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Applications of the orbital angular momentum (OAM) of light range from the next generation
of optical communication systems to optical imaging and optical manipulation of particles. Here
we propose a micron-sized semiconductor source which emits light with pre-defined OAM pairs.
This source is based on a polaritonic quantum fluid. We show how in this system modulational
instabilities can be controlled and harnessed for the spontaneous formation of OAM pairs not
present in the pump laser source. Once created, the OAM states exhibit exotic flow patterns in
the quantum fluid, characterized by generation-annihilation pairs. These can only occur in open
systems, not in equilibrium condensates, in contrast to well-established vortex-antivortex pairs.

PACS numbers: 42.50.Tx,42.65.Yj,71.36.+c

The physics of orbital angular momentum of light
(OAM) has attracted considerable attention ([1–3] and
references therein). The interest in the physics of OAM
extends beyond the characterization and preparation of
light beams with non-zero OAM, and includes such top-
ics as rotational frequency shifts [4, 5], detailed analysis
of the vortex physics [6], the physics of OAM in second-
harmonic generation [7, 8], optical solitons with non-zero
OAM [9], transfer and conservation of OAM from pump
to down-converted beams [10, 11], OAM conservation in
degenerate four-wave mixing [12], data transmission us-
ing OAM multiplexing [13], and quantum optical aspects
such as entanglement [14]. In addition, manipulation and
creation of OAM states using coherence gratings [15], liq-
uid crystals [16] and metasurfaces [17] has been reported.

There is also a vast body of research on exciton polari-
tons in semiconductor microcavities. Here, being part of
the polaritons, otherwise non-interacting photons expe-
rience effective interactions through the polaritons’ exci-
tonic component. This combines the advantages of non-
linear systems with the ease of measuring optical beams.
Polaritons form a quantum fluid, and prominent exam-
ple of observed phenomena include parametric amplifica-
tion [18] and Bose condensation ([19, 20] and references
therein). Polaritonic quantum fluids can support vortices
[21, 22], and it was recently demonstrated that OAM can
be transferred to polaritonic Bose-Einstein condensates
using chiral polaritonic lenses [23], and that the number
of vortices can be controlled by controlling the OAM of
the pump beams [24, 25].

The question remains whether the relatively strong
interaction between polaritons can be used to manipu-
late, in a well-controlled fashion, the orbital and/or spin
angular momentum of polaritons (and thus the light field
emitted from the cavity). For example, is it possible to
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FIG. 1: (a) Sketch of cylindrical semiconductor microcavity
with distributed Bragg reflector (DBR) mirrors and one (or
several) semiconductor quantum wells. (b) Schematic of a
four-wave mixing (FWM) scattering process involving two in-
coming polaritons with orbital angular momentum mp and
two outgoing polaritons (spontaneously created if FWM ex-
hibits instability) with m1 and m2.

use a beam with OAM of mp and create additional OAM
contributions, say two components of OAM m1 and m2,
and to use the light beam characteristics of frequency
and intensity to control m1 and m2? The fact that ro-
tationally symmetric states can be unstable under suf-
ficiently large interactions is well known, and examples
include spatial pattern formation in chemical reactions
and biological process of morphogenesis [26, 27], patterns
in nonlinear optical solid-state and gaseous systems [28–
30], and pattern [31] and vortex formation in atomic and
polaritonic quantum fluids [32–34]. However, the mere
breaking of rotational symmetry does not answer the
question how one could design a nonlinear system that
would perform similarly to the linear systems mentioned
above, but with the benefit of all-optical control of its
output. In the following, we show that polaritonic inter-
actions can be harnessed to create spontaneously emerg-
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ing OAM pairs [35]. The underlying physics is that
of four-wave mixing instabilities, which is also used to
create the above-mentioned optical patterns. However,
in conventional pattern formation linear momentum (or
wave vector) states become unstable and a state with
wave vector kp can generate waves with k1 and k2, and
translational invariance dictates 2kp = k1 + k2. Many
nonlinear systems allow only for a limited number of pat-
terns, for example, in the case of waves vector instabil-
ities, stripes (also called rolls) and hexagonal patterns
[36].
In the present case, we consider a system that is not

translationally invariant. We show that in a cylindri-
cal cavity with finite radius pumped with polaritons of
OAMmp, four-wave mixing instabilities lead to the spon-
taneous pairwise formation of OAM states with m1 and
m2, subject to the condition of angular momentum con-
servation [12] 2mp = m1 +m2, Fig. 1. In analogy to the
conventional patterns, we are interested in creating only a
few stationary (at least on the nanosecond time scale con-
sidered here) OAM states. In contrast to [22, 37] we are
not creating vortex-antivortex pairs, i.e. regions of oppo-
sitely rotating flow patterns that correspond to opposite
signs of ~∇× j (where j is the particle current). Instead,
we are creating generation-annihilation pairs, i.e. regions
that generate and destroy polaritons corresponding to op-
posite signs of ~∇ · j(r). In contrast to vortex-antivortex
pairs, which can exist in closed systems and condensates
in thermal equilibrium, generation-annihilation pairs can
only exist in open systems. Moreover, we are not using
seed beams (called imprint beams in [22]) to trigger the
instability; our instability is triggered by fluctuations and
self-sustained, requiring only the pump to be present.
In semiconductor microcavities, there is also a spin-

orbit interaction, giving rise, for example, to a polaritonic
Hall effect, called the optical spin Hall effect [38]. A con-
ceptually simple and robust all-optical control scheme of
this effect has been demonstrated in [39]. The question
then arises whether the spin-orbit interaction, caused by
the splitting of transverse-electric (TE) and transverse-
magnetic (TM) modes, renders the pure orbital angular
momentum control impossible, as orbital and spin angu-
lar momentum are not independently conserved. For re-
alistic values of the TE-TM splitting, we find the effect of
the spin-orbit interaction (SOI) to be unimportant and,
for clarity, omit it in the following discussion (results in-
cluding SOI are in the Supplemental Material [40], which
includes Refs. [31, 39, 41]).
We treat the polariton system as a two-dimensional

coherent field moving in the cavity plane (Fig. 1a). The
field’s time evolution is governed in our model by a spinor
Gross-Pitaevskii equation:

i~
∂Ψ±

∂t
=

[

~ω0 −
~
2

2M
∇2 + V − iγ

]

Ψ± + T++|Ψ±|2Ψ±

+ T+−|Ψ∓|2Ψ± + S± (1)

Here Ψσ(r, t) is the polariton field, with r = (x, y) and
σ = +,− denoting the spin (polarization) state rela-
tive to the z axis (normal to the cavity’s plane). The
source term S±(r, t) plays the role of an external pump,
and γ/~ is the combined rate of dissipative and radia-
tive losses. ~ω0 is the minimum polariton energy, M
the polariton mass, and T++ and T+− are parameters
representing the scattering amplitudes between two po-
laritons with parallel and anti-parallel spins respectively.
For analytical advantages, we formulate Eq. (1) in the
angular momentum basis. The fields are expanded as
Ψ±(r, t) =

∑

m∈Z

ψ±
m(r, t)eimφ−iωpt (similar for S±(r, t))

where (r, φ) are spatial polar coordinates, and ωp is the
pump’s center frequency. Eq. (1) yields the equations of
motion of the radial components as

i~
∂

∂t
ψ±
m(r, t) = [−Lm + V (r)]ψ±

m(r, t) + s±m(r, t) (2)

+
∑

m′m′′m′′′

δm+m′′′,m′+m′′

×
[

T++ψ±∗
m′′′(r, t)ψ

±
m′(r, t)ψ

±
m′′ (r, t)

+ T+−ψ∓∗
m′′′(r, t)ψ

∓
m′(r, t)ψ

±
m′′ (r, t)

]

where Lm = ~
2

2M

(

∂2

∂r2
+ 1

r
∂
∂r

+ k2p −
m2

r2

)

+iγ and
~
2k2

p

2M
=

∆p = ~(ωp−ω0). V (r) is a circularly symmetric potential
confining the polaritons to a region r ≤ R, requiring
ψ±
m(R) = 0. The cubic nonlinear terms represent two-

polariton scattering between angular momentum states.
Eq. (2) is solved explicitly in time domain simulations.

The pump is taken to be (+) polarized with an OAM
equal to mp: sσm = δmmp

δσ+S(r). Since the system’s
setup is circularly symmetric, in the absence of insta-
bilities, the excited coherent polariton keeps the pump’s
OAM mp. (Incoherent polaritons carrying other m’s are
produced by scattering out of Ψ±, which is considered
as part of the loss γ in Eq. (2)). The nonlinear terms,
however, include four-wave mixing processes that may
drive rotational modulational instabilities of the pumped
polariton field, creating new angular momentum compo-
nents. One such process, shown in Fig. 1b, is a scatter-
ing of two polaritons in the pump mode into two modes
with OAM m1, m2, the values of which are restricted by
OAM conservation m1 + m2 = 2mp. Under favorable
conditions, this scattering triggers the instability, which
can result in optical parametric oscillation (OPO), by en-
abling mutually reinforcing growth in the polariton com-
ponents in modes m1 and m2. This is the rotational ana-
log of the familiar translational FWM instability where
two plane waves of equal and opposite linear momenta
arise spontaneously out of a uniform field.
A challenge common to many nonlinear systems is to

find stationary pattern-like solutions to the correspond-
ing nonlinear equation. Performing large-scale numeri-
cal solutions of the nonlinear equations and scanning all
control parameters is often prohibitively numerically ex-
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FIG. 2: The maximum growth rate Λ vs. |ψ̄+
p |. The brackets

(|m|, n) indicate the OAM and n-th zero, respectively. Here,
m = ±1,±2,±3,±4 OAM modes have a positive growth rate.
The growth rates of instabilities against radial fluctuation
modes (with number of nodes indicated) are shown as grey
areas (n > 2 are stable). We see a range of |ψ̄+

p | values (just
below 5 µm−1) where (4,1) exhibits instability while ψ̄+

p is
radially stable (cf. Fig. 3b).

pensive. Instead, one often performs a linear stability
analysis (LSA). This helps identifying modes that are
linearly unstable, but it does not guarantee that those
modes uniquely identify the emerging stationary patterns
[36]. In the following, we therefore combine a simplified
LSA, which allows us to obtain qualitative insight into
possible instability scenarios, and then use numerical so-
lutions of the full nonlinear equation to study the system
for parameter values close to those suggested by LSA re-
sults. In our LSA, we assume the polariton component
in the pump mode to be a constant, independent of r,
which we denote by |ψ̄+

p |
2 and the pump is monochro-

matic. Below, in the full numerical solution, a source
S(r, t) excites a ψ+

mp
(r) that is almost r-independent but

drops to zero close to R. There, the LSA results are a
useful starting point for a numerical search for the de-
sired instabilities. Within the LSA, |ψ̄+

p |
2 is determined

by S (now a number, not a function S(r, t)) through Eq.
(2). The rotational stability of this steady state is exam-
ined by linearizing Eq. (2) in fluctuations in mode pairs
(m1,m2) satisfying m1 +m2 = 2mp and solving the at-
tendant eigenvalue problem. Details of the LSA (includ-
ing the role of T+−) can be found in the Supplementary
Material. The stability eigenvalue λ (the linearized fluc-
tuations are proportional to e−iλt so that Imλ > 0 implies
instability), for mp = 0, is given by

~λ = −iγ±

√

(

εmn − 2T++|ψ̄+
p |2

)2
−
(

T++|ψ̄+
p |2

)2
(3)

where εmn = ~
2

2M

[

k2p − (αmn/R)
2
]

with αmn the n-th
zero, not counting the origin, of the Bessel function Jm.
Denoting the imaginary part of the square root in Eq.

(3) by Λ, we show in Fig. 2 the maximum growth rate
Λ = Im(~λ) + γ plotted against the pump-mode polari-
ton component |ψ̄+

p | for pump OAM mp = 0 and de-
tuning ∆p = 1.5 meV. The physical parameters are
M = 7.2 × 10−5m0 (m0=free electron mass), T++ =
5.69× 10−3meVµm2, and R = 5µm. With these param-
eters, the OAM modes with |m| = 1, · · · , 4 have positive
growth rate over various ranges of |ψ̄+

p | values. However,

the polaritonic interactions giving rise to the T++|ψ̄+
p |

2

term in Eq. (3) may also trigger radial instabilities, i.e.
instabilities in the modes’ radial dynamics that do not
generate new OAM components. We show these radial
instabilities for the uniform, mp = 0 pumped mode as
grey areas in Fig. 2: one against the radial fluctuation
mode with one node at r = R (n = 1), and another
against the mode with an additional node (n = 2). The
radial instabilities are undesirable because, in our sim-
ulations using Eq. (2), their presence typically hinders
the onset of rotational instabilities. In Fig. 2, the region
that avoids the radial instabilities but features a rota-
tional instability with OAM m 6= mp is indicated by the
growth of the |m| = 4 mode with one node, labeled (4, 1).
This kind of stability information is useful for determin-
ing parameters for the full numerical simulations and
experiments of OAM mode creations.
The time evolution of the polariton field is followed

beyond the linear instability regime with numerical sim-
ulation of Eq. (2). Polariton fields with |m| ≤ 8 are
included in the simulations, leading to numerically con-
verged results for the cases considered here. The desired
pumped polariton component is essentially uniform with
a value denoted by |ψ̄+

p |, except close to R, where it drops
to zero. We design a source that creates such a target
function in the absence of the OAM instability. Once
the additional OAM modes are created, the pumped po-
laritons reach a new steady ψ+

mp
(r) that deviates slightly

from the target function. These functions, together with
details for the source, are given in the Supplementary
Material. In the simulation, the stationary states of the
nonlinear system are reached after approximately 0.5ns,
and for all results discussed below the state reached after
the instability remains unchanged for at least 1ns.
Figure 3 shows the fractions Nm of dif-

ferent OAM modes, defined by Nm =
∫

drr|ψ+
m(r)|2/

∑

m′

∫

drr|ψ+
m′ (r)|2, in the final steady

state reached by the system. In Fig. 3(a), where mp = 0,
OAM modes with m1 = +2 and m2 = −2 are created.
These new modes contribute a substantial amount to
the total polariton number, here about 10% each. A
different set of parameters yields OAM modes with
m1 = +4 and m2 = −4, Fig. 3(b), which is consistent
with the LSA (Fig. 2). Again, the density fractions of
these modes are substantial. The creation of polariton
OAM modes is not limited to mp = 0. In Fig. 3(c) we
demonstrate a case with mp = 1, where OAM modes
m1 = 6 and m2 = −4 are created.
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FIG. 3: Left: The polariton density OAM fractions Nm

under self-sustained optical parametric oscillation conditions
(rounded values indicated in figure). Spontaneously created
modes have OAM (a) m1 = +2 and m2 = −2, (b) m1 = +4
and m2 = −4, and (c) m1 = 6 and m2 = −4. Parameters:
(a) mp = 0, ∆p = 0.7meV, γ = 0.05meV, |ψ̄+

p | = 4.0 µm−1;
(b) mp = 0, ∆p = 1.5meV, γ = 0.15meV, |ψ̄+

p | = 5.5 µm−1;
(c) mp = 1, ∆p = 2.0meV γ = 0.15meV, |ψ̄+

p | = 5.7 µm−1.
Right: (d)-(f) Corresponding real-space distribution of polari-
ton density |Ψ+(r)|2 (units of µm−2).

We show the corresponding steady state polariton den-
sities, |Ψ+(r)|2, in Fig. 3 for the three parameter sets dis-
cussed above. For mp = 0 the pump alone would yield a
circularly symmetric pattern. For the first case, where
m = ±2 OAM modes are spontaneously created, the
three modes superpose to create a four-fold pattern, and
the intensity in Fig. 3(d) shows two brighter spots/areas
on the x-axis and two dimmer spots/areas on the y-axis.
Similarly for the second case, wherem = ±4 OAMmodes
are created, the three modes (m = 0,±4) generate an
eight-fold pattern, with four brighter spots/areas on the
x and y axes, and four dimmer (hardly recognizable)
spots/areas on the two diagonals, see Fig. 3(e). When
mp = 1, the spontaneously created modes are m1 = 6
and m2 = −4, and a simple analytical model for the
expected angle dependence of the intensity yields a de-
pendence ∝ cos(5φ + φoff), φoff being an offset angle, in
agreement with Fig. 3(f).

The spontaneous formation of new OAM states
through rotational FWM instabilities also results in
the formation of non-trivial or exotic flow pat-
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FIG. 4: The real-space flow pattern given by the normalized
current density j(r)/|j(r)| (arrows) and the divergence of the

current, ~∇ · j(r), shown as color plot, units of µm−1 ps−1, for
the case of Fig. 3 (c),(f). The circulation at the origin, here
trivially generated by the mp = 1 pump, is surrounded by
five generation-annihilation pairs that emerge as part of the
self-sustained optical parametric oscillation. For additional
flow patterns see Supplement.

terns, as determined by the current density j =
~

2Mi

(

Ψ∗~∇Ψ−Ψ~∇Ψ∗
)

. An example of such a flow pat-

tern is shown in Fig. 4 for the dominating component
Ψ = Ψ+. Quite generally, the resulting flow patterns fea-
ture spatially distributed generation-annihilation pairs
(i.e. sources and sinks of the polariton density corre-

sponding to opposite signs of ~∇ · j(r)). Figure 4 shows
the case of mp = 1, in which the circulation at the ori-
gin, which here is trivially generated by the pump, is sur-
rounded by five generation-annihilation pairs. One can
see that the sources correspond to the intensity peaks in
Fig. 3(f)).

In conclusion, the potential for using four-wave mixing
instability in semiconductor microcavities as an effective
way to spontaneously generate sizable pairs of OAM
components of light is theoretically demonstrated. Our
theory explains the underlying physics and shows how
specific individual OAMmodes can be created by varying
the optical pump parameters. For applications, demulti-
plexing (sorting) techniques [42, 43] based on azimuthal-
to-linear mapping would allow to identify the OAM
states, and extracting single components may become
possible through a sequence of demultiplexing, blocking
of some of the OAM states, and linear-to-azimuthal mul-
tiplexing. In the future, more general numerical search
algorithms may discover a larger variety of spontaneously
formed OAM modes, possibly including non-trivial ef-
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fects due to polaritonic spin-orbit interaction. Further-
more, it will be interesting to extend the present study to
pump polarizations other than circular, confinement po-
tentials other than step-like, and to investigate whether
other systems with disk-like geometry can provide suf-
ficiently strong nonlinearities to allow for similar OAM
instabilities, possibly with the benefit of more efficient
coupling to pump light (e.g. micro-disks with Kerr non-
linearities, rare-earth disk-like doped sections in optical
fibers, or disk-like containers including atoms such as ru-
bidium [30] or sodium [44]). We hope that, in the long
term, our approach can even yield a device that delivers
“OAM modes on demand.”
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