between system and environment gives
rise to the incoherent dynamics. This article explores
the possibility to simulate open quantum systems with
HEs and vice versa, and the implications on the system-
environment correlations.

Stmulating open quantum systems with Hamiltonian
ensembles—We now show that nonclassical system-
environment correlations are necessarily linked to the im-
possibility to simulate the open system dynamics with a
HE. To this end, we show—conversely—that, if system
and environment are persistently classically correlated,
then the reduced system state is described by a HE.

A system-environment arrangement is characterlzed by
an autonomous total Hamiltonian HT = HS + HE + HI,
with the system, Hs, the environment, HE, and the in-
teraction Hamiltonian Hj [see Fig. 1(b)] The total sys-
tem evolves unitarily as pr(t) = U pr,oUT, Uf, with U =
exp|—iHrt/h]. We say that an open system is described
by a HE, if the reduced system state pg(t) = Trg[pr(t)]
allows a decomposition of the form (1), where the prob-
abilities p; and the Hamiltonians H ; of the ensemble are
determined by ﬁT and the initial state prg.

Instead of further specifying the total Hamiltonian I:TT,
we now assume that the total state pr(t) remains at all
times classically correlated, displaying neither quantum
discord [20, 21] nor entanglement. Under this condi-
tion, we argue that, for every initial state of the form
P10 = ps,0 @ 3 p;l7)(d] (with {p;} a time-independent
probability distribution and {|j)} a basis of the environ-
ment), the reduced system state can be described by a
HE.

The detailed proof is presented in the Supplementary
Material [22]. Here, we outline the central steps. First,
as a direct consequence of the classical correlations, there
exists an environmental basis {|k)} (in general different
from {|7)}), such that

pr(t) = ijEk,sz,oE;L,j ® |k) (K|, (4)
k.j

where the operators Ek J= <k|U( )|j) act on the system
and satisfy >, E Ek = = T for each 7.

To demonstrate that the Elw are unitary, we again
use the zero-discord assumption, which implies that
each environmental off-diagonal term vanishes, i.e.,
E’kvjps@E’Z,’j =0 for k # k’. This, in turn, implies that
there exists a bijection between {|j}} and {|k)} such that
Elw‘ is non-zero only when its two indices match the bi-
jection, i.e., Ekd = Ekj,,jém/. Unitarity of the Ekyj then
follows directly.

Finally, we address the time-dependence of the Ekj
Expressing the bijection as a unitary operator u (t) and

safely neglecting the index k, we can recast U(t) in sep-
arable form,
Z Ey(

The group properties of {U(t)|t € R} are thus in-

herited by the operators Ej(t) and U(t), ie., due
to the time-independence of the total Hamiltonian,

1) (l- ()



we can write Ej t) = exp[—iﬁjt/h] and U(t) =
>, exp[—i(6;t/h)]|j)(j|, with H; time-independent Her-
mitian operators and 6; real-valued constants. Conse-
quently, Eq. (4) corresponds to a time-independent HE
{(p;, H j)} when tracing over the environment.

Sitmulating Hamiltonian ensembles with open quantum
systems.—The impossibility to simulate an open system
with a HE certifies the quantum nature of the system-
environment correlations. Notably, this is achieved by
considering system properties alone, i.e., without explicit
reference to the environment. We now show that, on the
other hand, the existence of a simulating HE always ad-
mits the possibility of classical system-environment cor-
relations, i.e., the latter cannot be excluded by consider-
ing only the system.

We explicitly construct a system-environment arrange-
ment, which reproduces an arbitrary HE {(p;, H;)} rely-
ing only on classical correlations. To this end, we write

H,; = H+Vj (with the average H = >, p;H;) and choose
the interaction to be of the form Hy = > ‘A/j ®15) (], i-e.,

it associates with each H ; of the ensemble a distinct state
|7) of an (arbitrary) basis of the environment. Note that
the index j is generic and may be continuous and/or a
multi-index. The environment must then be chosen ap-
propriately to accommodate the complexity of the HE.
Moreover, WeAtake the system Hamiltonian to be the av-

erage, ﬁs = H, and the bath Hamiltonian to be diagonal
in the same basis as Hy, i.e., [Hg, Hg 1] = 0.

With a separable initial state, pp(0) = ps o ® pg, and
pe = > ;pili){Jl (e, [pr,Hg] = 0, and the prob-
abilities of the Hamiltonian ensemble are assigned to
the environmental populations), the time-evolved total
state reads pr(t) = Ust1(pso @ pE)UgH, with Usy1 =
exp[—i(Hs + Hi)t/h]. Rewriting Usy1 = Zj U; @ 15){l,
with U; = exp[—iH;t/h|, we obtain

pr(t) = pyem "t ps gei it @ |) (. (6)
i

If we now trace over the environment, pg(t) =
>_; {lpr(t)|5), we recover the desired decomposition (1)

in terms of the HE {(pj,ﬁj)}. Moreover, it is easy to
see that the total state (6) is exclusively classically cor-
related, as desired.

As an instructive example, we consider a pair of qubits
coupled to each other via a controlled-NOT gate, where
a control (C) qubit determines the operation on a tar-
get (T) qubit. If the state of the C qubit resides in the
classical mixture pc = a|1)(1] + (1 — a)]0){(0] [23], the
reduced dynamics of the T qubit will be described by the
mixture of evolutions pr(t) = a(/]\sz,oﬁ; + (1 —a)pr,o,
with U, = exp|—iJ6,t/2h] and J the coupling strength.
We thus recover the HE {(a,.J6,/2), (1 — a,I)}. In this
example, the C qubit plays the role of environment, and
the qubit pair is at most classically correlated.

Nonclassicality of the dynamics.—It appears natural to
classify open system dynamics according to their corre-
lation with the environment, i.e., if system and environ-
ment are merely classically correlated, the dynamics may
be considered classical; if they are quantum correlated,
one may call the dynamics nonclassical. In most cases,
however, one does not have (full) access to the environ-
ment, rendering such immediate definition problematic.

We now suggest to classify open system dynamics by
the (im)possibility to describe the system dynamics by a
HE. On the one hand, this definition relies only on system
properties, as desired from a practical point of view. On
the other hand, as we have shown, it directly links to the
system-environment correlations, as desirable from a con-
ceptual perspective. Whenever such simulation exists,
it is impossible to exclude classical system-environment
correlations by knowledge of the system dynamics alone,
and we call the latter classical. If the simulation does not
exist, quantum correlations must be involved, hence the
dynamics is nonclassical.

As a direct consequence of our definition, any nonuni-
tal dynamics is classified nonclassical—a simulating HE
is manifestly excluded, certifying the presence of quan-
tum correlations. This includes, e.g., dissipative pro-
cesses such as the spontaneous decay of an atom. On the
other hand, according to our operational definition, we
may even call an open system dynamics classical if the ac-
tual system-environment correlations are quantum. This
is because our approach is deliberately ignorant of the
actual environment and only relies on the possibility to
explain the system dynamics with classical correlations.
Next, we give an example for this.

Simulating the spin-boson model—We now show that
the system dynamics of the spin-boson model can be sim-
ulated by a HE, even though the actual model displays
quantum correlations [24, 25]. The spin-boson model

~ hwo it
Hs = — 0= ) Hg = Zmﬁbgbﬁ’
k
A= 5.03 hlggh! + g2hp). (7

has been extensively studied and is analytically solvable
[2]. Tracing over the environment, the qubit system ex-
hibits pure dephasing dynamics characterized by the de-
phasing factor

@(t) = exp [iwot — D(t)]. (8)

In contrast to Eq. (3), which results from averaging
over a HE, the dephasing factor (8) incorporates the in-
formation of the interaction and the environment into
®(t) = 4 )7 w 2T (w)coth (hw/2kpT) (1 — coswt) dw,
where J(w) is the environmental spectral density. The
above solution assumes that the initial state is a direct
product, and that the environment is initially thermal-
ized at temperature T

We now construct a simulating HE. In view of Eq. (2),
we deduce that individual member Hamiltonians in the



ensemble must be of the form wé,/2, which leaves us
with determining the corresponding probabilities. Given
a probability distribution p(w), the averaged dynamics
can be determined by Eq. (3). Conversely, the underly-
ing distribution function leading to a specific dephasing
factor (8) is obtained via the inverse Fourier transform

o(w) = = / " expliwot — ®(B]e=tdt.  (9)

:5_00

It is clear that the effect of wy is merely to shift p(w).

To be a legitimate probability distribution function,
thog resulting p(w) in Eq. (9) must be normalized,
S p(w)dw = 1, real, p(w) € R, and positive, p(w) > 0.
Normalization is easily seen, since ¢(0) = 1 follows from
the fact that the pure dephasing dynamics, character-
ized by Eq. (8), should be completely positive and trace-
preserving (CPTP). We therefore have ffooo p(w)dw =
(2m) =1 [7_ exp [iwgt — ®(t)] 276 (t — 0)dt = 1. Moreover,
since one is generically interested in the dynamical prop-
erties only for ¢ > 0, we can deliberately extend the
time domain to the full real axis such that ®(t) is even
and ¢(—t) = ¢(t)*. This guarantees that p(w) is real:
p(w) = (m)7 [;7 exp [~®(t)] cos(w — wo)tdt € R.

Positivity of p(w) is less obvious, due to the sinusoidal
factors of the integrand in Eq. (9). In the following, we
invoke Bochner’s theory [26] to prove the general positiv-
ity of p(w). To this end, we first introduce the notion of
positive definiteness. A function f : R — C is called to be
positive definite if it satisfies 3, f(t; —tx)z;2; > 0 for
any finite number of pairs {(¢;,2;)[t; € R, z; € C}. Note
that positive definiteness of a function is different from a
positive function, since the latter may not necessarily be
positive definite and vice versa. Rather, it corresponds
to the positive semidefiniteness of a Hermitian matrix
[f(t; = tk)]; yess formed by the function values f(t; —tk)
in accordance with a certain set of indices S. As one
can show, ¢(t) in Eq. (8) is indeed positive definite. The
proof is given in [22].

Bochner’s theorem states that a function f, defined on
R, is the Fourier transform of unique positive measure
with density function g, if and only if f is continuous
and positive definite [27, 28]. We can thus conclude that
¢(t) in Eq. (8) is the Fourier transform of certain valid
probability distribution p(w), Eq. (9), i.e. an analog to
Eq. (3).

In summary, we have proven that there exists a unique
HE, {(w5,/2, p(w))}, which simulates the system dynam-
ics exactly, irrespective of the spectral density J(w) and
the associated, possibly intricate system-environment en-
tanglement. We thus call this dynamics classical.

FExtended spin-boson model—Unless the system dy-
namics is nonunital, proving the nonexistence of a simu-
lating HE is in general a nontrivial task. We now accom-
plish this for an extended spin-boson model, at the same
time deducing the presence of quantum correlations from
system properties alone.

Our model consists of two qubits coupled to a com-

mon boson environment. The system and the interac-
tion Hamiltonian are replaced by Hs = }, hw;c.,;/2
(=12 and Hy =3, ;6. ®h(gjjb£+g;£b,;), respec-
tively, while the environment Hamiltonian Hy is kept as
in Eq. (7). Note that the two qubits do not interact
directly. The coupling constants g, ;- are in general com-
plex numbers. In order to reveal the nonclassical effects
caused by their relative phase, we assume, for simplicity,
that they have the same amplitude, i.e., 9o i = glygew.
In the picture, the to-
tal  system according to  Ul(t) =

T {exp [—i fg Yo 2,;13;%(7') + 2}%5,;(7’)(17’} }, with T

the time-ordering operator, Z; = Zj 9; 7024, and

interaction
evolves

lA)E(t) = e_i‘“ﬁti),g, respectively. In contrast to the
conventional spin-boson model, time ordering plays a
nontrivial role here [29]. (For details, see Supplementary
Material [22].)

In the following we regard one qubit as the system
and the other as part of the environment. The reduced
dynamics of the system qubit is then pure dephasing with
the dephasing factor [cf. Eq. (8)]

¢ (1) = exp [—id, () — B(1)], (10)
where
= cos C) wt — sin wt)dw
olt) = cosp [ 22wt —simd
tsign(#) sin /0 41 ) (1~ coswtydu(11)

In the second line, we have manually inserted sign(t).
This ensures that ¢ (—t) = ¢X*(¢) and ) (w) € R.
The presence of 9,(t), however, will in general result in
the violation of positivity. Note that, similar to the con-
ventional spin-boson model, individual member Hamilto-
nians in the HE must be of the form wé, /2, which allows
us to follow the same line of argument.

To demonstrate this violation, we consider the Ohmic
spectral density Jo1(w) = wexp(—w/w.) in the zero-
temperature limit and a degenerate system Hamiltonian,
ie., w;j =0. In Fig. 2(a), we depict the legitimate proba-
bility distribution pg1(w) for the conventional spin-boson
model at w. = 1 (blue curve) and w. = 3 (red curve),
while in Fig. 2(b), we show p((ff) (w) for our extended
model with ¢ = 7/4 (solid curves) and ¢ = 57/4 (dashed
curves). The latter display a manifest violation of pos-
itivity. In Fig. 2(c), we show the landscape of negative
contributions to pg)f) (w) against w and ¢ for w, = 1. The
gray dashed lines highlight ¢ = 7/4 and 57/4, chosen in
Fig. 2(b).

Conclusions.—We propose a way to classify open sys-
tem dynamics according to their system-environment
correlations, i.e., if the latter are classical or quantum.
As we showed, this can be tested by knowlewdge of the
system evolution alone, based on the (im)possibility to



FIG. 2. (a) Legitimate probability distributions go1(w) for the

conventional spin-boson model. (b) Distributions p(())f) (w) for
the extended model, violating positivity. (c¢) The landscape of
negative contributions to @(())1() (w) against w and ¢ for we = 1.

The gray dashed lines denote the positions in Fig. 2(b).

simulate the open system dynamics with a Hamiltonian
ensemble. According to our definition, any nonunital dy-
namics is nonclassical. Some unital system evolutions,
however, such as in the spin-boson model, are classified

classical, even though the model displays quantum cor-
relations. This highlights the operational nature of our
definition.

With the extended spin-boson model, we provide an
example for unital dynamics which is nonclassical ac-
cording to our definition. Let us note that one may be
able to simulate a larger class of unital dynamics with
time-dependent Hamiltonian ensembles. It is for exam-
ple known that, in the case of qubits, any unital dynam-
ics can be simulated with an ensemble of time-dependent
Hamiltonians, albeit only if also the probabilities are al-
lowed to be time-dependent [30, 31]. However, in the
case of autonomous system-environment arrangements,
which we consider here, such generalization appears un-
justified. Finally, let us remark that demonstrating the
nonexistence of a Hamiltonian-ensemble simulation is, in
the case of unital evolutions, in general a nontrivial task.
An equivalent, but simpler test appears desirable.
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