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The apparent splitting between orbitals that are spin-orbit partners can be substantially influenced
by the effects of weak binding. In particular, such effects can account for the observed decrease
in separation of the neutron 1ps/; and 1p;,, orbitals between the 41Ca and 3°Si isotopes. This
behavior has been the subject of recent experimental and theoretical works and cited as evidence
for a proton “bubble” in 34Si causing an explicit weakening of the spin-orbit interaction. The results
reported here suggest that the change in the separation between the 1p3/, and 1p, /> partners occurs
dominantly because of the behavior of the energies of these 1p neutron states near zero binding.

To describe the ordering of levels in nuclei and the pat-
tern of magic numbers a spin-orbit interaction had to be
added to the nuclear Hamiltonian which is the basis of the
very successful nuclear shell-model [1]. The magnitude of
the spin-orbit interaction is determined empirically and is
not fully understood quantitatively. The spin-orbit cou-
pling must be a surface term, and is usually included in
the one-body mean field as a potential proportional to
the derivative of the nuclear density.

Recent works have postulated the presence of a proton
“bubble” in 34Si [2, 3], suggesting that the central de-
pletion in the proton density results in an ‘interior’ con-
tribution to the spin-orbit interaction, opposite in sign
to that of the outer surface, causing a factor of approx-
imately two reduction in the spin-orbit splitting of the
neutron 1p orbitals. In this work we show that the low
binding energy of the neutron states considered, quanti-
tatively accounts for the reduction. The effects of weak
binding must be taken into account before other expla-
nations are considered.

Data [4, 5] from neutron-adding (d,p) reactions on
40Ca, 38Ar, 35S, and most recently 3*Si using a radioac-
tive ion beam [2], provide information on the location
of the 1p3/o and 1p;/, single-particle strength outside
of the N = 20 closed neutron shell. This information
is reasonably complete. Using the dominant fragments
of the neutron 1pz/; and 1p;/, strength as a measure
of the single-particle energies it was shown [2] that the
spin-orbit splitting between the neutron 1p3,; and 1p; /o
states decreases by almost 1 MeV from 4! Ca to 3°Si, with
most of that decrease happening between 37S and 3°Si.
To first order the use of the dominant fragments is a fair
approximation, although the actual centroids, which can
be determined from the available experimental data [6]
(and see Supplemental Information [7]), lie at slightly
different energies. In Fig. 1, we show the binding energy
of the 1ps/o and 1p; /o centroids. Immediately it can be
seen that the 1p orbitals move closer to each other, with
the separation changing smoothly by about 1 MeV as
Z decreases. There is no experimental evidence for an
abrupt change between S and Si for the centroids. The
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FIG. 1. Experimentally determined binding energies [4, 6]

of the 1ps/s and 1p, /o single-particle (centroid) energies for
3581, 373, 39Ar, and *'Ca.

1py /2 state is close to the separation threshold at 35Gi.

It was recently emphasized [8, 9] that bound states
with low angular momentum, especially s states, linger
below threshold, showing a reluctance to become un-
bound. Such effects had already been noted by Bohr
and Mottelson [10]. The bulk features of the dramatic
variations in the separation of the proton and neutron 1s
and 0d orbitals between He and O can be attributed to
weak-binding effects on the s states, with the tensor and
spin-orbit components of the residual two-body proton-
neutron interaction accounting for only a small fraction
of the total change [8, 9].

The ‘lingering’ effect means that the rate at which
the eigenstate moves with changing radius of the po-
tential, changes as the state approaches zero binding.
Hamamoto and Sagawa [11] explored the splitting be-
tween the 1p3/o-1p; /2 states for a generic A = 44 system
using a finite nuclear potential and observed a substan-
tial decrease in the splitting as the 1p;,, moved close to
threshold. This demonstrated that while such effects are
most pronounced for zero angular momentum neutrons,
they are also significant for an angular momentum of one
unit for which the centrifugal barrier is still relatively
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FIG. 2. For (a) **Si and (b) *'Ca, a comparison of the ex-

perimentally determined binding energies (Exp.) [6] of the 1p
orbitals with those obtained from Woods-Saxon calculations
(WS) with a fixed spin-orbit potential, potential depths of
47.0 MeV (*°Si) and 51.8 MeV (*'Ca), and parameters given
in the text.

small, at ~500 keV.

In the following, we will discuss how the changes ob-
served experimentally for 1p3,5 and 1p, /o states from Ca
to Si can be described in terms of the proximity of the
p1/2 orbital to the neutron threshold. To explore such ef-
fects, calculations were carried out with a Woods-Saxon
potential using the code of Volya [12] and several estab-
lished parameter sets characterizing the neutron-nucleus
potential. In Fig. 2 we show the binding energies of the
1p levels from experiment for 3*Si+n and *°Ca+n and
from Woods-Saxon calculations with potential parame-
ters 1o = 1.28 fm, a = 0.63 fm, ryo0 = 1.1, as, = 0.65 fm,
and Vi, = 6 MeV (as used in Ref. [8]). The depth of
the potential was chosen to reproduce the binding of the
1p3/o orbital. Note, the spin-orbit potential is the same
for both Si and Ca.

Immediately it can be seen that the general feature, a
decrease of ~1 MeV in the separation of the 1ps/y and
1py /o states, is reproduced by the calculations without
any change to the spin-orbit strength. At 3°Si the 1p1/2
orbital is just bound by a few hundred keV. With no
experimental information yet available on the fragmen-
tation of the 1p states, it is possible the 1p are slightly
less bound as fragmentation would, most likely, shift the
centroid that way.

Other Woods-Saxon calculations using a range of sen-
sible parameters, for example, rg = 1.25-1.28 fm, a =
0.60-0.75 fm, ryo0 = 1.1, ago = 0.65-0.80 fm, and
Vio = 6-7.5 MeV, were explored. In these cases, the
depth of the binding potential chosen to reproduce the
experimental binding energy of the 1ps,, orbital. Typical
potential depths for °Ca+n were around 52 MeV and for
34Si+n, 47 MeV, consistent with the global parameteri-
zation of Ref. [13]. For some of the parameter sets, the
1p1/5 is just slightly bound (by a few hundred keV) and
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FIG. 3. A comparison between experimental spin-orbit split-
ting of the 1p states at N = 21 for 14 < Z < 20 compared with
calculations of the same splittings in a Woods-Saxon potential
with a fixed spin-orbit strength. The width of the shaded re-
gion is to give a measure of the uncertainties associated with
the calculations. The uncertainties on the experimental data
points are discussed in Ref. [6].

for others slightly unbound. The change in the separa-
tion between the 1p3 /5 and 1py /5 spin-orbit partners from
41Ca to ?5Si is relatively insensitive to the choice of the
parameter, varying from around 0.7-0.9 MeV. The rela-
tive proximity of these orbitals to the separation thresh-
old is what dominates the change in separation between
the 1p orbitals, without invoking a weakening of the spin-
orbit force.

Figure 3 shows the difference in binding energies of
the 1p3/5 and 1p; /o neutron single-particle orbitals from
the experimental data and from the Woods-Saxon cal-
culations described above. The shaded band showing
the theoretical calculations is an indication of the range
of uncertainties associated with the choice of reasonable
Woods-Saxon parameters. The parameters characteriz-
ing the spin-orbit interaction were fixed, being the same
for all nuclei in the calculations.

Key to all calculations is that the 1p;,; orbital ap-
proaches the neutron separation threshold in a manner
similar to the experimental data. As the state approaches
threshold it moves more slowly with changing potential
well depth and/or changing potential radius. The 1ps/,
orbital is more deeply bound and it moves more rapidly
in energy as the nucleus gets smaller. Since the domi-
nant features of the experimental data are quantitatively
described by the consequences of weak-binding effects on
the 1p, /5 orbital, this effect must be taken into account
before discussing any changes in the spin-orbit interac-
tion strength.

The lingering below threshold is associated with ex-
tended rms radii. While bound states with higher-¢ val-
ues have rms radii more in line with a typical rgA*/? de-
pendence, as low-¢ orbits approach threshold their wave



functions also become significantly extended—the cen-
trifugal barrier for £ = 1 neutrons is only a few hundred
keV in these cases.

From the same calculations, the separation between
the 0f7/2 and 0f5/o states, while much larger [14], also
decreases by about 1 MeV from #'Ca to 3°Si. This is
a consequence of the same mechanism. Although these
higher-¢ orbitals experience a larger centrifugal barrier,
they do behave similarly at their respective barriers. The
0f5/2 is unbound by at least 3 MeV at 3°Si, which is
within an MeV or so of the barrier. Comparisons between
calculations and experimental data for the 0f states are
complicated by the fact that the 0fs5/, states are frag-
mented and in most cases unbound.

Two-body matrix element calculations carried out
to determine the residual interaction strength between
70ds3/9-v1py /2,372 and wlsy/9-v1py/9.3/2 orbitals (using
the effective interaction from Ref. [15]) suggest that the
splitting between the 1ps/, and 1p; /o due to the proton-
neutron interaction changes by about a hundred keV
from Si to Ca, about 10-20% of the weak-binding effect
demonstrated in this work.

The decrease in the separation between 1psz/5 and 1py /o
orbitals was considered as indirect evidence for a so-called
“bubble” nucleus at 1Si [3]. Without direct evidence for
a proton bubble at 34Si, two arguments were put forward.
Proton-removal reactions demonstrated that at 34Si the
proton 1s;/, orbital is approximately empty. Similarly,
from proton-removal transfer reactions on 3¢S, the same
orbital is essentially fully occupied. While neither reac-
tion probes the charge density directly, the inferred lower
density at the center of 34Si is assumed to contribute sig-
nificantly to the overall magnitude of the spin-orbit in-
teraction. The threshold effects reported in the present
work suggest that such an explanation for the reduction
of the spin-orbit strength might not be needed, and that
the proximity of the threshold can explain the reduction
of the splitting between these spin-orbit partners.

Recent calculations using covariant density function-
als [16] and ab initio approaches [17] seem to reproduce
the magnitude in the separation of the 1p states. How-
ever, in Ref. [16] this seems dominantly to be the result of
a sudden decrease in the binding of the 1ps; orbital while
the binding of the 1p; /5 orbital decreases almost linearly
with Z (see Fig. 8 of Ref. [16]). This is in contrast to
what would be expected as the levels approach threshold
in a finite nuclear potential. Their single-particle solu-
tions are expanded in an oscillator basis which can have a
significant impact on the near threshold effects discussed
above. The change they observe is attributed directly to
a weakening of the spin-orbit interaction and a correla-
tion of this effect with a proton bubble in 34Si. The ab
inito calculations of Ref. [17] again suggests a weakening
of the 1p splitting and a connection to a proton bubble,
but similarly, their calculations expand the one-, two-,
and three-body operators in a harmonic oscillator basis.

They comment that such expansions probably impact the
derived binding energy of the low angular momentum or-
bitals near threshold.

It is interesting to note that a similar situation might
be encountered at N = 17 going from 32S to 30Si. While
proton removal reactions [4] from these two nuclei clearly
indicate a reduction of the proton 1s; » occupancy in %S,
charge density distributions, derived from elastic electron
scattering data [18], do not seem to support the appear-
ance of a bubble. However, such data are perhaps not
sufficiently precise to discern a central depletion in charge
density.

We can also look at the same spin-orbit splittings at
N =29, where the 1p3,; and 1p; /5 orbitals are relatively
well bound at *°Ca. Here the experimental data are
more limited as there are no stable N = 28 isotones
below “8Ca. However, the same Woods-Saxon calcula-
tions described above support the experimental observa-
tion of a p-wave, almost certainly a p3/z, halo at 3"TMg
at N = 25 [19], a consequence of the same weak-binding
mechanism.

In conclusion, we show that simple geometric effects
describe the 1p3/5-1py /o splitting outside of N = 20 with-
out invoking a weakening of the one-body spin-orbit in-
teraction or an additional explicit two-body spin-orbit
interaction.

A simple Woods-Saxon potential appears to describe
a huge variety of near threshold, non-linear, phenomena
such as s- and p-wave halos, the ordering of sd states in
light nuclei, and the possible onset of halos or neutron
skins around ®Ni or below 2*Pb at N = 126 [8]. It
would be interesting to have better experimental data
on the centroids of the neutron d states for the N = 17
and 19 nuclei, where no change would be expected in the
separation of the centroids, and also (e,e) scattering data
on these radioactive nuclei. 3*Si happens to represent
the perfect case where the binding energy of the p; /5 is
very small due to geometrical effects of the finite nuclear
potential, something that is not captured in most shell-
model calculations.
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