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Surface polarization in ion-containing heterogeneous dielectric media such as cell media and emul-
sions is determined by and determines the positions of the ions. We compute the surface polarization
self-consistently as the ions move and analyze their effects on the interactions between electro-
neutral, ion-containing droplets using coarse-grained molecular dynamics simulations based on the
true energy functional. For water droplets immersed in oil, the inter-droplet interaction is attractive,
and the surface polarization makes the major contribution. By contrast, for oil droplets in water,
the ion-surface induced charge interaction is repulsive and counteracts the attraction between the
ions, leading to a small attractive interaction between the droplets. This research improves our
understanding of self-assembly in mixed phases such as metal extraction for recovering rare earth
elements and nuclear waste as well as water purification.
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Aggregation of foreign phases in dielectric media that
contain ions is ubiquitous in biological systems, oil re-
fining industry and water purification membranes [1–
3]. Segregation of ion-containing emulsions in organic
solvents is particularly important in extraction of rare
earths and nuclear waste. In such processes, multiva-
lent ions and their counterions are encapsulated in self-
assembled nano-droplets of water immersed in oil. In
the case of amphiphiles encapsulating electroneutral wa-
ter droplets with trivalent ions (such as lanthanides) to-
gether with monovalent counterions in oil, for example,
the droplets flocculate into clusters [4], and X-ray scat-
tering data reveal long range inter-droplet interactions.
A unique feature of these emulsions is the permittivity
difference, which gives rise to surface polarization when
there is a local electrical field either due to an external
field or due to the presence of charges in the system.
In order to understand the aggregation of ion-containing
emulsions, it is important to study how the surface po-
larization contributes to the inter-droplet interactions.

In all-atom molecular dynamics (MD) simulations, po-
larization effects are included in the atomic details of
the solvent molecules [5]. However, the role of surface
polarization cannot be extracted from all-atom MD sim-
ulations. As a result, the role of the surface polariza-
tion in ion-containing aggregates has remained elusive.
Therefore, coarse-grained MD simulations (CGMD) that
include explicitly surface polarization effects are desired
[6]. Recently, surface polarization has been introduced
in implicit solvent CGMD using the boundary element
method [7–9], perturbation theory [10] and the varia-
tional method [11, 12].

In this research, we use CGMD to investigate the role
of surface polarization in the interaction between ion-
containing electro-neutral droplets in heterogeneous di-
electric media. In contrast to traditional CGMD, this
work directly considers interfacial polarization by mini-

mizing the energy functional of surface induced charges
[12]. This method agrees well with analytic results for
the case of charged hard spheres [10] (see SI [18], which
includes Refs. [19–25] ). We first simulate two water
droplets immersed in an oil medium, each droplet is 1 nm
in diameter and encloses cations and anions with stoichio-
metric ratio (Fig. 1), consistent with the observation in
all-atomistic simulations for metalloamphipheles studies
[4]. Constant and non-fluctuating spherical droplets are
adopted since we are interested in the time-averaged in-
teraction, and the inter-droplet correlations are observed
to be stable up to tens of nanoseconds [4]. We then sim-
ulate the opposite case of two droplets with lower dielec-
tric constant (oil) of the same dimensions immersed in
water (Fig. 1) to determine the role of surface polar-
ization in settings close to biological conditions such as
interactions between bacterial micrompartments includ-
ing carboxysomes [13]. Trivalent cations and monovalent
anions of 2 Å radii are first studied, corresponding to
Eu3+ and NO3

- studied in experimental measurements
[4], since only multivalent ions are pertinent for recov-
ering rare earths and nuclear waste studies, and lan-
thanides are particularly important in these studies be-
cause only few of them are radioactive, which permits sci-
entists to explore their physical properties safely. Then
we vary the ion size and valency. We model ions ex-
plicitly, and we model solvents implicitly. We neglect
surfaces [14] and confinement effects [15] on the permit-
tivity of the media. We assume the bulk permittivity is
80 for water, and 5 for oil. A discontinuous jump in
the permittivity of the implicit solvent is used to de-
termine the effect of surface polarization without the
need of including fitting parameters. However, the per-
mittivity is lowered to account for the effect of salt on
the medium permittivity [26] in the supplemental ma-
terial (SM) [18]. Despite of several approximations in
the model, our results of inter-droplet interaction en-
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ergy closely match the experimental results by SAXS [4].
Four cases with droplet1/medium/droplet2 permittivity
values (ε1/ε3/ε2) are studied: (a) water droplets in oil
(80/5/80), (b) oil droplets in water (5/80/5), (c) pure
water (80/80/80) and (d) pure oil (5/5/5).

The role of surface polarization can be addressed start-
ing from the definition of polarization vector P(x) =

− [ε(x)−1]∇ψ(x)
4π , where ε(x) is permittivity, and ψ(x) is

electrostatic potential. Gaussian units are used. How-
ever, polarization vector is a volume vector in a non-
trivial dielectric medium, namely, it is non-zero wherever
the electrical field is not zero, making the surface polar-
ization contributions hard to separate from the total elec-
trostatic interactions. In addition, surface polarization is
dynamically entangled with the positions of real charges,
therefore, it is rather difficult to be calculated and re-
mains unresolved for decades. Fortunately, the induced
charge density, which is defined as ρi(x) = −∇ · P(x),
vanishes except when ∇ε(x) or ρr(x) is not zero, where
ρr(x) is real charge density, i.e. the induced charge is not
zero only at dielectric interfaces or at the location of real
charges. Therefore, the determination of induced charges
enables the separation of surface polarization contribu-
tions from total electrostatic interactions.

We obtain the induced charges using a variational
method based on the true energy functional of induced
charges [12, 16]:
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1
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where ω is the surface induced charge density, k, l are
indices that enumerate the interfaces, and Rρρ, Rρω and
Rωω are Green’s functions that take surface polarization
into account as defined in SI [18].

Note Eq. (1) extends the formula of the energy func-
tional from one interface [11] to multiple interfaces. We
emphasize that Eq. (1) is a true energy functional of
induced charges [12]. Minimizing Eq. (1) solves for the
induced charges and gives the true electrostatic energy.

In our CGMD studies, surfaces are meshed into 0.0095
nm2 triangular patches and the induced charges are ob-
tained by minimizing the discretized energy functional.
The electrostatic force on the ions is then calculated as
the product of ion charge and the electrical field. The
excluded volume of the ions is represented by a shifted
repulsive Lennard-Jones potential: uLJ = 4ε[(σr )12 −
(σr )6] + ε for r ≤ 2

1
6σ, where ε and σ are the energy

and distance parameter, respectively. ε is 1 kBT and σ
depends on the ion sizes. The encapsulation of the ions
by the droplet surface is guaranteed by a shifted repul-

sive Lennard-Jones potential. The dynamics of ions is
advanced following Newton's second law [17]. To sim-
ulate the constant temperature ensemble, the system is
coupled to a Langevin thermostat at a temperature of
300 K. The timestep is 1 fs. All simulations are run for
at least 10 ns.

The electrostatic energy can be separated into bulk
and surface contributions using ω(x′) , the surface in-
duced charge density [11]. Integrating by parts the
electrostatic energy U = 1

8π

∫
V
ε(x)E2(x)d3x becomes

U = 1
2

∫
V
ρr(x)ψ(x)d3x, which contains the bulk charges

and surface induced charges [18]:
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The first term is the electrostatic interactions excluding
the surface charges, and the second term is the contri-
bution that involves surface polarization. To be concise,
we refer to the first term in Eq. (2) as ion-ion inter-
actions, and the second term in Eq. (2) as ion-surface
induced charge interactions. However, the factor of 1

2 in
the second term indicates that this term contains not only
real charge-induced charge interactions, but also induced
charge-induced charge interactions.

It is known that surface polarization is determined by
ion distribution, and surface polarization also affects ion
distribution. The physics behind this intertwined rela-
tion is hardly understood without being able to separate
the inter-droplet interactions into ion-ion interaction and
ion-surface induced charge interaction. Fig. 1 shows the
total, ion-ion and ion-surface induced charge interactions
for the four cases (a) - (d). Fig. 1(a) shows that in case
(a), the ion-surface induced charge interaction between
the droplets contributes about 80% to the total inter-
droplet electrostatic attraction at an inter-droplet dis-
tance of 11 Å. The total inter-droplet interaction is about
1.0 kBT, close to SAXS measurement in experiments [4].
The inter-droplet interaction is increased with decreas-
ing permittivity inside the droplet, and the ion-surface
induced charge interaction remains the major contribu-
tion (see SM [18]). The interaction energy decays with
r−6, where r is the distance between the two droplets
(see fit curves in Fig. 1). This result shows that surface
polarization enhances the inter-droplet attraction for wa-
ter droplets in oil. To understand this enhancement, we
notice that the surface induced charge adjacent to pos-
itive ions is positive, and vice versa, as is shown in the
snapshot in the inset of Fig. 1(a) as well as the videos
in SM [18]. That ions induce same sign charges can be
understood by expanding in spherical harmonics induced
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FIG. 1. Ion-ion (blue circles, fit in blue dotted lines), ion-
induced charge (red triangles, fit in red dashed lines) and
total (black squares, fit in solid black lines) inter-droplet in-
teractions as a function of inter-droplet distance (a) between
water droplets immersed in oil and (b) between oil droplets
immersed in water. Inter-droplet interaction with uniform
water permittivity (green crosses and fit in green solid lines
in (a)) and with uniform oil permittivity (green pluses and fit
in solid lines in (b)). Insets are snapshots of the simulations.
Red means positive charges, and blue means negative charges.
Videos are available in SM [18]. Color online.

charges in a single sphere,

ω(R, θ) =
q(εin − εout)

4πεin

×
∞∑
l=0

(l + 1)(2l + 1)dl

[l(εin + εout) + εout]Rl+2
Pl(cos θ)

(3)

where ω is the surface induced charge, q is the charge of
an ion, R is the radius of the sphere, d is the distance
from the ion to the center of the sphere, θ is the polar
angle, l is the order of each term in the expansion, and
εin and εout is permittivity inside and outside the sphere,
respectively. Eq. (3) shows that the induced charges
are of the same sign as the ion inside the sphere when
εin > εout. Consequently, the induced charges increase
the total dipole moment formed by the real charges in
each droplet, which enhances the inter-droplet attraction.

By contrast, in case (b), the ion-surface induced charge
interaction between the droplets is repulsive, while the
ion-ion interaction between the droplets is still attractive
(Fig. 1(b)). These two types of interactions counteract
each other, leading to a very small inter-droplet attrac-
tion (Fig. 1(b)). As shown in the inset in Fig. 1(b) and

the videos in SM [18], the surface induced charges are
of the opposite sign as the charge of the ion adjacent to
the interface grids, which cancels out the dipole moment
formed by the ions within the droplet. This is consistent
with the spherical harmonics expansion approximation in
Eq. (3).

To reinforce the importance of including surface polar-
ization for the inter-droplet interactions, we perform sim-
ulations without considering surface polarization, using
uniform permittivity throughout the system and com-
pare with simulations that consider surface polarization.
Fig. 1(a) shows that when water permittivity is used
throughout the system (case (c) shown in green crosses
in Fig. 1(a)), the total inter-droplet interaction is close
to the ion-ion interaction between the droplets for wa-
ter droplets in oil. This is not surprising, consider-
ing that only ion-ion interaction exists for simulations
with uniform permittivity, and the permittivity inside
the droplets in the two cases is the same. This com-
parison also indicates that using uniform water permit-
tivity underestimates the total inter-droplet interaction
for water droplets in oil by a large amount when surface
polarization is neglected. Moreover, by comparing case
(a) (black squares in Fig. 1(a)) with case (d) (green plus
signs in Fig. 1(b)), we find that simulations with uniform
oil permittivity overestimates the inter-droplet interac-
tion by an order of magnitude. We attribute this to the
increased electrostatic interaction between ions due to
decreased permittivity. The above comparisons indicates
that the total inter-droplet interaction is not simply re-
produced by arbitrarily choosing the permittivity inside
or outside the droplets.

On the other hand, the comparison between case (b)
(black squares in Fig. 1(b)) and case (d) (green plus signs
in Fig. 1(b)) shows that when uniform oil permittivity is
used, the total inter-droplet attraction is overestimated
for oil droplets in water. Moreover, uniform water per-
mittivity in case (c) also overestimates the total inter-
droplet interaction for oil droplets in water.

It is interesting that the inter-droplet interaction for
case (d) with uniform oil permittivity is at least twice the
inter-droplet ion-ion interaction for oil droplets in water
in case (b) (Fig. 1(b)). This seems inconsistent with the
fact that the permittivity inside the the droplets is the
same for the two cases, which seems to correspond to sim-
ilar ion-ion interactions between the droplets for the two
cases, based on Eq. (2). To understand this difference in
ion-ion interactions with or without accounting for sur-
face polarization, we recall that surface polarization not
only is determined by the ion distribution, but also de-
termines the ion distribution, and consequently ion-ion
inter-droplet interactions. The effect of surface polariza-
tion on the ion-ion inter-droplet interaction can be ana-
lyzed with dipole-dipole interactions by simply modeling
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FIG. 2. (a) the average magnitude of dipole moment, (b)
the orientation factor between dipoles and (c) the distance
between the center of dipoles formed by ions in each droplet
for water droplets in oil (black squares), oil droplets in water
(red circles), uniform water permittivity (blue triangles) and
uniform oil permittivity (green diamonds). Color online.

ions in each droplet as one dipole:

W =
|p(x1)||p(x2)|(cos θ12 − 3 cos θ1 cos θ2)

ε|x1 − x2|3
(4)

where W is the interaction energy between dipoles p(x1)
and p(x2), θ12 is the angle between the two dipoles, θ1
(θ2) is the polar angle of dipole 1 (dipole 2) with respect
to n, the unit vector in the direction of (x1 − x2), and ε
is permittivity where the dipoles are.

Based on Eq. (4), the ion-ion interaction between the
droplets is determined by four factors in the framework
of dipole-dipole interactions: i) the magnitude of the
dipoles, |p(x1)| and |p(x2)|, ii) the orientation factor of
the dipoles Θ = cos θ12 − 3 cos θ1 cos θ2, iii) the distance
between the dipoles, |x1 − x2|, and iv) the permittiv-
ity ε. While the factor iv) is an input to CGMD, the
rest of the factors vary upon ion distribution within the
droplets, and are shown in Fig. 2 for all four cases (a) to
(d).

The average magnitude of the dipole moment formed
by ions in each droplet

√
〈p2〉 is smaller in cases (b)

and (d) than cases (a) and (c), as shown in Fig. 2(a), be-
cause the electrostatic attraction between ions is stronger
in oil than in water, leading to smaller cation-anion dis-
tances. Moreover,

√
〈p2〉 is smaller for water droplets

in oil (case (a)) than in uniform water permittivity (case
(c)), because ions inside droplets induce surface-induced
charges of the same sign, which repel the ions from the
surface, making cation-anion distances even smaller. On
the contrary,

√
〈p2〉 is larger for oil droplets in water

(case (b)) than in uniform oil permittivity (case (d)),
because ions inside droplets induce opposite-sign surface
induced charges, pulling ions towards the surfaces.

Fig. 2(b) shows that the orientation factor, Θ, is
much more negative for uniform oil permittivity (case
(d)) than the other cases, which has the strongest total
inter-droplet attraction in Fig. 1. The dipoles are ori-
ented to minimize the enthalpic driven free energy for
case (d). We note that Θ is 0 for fully random orienta-
tions. For cases (a) and (c), the ion-ion electrostatic in-
teractions are normalized by large permittivities, making
enthalpic contribution to the free energy less pronounced.
Therefore, the dipoles formed by ions in each droplet are
more randomly oriented to maximize the entropy. For
case (b), the ion-ion attraction between the droplets is
canceled out by surface polarization, leading to little en-
thalpic contribution to the total free energy, therefore,
the orientation dependence of the free energy for case
(b) is weakened, also leading to random orientations.

The energy functional based CGMD and the separa-
tion of inter-droplet interaction enables to understand
the physics behind the observed phenomena. The dif-
ference in the magnitude and the orientation factor of
the dipole moments formed by the ions in each droplet
for cases (a) to (d) show that the surface polarization
and ion distribution are inter-dependent. Moreover, the
average distance between the center of dipoles is more
or less of the same length scale as the distance between
the droplets. We note that strictly speaking, ion-ion
inter-droplet interactions not only include dipoles but
also quadruples, which are important for short-range
inter-droplet interactions, but their contribution decays
sharply with the inter-droplet distance.

Using explicit calculation of induced charges and sepa-
ration of electrostatic inter-droplet interaction, our work
provides a clear understanding behind the intertwined
relation between surface polarization and ion distribu-
tion. Besides finding strong attractions between droplets
with multivalent ions in agreement with all-atom met-
alloamphiphile extraction studies [4], we find the orien-
tation of the charges in the droplets is strongly affected
by the surface polarization and hence the ion-ion inter-
action between the droplets; these interactions decrease
as the ion size and valency decreases (see SM [18]). Our
studies reveal the role of dielectric mismatch on inter-
droplet interactions. While ion-containing oil aggregates
in aqueous solutions interact very weakly with each other,
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much weaker than in the case of simulations that do not
include surface polarization, in organic solvents the in-
teractions between water droplets are strongly enhanced
due to surface polarization. For the successful recovery of
rare earths and nuclear waste, the ion containing droplets
need to be dispersed in the oil phase. Our studies show
that the attraction strength increases as the permittiv-
ity inside the droplets decreases [18]. Therefore, disper-
sion can be optimized by forming larger droplets which
should have lower concentration of ions and therefore a
lesser decrease of water permittivity [26] and/or by se-
lecting oils with a higher dielectric constant. This under-
standing helps building meaningful models for analyzing
interactions between ion containing emulsions and micro-
compartents [27], and paves the way for understanding
self-assembly of mixed phases for multiple applications.
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