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We calculate the collective excitations of a dipolar Bose-Einstein condensate in the regime where it self-binds
into droplets stabilized by quantum fluctuations. We show that the filament-shaped droplets act as a quasi-one-
dimensional waveguide along which low angular momentum phonons propagate. The evaporation (unbinding)
threshold occurring as the atom number [V is reduced to the critical value N, is associated with a monopole-like

excitation going soft as ep ~ (N — N.)*/4

. Considering the system in the presence of a trapping potential, we

quantify the crossover from a trap-bound condensate to a self-bound droplet.

Dipolar condensates consist of atoms with appreciable
magnetic dipole moments that interact with a long-ranged
and anisotropic dipole-dipole interaction (DDI). Recent ex-
periments with dipolar condensates of dysprosium [1-3] and
erbium [4] atoms have observed the formation of self-bound
droplets that can preserve their form, even in the absence of
any external confinement. These droplets occur in the dipole-
dominated regime, where the DDIs dominate over short-
ranged (s-wave) interactions, and for sufficiently many atoms
in the droplet [5, 6]. In the dipole-dominated regime mean-
field theory predicts that the condensate is unstable to col-
lapse, but as collapse begins and the density increases the
(beyond meanfield) quantum fluctuation corrections become
important. These Lee-Huang-Yang (LHY) [7] corrections [8—
10] contribute an energy that can arrest the collapse and stabi-
lize the system as a finite sized droplet [11-13]. Experiments
have produced droplets by ramping a trapped condensate into
the dipole dominated regime leading to a single droplet or
an array of droplets forming, depending on trap geometry
[12-14]. Droplets with atom numbers in the range 103-10*
have been observed, with peak densities predicted to be an
order of magnitude higher than the initial condensate density
(> 102'm~3). The droplets are still well within the dilute
weakly interacting regime, but three-body recombination be-
comes an important source of atom loss that limits droplet
lifetime. Lifetimes of up to ~ 100ms were measured for
free-space droplets [3], with longer times observed for trapped
droplets (e.g. [1]). The anisotropic DDI causes droplets to
elongate along the direction that the dipoles are polarized into
highly anisotropic filaments.

It is desirable to have a comprehensive understanding of
the full excitation spectrum of the droplets. Indeed, in he-
lium nanodroplets [15], which are dense self-bound super-
fluid droplets, the various types of bulk and surface excitations
have been extensively studied for decades (e.g. see [16, 17]).
Already some first steps have been made in dipolar droplets,
with Wichtler ef al. using a variational ansatz to characterize
three shape oscillations [6], with their prediction for the fre-
quency of the axial mode comparing favorably to experiments
with erbium [4]. Here we present the results of the first cal-
culations of the full excitation spectrum of a dipolar conden-
sate in the self-binding regime by solving the Bogoliubov-de

Gennes equations. We study the modes bound by the elon-
gated droplet in free-space and the nature of instability as the
droplet number decreases towards the critical number. Also,
by including a trapping potential we quantify the evolution of
the spectrum from a trap-bound condensate into a self-bound
droplet.

Formalism— Several works [2—-6, 11-13, 18-22] have estab-
lished that the ground states and dynamics of a dipolar con-
densate in the droplet regime is well-described by a gener-
alized nonlocal Gross-Pitaevskii equation (GPE). The time-
independent version for the ground state wavefunction vy has
the form pg = Lgpibo, where p is the chemical potential
and

272
00 tarlil ()
The effective potential ®(x) = [ dx’ U(x—x')[1o(x')|? de-
scribes the two-body interactions where

EGPE—

39ad
473

Here g = 4mash?/M is the s-wave coupling constant, a,
is the s-wave scattering length, and gqq = dragqh? /M is the
DDI coupling constant, with agq = M pop?/127h? the dipole
length determined by the magnetic moment p,, of the parti-
cles. The DDI term is for dipoles polarized along the z axis,
and 6 is the angle between r and the z axis. The leading-order
LHY correction to the chemical potential is Ay = ’yQFn3/ 2,
which is included in Eq. (1) using the local density approxima-

tion n— ho (x) |2, with coefficient yor = 22 g,/ % (1+2€3,)
[8, 13] where €4q4 = aaq/as [23].
The collective excitations of this system are Bogoliubov

quasiparticles, which can be obtained by linearizing the time-
dependent GPE ih1) = Lgp about the ground state as
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(e.g. see [24, 25]), where A, is the perturbation amplitude.
The quasiparticle modes u,,v, and energies €, satisfy the
Bogoliubov-de Gennes (BdG) equations

Lop—p+ X -X A KT
( X 7(£Gp —u+ X)) (UV> =& (UD) » (4)

U(r) = gs0(r) + (1 —3cos?6). )

= e—i/Lt/h




where X is the exchange operator given by
Xf = o [ Ul )05+ §rael0 . )

We normalize the quasiparticles according to [ dx(|u,[* —
|v,|?) = 1. Solving the GPE for vy and BdG equations for
the excitations has to be done numerically. We utilize the
cylindrically symmetry of the problem (e.g. see [25, 26]) to
solve independently for excitations in different m-subspaces,
where m is the z-projection of angular momentum and em-
ploy a cylindrical cutoff for the DDI [27].
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FIG. 1. (a) Spectrum of a self-bound droplet of 14Dy atoms with
as = 80 ap in free-space as a function of N. The total droplet energy

Eo= [dxibg (=22 4 L&+ 2yqr|tho|*)o (dashed black line) and
— 1 (solid black line) are shown. A straight dash-dotted line fit shows
that the lowest energy mode scales as (N — Nc)l/ 4 as N approaches
the critical number N. =~ 1899. Excitations are m = 0 (blue), m =
1 (red) and m = 2 (green). Variational solution [with N. = 2193]
for the lowest mode (magenta). (b) Widths o,, 0., and effective
volume 0'/30'2 (solid) as a function of N and the corresponding large

N scaling (dashed). (c) Peak density as a function of V.

Self-bound droplets— A universal phase diagram showing
the conditions where self-bound solutions of the GPE exist
was presented in Fig. 2 of Ref. [5]. This phase diagram only

depends on the parameters eqq and /N, and shows that in the
dipole dominated regime (eqq > 1) there always exists a
minimum critical number N, above which a stable droplet
exists. As eqq Increases the critical number N, decreases.
Fig. 1(a) shows the excitation spectrum as N varies for self-
bound droplet of 154Dy with a;, = 80ag (i.e. eqq ~ 1.63).
For this value of €44 the critical atom number is N, ~ 1899.
In solving for the excitations we find that they can be cate-
gorised into two types. (i) Those with €, < —p are bound by
the droplet (noting that quasiparticle energies are relative to
1, so these excitations have negative energy). (ii) Those with
€, > —u are hence unbounded (part of the continuum) and
are sensitive to the details of the finite numerical grid used
in the calculations. We only show the bound excitations in
Fig. 1(a) and indicate — for reference. Our results show that
the number of these bound excitations increases with N. As
N is reduced towards IV, (where only a few of excitations re-
main) the lowest m = 0 mode goes soft indicating the onset
of a dynamical instability of the self-bound state. This mode
softens as €y ~ (N — N,)'/* [see Fig. 1(a)], similar to the
behaviour predicted at the instability point of attractive con-
densates [28] and droplets in binary condensates [29].

We also observe that the energy of the lowest quasiparti-
cle initially increases with N until it reaches a maximum at
N =~ 4 x 103. This mode has a monopole (compressional)
character for N < 4 x 102, and its softening indicates increas-
ing system compressibility as N — N.. For N > 4 x 103
this mode exhibits a quadrupolar character, consistent with the
system becoming incompressible (e.g. see [30]). For compar-
ison we show the energy of this mode obtained by a variational
Gaussian treatment [6, 31], which we find to be a good de-
scription of the full numerical result. We note the variational
theory predicts a 15% higher value for N..

The droplet compressibility is also revealed directly from
condensate properties. In Figs. 1(b)-(c) we show the peak
density npeak, the widths [32] {0, 0. }, and the effective vol-
ume azaz of the condensate as N varies. For N < 4 x 103
(compressible regime) the widths and effective volume de-
crease with increasing /N and the peak density increases. For
N > 4 x 103 the system behaves like an incompressible lig-
uid: the peak density npeax remains constant, and the widths
scale so the volume changes linearly with N.

In the incompressible region there are many bound modes
that form a ladder of regularly spaced excitations [see
Fig. 1(a)]. The lowest energy mode, that we discussed above,
is the first of the ladder of m = 0 excitations. At a higher en-
ergy a ladder of m = 1 excitations begins, and so on (higher
m-ladders) until the —p threshold is crossed. These modes
tend to be confined to the region of space occupied by the con-
densate. Noting that in the incompressible regime the conden-
sate has the shape of a long filament [0, > o, see Fig. 1(b)],
the ladder of modes corresponds to a sequence of harmonics
along the z-extent of the condensate as shown for the lowest
three modes in Fig. 2(b). We see that the u, and v, quasi-
particle amplitudes are essentially identical within the central
region of the condensate where the density is saturated. The



density fluctuation associated with a quasiparticle is given by
dn, ~ (u, — v,)1p, and thus vanishes inside the conden-
sate [see Fig. 2(c)], consistent with the incompressible char-
acter of this regime (c.f. [25, 33, 34]). These results also show
these excitations mainly perturbing the density in the surface
region. The “centrifugal potential” for higher m excitations
shifts their ladders to higher energy. However as N increases
the filament width grows as N''/4 [see Fig. 1(b)] and higher
m-ladders are increasingly bound within the droplet.

We can also quantify the character of the bound modes by
assigning a wavevector to each quasiparticle to compute a dis-
crete dispersion relation. We set z,, as the first solution of
u,(0, z) = 0 for z > 0 and define the wavevector k, = 7/2z,
(k, = 7/z,) for even (odd) modes [see Fig. 2(b)]. The results
of this analysis are shown in Fig. 2(a), where the different lad-
ders of m-excitations are clearly seen.

The m = 0 discrete dispersion relation is well described by
the quasi-one-dimensional (quasi-1D) result found by assum-
ing a Gaussian radial profile of the condensate and excitations
with width o,

gs 9dd (k.0 3 1/2
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(6)

where €, = h2k2/2M and f(q) = 1 + 3¢%e? Ei(—q?) is the
quasi-1D DDI [35], with Ei being the exponential integral.
The dispersion relation (6) only requires o, and npeak from
the GPE solution and has no other fitting parameters. There
is no apparent linear (phonon) dispersion for the m = 0 re-
sults in Fig. 2(a). However, the kinetic energy of these modes
is also negligible (the free-particle dispersion €, is shown for
reference), and (k) still accurately fits the m = 0 modes if
we neglect the €2 term. Thus interaction effects (including the
LHY term) dominate the energetics of these modes, with the
curvature in the dispersion relation arising from the momen-
tum dependence of the DDI, described by f. The variation
of f with k. is set by the radial width o,, and we see that
f changes rapidly over the k, range spanned by the bound
modes [see Fig. 2(a)]. The dispersion relation (6) also has
some similarities to that of a dilute bilayer system of polar
molecules with a three-body interaction [36].

We have calculated spectra for free-space droplets over a
wide parameter regime (as/ag € {70,80,90,100} and N €
{N,,...,2x10%}) and find the general spectrum behavior to
be qualitatively similar to the results of this section.

Transition to self-bound droplets in a trap— Dipolar con-
densates are typically prepared by cooling the atoms through
the condensation transition in an external trap with eqq < 1.
In this regime the role of quantum fluctuations is unimpor-
tant and the condensate profile is determined by a balance
between the repulsive two-body interactions and the trapping
potential (i.e. exhibits a Thomas-Fermi density profile [37]).
From this point a Feshbach resonance is used to reduce ag
(i.e. increase €4q) to bring the system into the dipole domi-
nated regime where droplets can form (e.g. see [1-4]). It is
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FIG. 2. (a) Discrete dispersion relation for a self-bound droplet of
N = 10° '%“Dy atoms with a; = 80 ao in free-space. Also shown
are —p (solid black line), €. (dashed), e(k.) from Eq. (6) (dash-
dotted) and f with an arbitrary scale (red line). Excitations (crosses)
are mapped using k. (see text). (b) Lowest three m = 0 quasipar-
ticles uy,; (solid blue) v,,; (dashed blue) modes, and (c) associated
density fluctuations dnn,; (see text). The quasiparticle results in (b)
and (c) are vertically offset for clarity, and the condensate amplitude
1o is shown for reference (black).

interesting to explore the nature of the excitation spectrum as
the condensate undergoes the transition from being bound by
the trapping potential to being self-bound as a droplet. Trap
geometry can play a significant role in the stability properties
and excitations of a dipolar condensate (e.g. see [25, 26, 38—
40]), however here we focus on the case of a spherically sym-
metric trap where the condensate smoothly crosses over into a
droplet as €44 increases. Our solutions for the condensate and
excitations are found using the procedure outlined earlier with
the potential Viyap = 3 Mw?|x|? added to Lgp.

Our results for a system of 2 x 10* 154Dy atoms are shown
in Fig. 3. For as; 2 95a¢ the condensate is in a low den-
sity trap bound state and has a dense excitation spectrum. As
as decreases below 95ag the condensate energy rapidly de-
creases into negative values as the droplet self-binds. As this
happens most of the quasiparticle energies start rapidly ris-
ing into a quasi-continuum of excitations that are bound by
the trap but not within the droplet. A few m = 0 modes
and a single m = 1 mode are seen to “peel off” from these
rapidly rising modes and become bound excitations within the
droplet, similar to those shown in Fig. 1 [the spectrum here at
as = 80ay is similar to that of the free-droplet in Fig. 1(a) at
N = 2 x 10*]. We also indicate —p, but note it is only an
approximate estimate of the energy scale for self-bound exci-
tations in the trapped system. Since the quasiparticle energies
are measured relative to p, it is useful to consider €, + p (not
shown), which shows that the rapidly rising states are instead
approximately constant in energy relative to the confinement
potential, while the bound state energies rapidly become neg-
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FIG. 3. (a) Spectrum of 2 x 10* '*Dy atoms in a spherical trap
with w = 27 x 70 s~* showing modes up to m = 5. The conden-
sate energy (thick black dashed line) and —u (heavy black line) are
shown. The three oscillation modes predicted by variational theory
(thin dashed lines). The Kohn modes at €, = Aw (note m = 1 mode
obscures the m = 0 mode). (b) Widths o, 0., and effective volume
aﬁaz (solid) as a function of as. (c) Peak density as a function of as.

ative as the droplet forms.

We also give measures of the condensate size and peak den-
sity for reference in Figs. 3(b) and (c). This shows that as a,
decreases over the range of values shown, the radial width of
the condensate reduces by about an order of magnitude while
the axial length slightly increases (it is being constrained by
the trap), thus becoming an elongated droplet. Also the peak
density increases by more than an order of magnitude.

Because of the harmonic trap the system has Kohn modes,
corresponding to center-of-mass oscillations at the trap fre-
quency [41], which are degenerate for our case of a spherically
symmetric trap. As the trap frequency is reduced to zero these
Kohn modes vanish reflecting the translational symmetry of
the free droplet.

The parameters of Fig. 3 match those in Fig. 7 of Ref. [6],
where the variational approximation of the shape oscillation
modes was developed. Those three modes are reproduced in

Fig. 3(a) for reference. We see that two of the variational
modes are low lying excitations in the trap bound regime
(as 2 95ag). These modes cross as the system transitions into
the droplet, and only one (with monopole/quadrupole charac-
ter discussed in the free droplet section) remains a low energy
mode. The third shape mode lies in the dense spectrum of
excitations on both sides of the crossover.

Conclusions and outlook— In this paper we have presented
the first calculations for the full excitation spectrum of a self-
bound dipolar droplet. We find that as N increases the droplet
crosses over from being compressible to behaving like an in-
compressible liquid, revealed by the frequency and charac-
ter of the lowest energy excitation. We also observe that low
angular momentum quasiparticles are bound within the elon-
gated droplet and propagate as axial phonon modes. While we
present figures for 64Dy, all results are also valid for other
atoms with simple scaling. The s-wave scattering lengths
must be scaled by aqq and frequencies must be scaled by
Maﬁd. E.g., for '55Er the vertical axis of Figs. 1(a), 2(a) and
3(a) must be multiplied by 3.9 and the horizontal axis of Fig. 3
must be multiplied by 0.5. The case as; = 80ag considered in
Figs. 1 and 2 corresponds to 40ag for 5CEr,

In experiments the excitations have been excited by modi-
fying the trap (or an external field) [4] (also see [42]). Such
an approach will not effectively couple to the many spatially
varying modes we have discussed here, and new techniques
will be needed to explored to measure these, such as Bragg
spectroscopy (e.g. see [26, 43, 44]) or extensions of this ap-
proach utilizing in sifu imaging [45].
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