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We theoretically study the magnetic properties of pyrochlore iridate bilayer and trilayer thin films grown
along the [111] direction using a strong coupling approach. We find the ground state magnetic configurations on
a mean field level and carry out a spin-wave analysis about them. In the trilayer case the ground state is found
to be the all-in/all-out (AIAO) state, whereas the bilayer has a deformed AIAO state. For all parameters of the
spin-orbit coupled Hamiltonian we study, the lowest magnon band in the trilayer case has a non-zero Chern
number. In the bilayer case we also find a parameter range with non-zero Chern numbers. We calculate the
magnon Hall response for both geometries, finding a striking sign change as function of temperature. Using a
slave-boson mean-field theory we study the doping of the trilayer system and discover an unconventional time-
reversal symmetry broken d +id superconducting state. Our study complements prior work in the weak coupling
limit and suggests that the [111] grown thin film pyrochlore iridates are a promising candidate for topological

properties and unconventional orders.

PACS numbers: 75.25.-j,75.30.Ds,71.27.+a

Introduction - One of the main focal points of quan-
tum materials research is topological states of matter, where
the essential physics is generally due to spin-orbit cou-
pling (SOC) [1H4]. Another is correlated electron sys-
tems, in which electron-electron interactions dominate, lead-
ing to interaction-driven insulators, magnetism, and uncon-
ventional superconductivity [5]. Even more possibilities open
up when both SOC and electron-electron interactions are
present, such as fractionalized topological insulators (TT) [6-
17], interaction-induced TI [18H24]], and unconventional mag-
netic states [25H27]]. A promising place to look for both types
of physics is in 5d transition-metal oxides, which tend to have
comparable electron-electron interaction and SOC strengths
[28H30].

Among these, the pyrochlore iridates A,Ir,O7 (where A is
a rare earth element) have seen a lot of interest [, (10, (11} |16,
31H335], in part due to the geometrically frustrated lattice sug-
gesting exotic magnetic phenomena such as chiral spin liquids
[36], and in part since some iridates allow an elegant treat-
ment of the iridium orbitals in the form of a single effective
Jersr = 1/2 moment [37540]]. (The splitting of the f,, orbitals
into separate j = 1/2 and j = 3/2 manifolds may be violated
in practice, but still represents a good starting point unless one
intends to make quantitatively accurate first-principles predic-
tions [41},142].) Magnetically, the bulk systems tend to order in
a noncollinear g = 0 all-in/all-out (AIAO) configuration [42-
47]], although Pr,Ir,O; shows no signs of order at the lowest
experimentally accessible temperatures [48 [49]. As for elec-
tronic phases, there are many theoretical possibilities, includ-
ing axion insulators [32} 34} 50|, topological Mott insulators
[L1L/16]], topological crystalline insulators [[10]], other varieties
of correlated topological insulators [8], and Weyl semimetals
(31,132,134, 151]. Thin films grown along high symmetry di-
rections have been shown to offer further possible phases, that
are not readily inferred from the bulk ones [41}52H56].

Previous thin film studies have approached the system from
the weak coupling limit [41] [57], but the materials are re-
ally in the non-perturbative intermediate coupling regime [28-

30]. Here we describe work starting from the strong-coupling
limit, offering a perspective complementary to previous stud-
ies. Alternatively, one can view our work as a study of spin
(local moment) models with SOC on decorated kagome lat-
tices, possibly artificially created in an optical lattice using
artificial gauge fields to realize the SOC and spin interaction
terms [S8-H61]. While experiments on Eu,Ir,O; provide evi-
dence for an AIAO order in thicker thin films [62H64], theo-
retical studies on atomically thin bilayers and trilayers are less
conclusive [41} 152, 153]. We find that, in the strong coupling
limit and on the mean field level, the magnetic ground state
is AIAO in the trilayer system, and closely related to it in the
bilayer. Performing a spin-wave analysis about the magnetic
ground state, we find the lowest energy band is isolated and
has a non-zero Chern number. We calculate the associated
(thermal) magnon Hall response, which shows strong signa-
tures of the band topology. Finally we introduce dopants into
the system, and explore the phase diagram in a slave-boson
mean field treatment, discovering that a large region of pa-
rameter space hosts an unconventional time-reversal symme-
try broken d + id superconducting phase in which the order
parameter sign alternates between layers.

Spin model - The spin Hamiltonian for the bulk system is
(65]

H:Z[]Si,Sj+Dij.(S,»><Sj)+Sfr?ijﬂ’ 1)
ij

where S; is the effective spin-1/2 moment on site i, and the
terms represent the antiferromagnetic (AF) Heisenberg cou-
pling, Dzyaloshinskii-Moriya (DM) interaction (DMI) and
symmetric anisotropic exchange, respectively. The latter two
are given in terms of the normalized DM vectors 9;; [31]], by

D;; = DMY;; and l"ff’ = F(f/?jfzf’j — 6%y 3), parametrized by
the strengths DM and I, respectively. In the strong coupling
limit, the three interaction strengths can be determined mi-
croscopically using a Slater-Koster (SK) approach [31] 33].
In the simplest models they are functions of the SK parame-

ter t, with an overall scaling due to the Hubbard U coupling
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FIG. 1. (color online) (a) “Sandwich” structure. (b) Top view of
trilayer grown along [111]. (c) Top view of bilayer structure.

[31L133]]. Tt is also possible to determine the direction of the
DM vectors (up to an overall sign) from symmetry alone [66—
68, producing two configurations known as direct and indi-
rect, associated with an AIAO order and a noncoplanar order,
respectively. For bulk pyrochlore iridates, the direct configu-
ration is expected and there is indeed also direct experimental
evidence for the AIAO order [45]].

In this work we focus on thin films of pyrochlore iridates
with non-magnetic A site ions [69] grown [70] in the [111]
direction [41} |52H56]]. Along this axis, the pyrochlore lattice
consists of alternating triangular and kagome layers. We focus
on triangular-kagome-triangular (TKT) trilayers and kagome-
triangular (KT) bilayers [41] 52, 53], as shown in Fig.[1] It is
assumed that the spin Hamiltonian for these layers is the same
as in the bulk case, but that the lattice develops inequivalent
sublattices with different coordination numbers. For example,
in the TKT case sites in the triangular (kagome) layers have
3 (6) nearest neighbors (NNs). The absence of a mirror plane
means that we are unable to determine the thin film DM vec-
tors from Moriya’s rules. Instead, we take them to be inherited
from the bulk lattice [69]. To this end, and to minimize dis-
tortion effects, we consider a “sandwich structure” with lattice
matched support layers, as shown in Fig. [T(a).

Following bulk results [34, 66] as well as thin film predic-
tions [41}, 52H55]], we assume a q = O (translationally invari-
ant) structure and solve the model variationally on the mean-
field level. In the case of the TKT trilayer, we generically find
the AIAO state, as shown in Fig. In the KT bilayer case,
the symmetry is lowered even further, and we find a family
of distorted AIAO states. Essentially, these are spin config-
urations similar to the AIAO structure, but the spins do not
meet in the center of the tetrahedron. The z coordinate of this
intersection point can be used to classify the magnetic con-
figuration and measure how far from the AIAO state it is. A
typical case is shown in Fig. 2b] However, if we set J = 1
and choose DM < 0 and I freely, eschewing direct ties to mi-
croscopic models, we find that it is possible to get arbitrarily
close to the AIAO state [69].

Reaching the ATAO state in the bilayer does require a fine-
tuning of both DM and I', as well as an unusually high value
for the DM strength with [DM|/J > 1, whereas experiments
suggest [DM|/J ~ 0.1-0.3 [46]. Nevertheless, it is interesting

(a) TKT mean field state (b) KT mean field state

FIG. 2. (color online) (a) The AIAO structure generically found on
for the TKT trilayer, and (b) the deformed AIAO state typical for the
KT bilayer. The shaded planes represents the Kagome plane.

to consider these bilayer mean field states proximate to the
ATAO order for [DM|/J > 0.7 as they yield topological lowest
magnon bands, whereas those found for the parameters used
in the TKT case do not. In addition, we note that optical lattice
systems may allow strengths up to |DM|/J = 1 [61]], rendering
our work potentially relevant to those experimental systems.

Topological magnon bands - To study spinwaves in non-
collinear magnetic structures, we first perform a sublattice de-
pendent rotation to make the local z-axis point in the direction
of the local moment, and then introduce a Holstein-Primakoff
representation [71]. The resulting Hamiltonian is truncated
to quadratic order, Fourier transformed and then diagonalized
using a Bogoliubov transform [72]. The magnon spectra for
bulk pyrochlore iridates was studied in Ref. [73]], employing a
parametrization in which

PP 6 1 . (6
J:U[cos (é—&)—gsm (2’—0)}, 2)
81 6 6
D; = Ucos(Ef —G)Sin(é —9)91,, 3)
81 6 any O
ny =7 sin’ (é‘@[z f’f‘?}’ @

where 6, = 2arctan V2 ~ 109.47" is the tetrahedral angle.
In this parametrization it is clear that energies scale by /U,
and @ is the parameter determining the relative importance of
the interactions. The system approaches the Heisenberg limit
and becomes gapless as 6 — 6,/2 =~ 0.96. In the bulk system,
the cubic symmetry guarantees a threefold degeneracy at the I'
point [73]]. This degeneracy is lifted in the thin film case, and
we generically find an isolated lowest band, as can be seen in
Figs. |3ajand for the trilayer and bilayer systems, respec-
tively. Since the lowest band is isolated, it has a well-defined
(first) Chern number, which we calculate numerically using
the Fukui method [74]]. It turns out to be non-zero in a large
portion of the parameter space, due to the noncoplanar spin
texture, caused by the DM and I" terms, inducing a non-trivial
Berry phase on magnon motion through the Brillouin zone.
The relatively flat band also implies that magnon-magnon in-
teractions could lead to correlated boson (magnon) behavior.
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FIG. 3. (color online) (a) Spin-wave spectra in the trilayer system for the DMI-dominated case § = 1.57 and approaching the Heisenberg limit
at @ ~ 0.96. Energies are given in units of /U (b) Phase diagram for the t-J-like model in the trilayer system. (c) Spin-wave spectra in the
bilayer system for a topologically non-trivial case DM = —0.7, and DM = —1.6, which is trivial. Energies are given in units of the Heisenberg

coupling J.

In the TKT spectra (Fig. [3a) we use the parametrization
given above, and find that the direct gap between the two low-
est bands is 0.11472/U (0.135:%/U) for 8 = 1.57 (8 = 0.96).
Taking Y,Ir,O7 as a typical example of a Mott-insulating
ATAO magnet, we have the realistic value U = 2.5e¢V from
first-principles calculations on the bulk material [42]]. Assum-
ing U/t = 6, the smaller gap is 92K. Since the iridates are
most likely in the intermediate coupling regime, the U/ ratio
is unlikely to be significantly higher. The gap should thus cor-
respond to experimentally accessible temperatures away from
a band closing at 6, = 1.26. Defining the flatness ratio as band
gap over bandwidth, the TKT bands (apart from the 8 = 0.96
case which approaches the Heisenberg limit) have flatness ra-
tios on the order of 1/10 [69]. Throughout the parameter
space considered, the lowest band has a non-zero Chern num-
ber C = +1, with a topological transition at .. The full band
evolution is shown in the supplemental material [69].

For the KT spectra (Fig. we used values of DM/J and
I'/J chosen to engineer a state as close to the AIAO order as
possible. Again, we stress that iridates are unlikely to reach
the high DM strength required, but it might be possible to en-
gineer in optical lattice systems. Supposing that is the case,
we find that the gap closes around DM/J = —1.3, represent-
ing a topological transition from C = —1 at [DM| < 1.3toa
topologically trivial system for |[DM| > 1.3 [69]. In the topo-
logical sector, the gap is 0.3J = 95K, using J = 27.3(6)meV
as reported for Sm;Ir, O7 [46], giving a flatness ratio that is ap-
proximately one. In general we seem unable to achieve a both
very flat and topologically non-trivial band in these systems,
which would allow for interesting interaction effects [75]]. In-
cluding longer-range interactions (which translate into longer
range hopping terms for the spin waves) could perhaps change
that, as in the case of electronic Chern insulators [76]].

Since magnons are bosonic excitations, a quantized mag-
netic (thermal) Hall response is not expected. Instead we
envision the kind of observations found in other topological
bosonic systems [[77]], such as photonic topological insulators
[78]], Hofstadter bands in ultra cold bosonic atoms [[79], topo-
logical bands in cold bosonic atoms [80], and topological po-

lariton insulators [81} |82]. Wave packets are excited into the
non-trivial bands, possibly using a pulsed magnetic field as a
pump, producing long-lived edge excitations.

We have also computed (see FigH) a magnon Hall effect,
in which the magnon edge current produces a thermal Hall
current in the presence of a temperature gradient and an as-
sociated transverse thermal conductivity k,, [83H86]. As a
function of temperature, we find [69]] a sign change in «,,
that reflects the topological nature of the thermal Hall effect
in this system as bands of different Chern number come to
dominate the transverse thermal transport [87]. Observing this
sign change requires a sensitivity of ~ 107! W/K [69]. The
thermal Hall effect has been experimentally demonstrated in
collinear pyrochlore and kagome ferromagnets [88H93]], and
predicted to occur also in kagome antiferromagnets [94-96],
as well as other systems [97H101]]. The topology is due to the
DMI in collinear systems, and finite spin chirality of the mag-
netic order in non-coplanar systems, which may be caused
by DMI or magnetic fields. To our best knowledge, the cur-
rent study is the first to predict it will occur in this specific
non-collinear/non-coplanar magnetic configuration. The non-
collinearity makes the order more susceptible to control by
external magnetic fields. For small fields we expect the ther-
mal Hall conductivity should still be present since the lowest
magnon band is separated by a gap from the next higher band.

Doping and superconductivity - To identify order parame-
ters with the same symmetries as the spin Hamiltonian, we
first employ a hidden symmetry [102] to write the Hamilto-
nian, Eq.(]I[), in a Heisenberg form, H = Zij JoS! - S;., where
the site- and bond-dependent SO(3) transformation depends
on the normalized DM vector ¥;; according to,

S; = (1 = cos ¢) (¥i; - Sk) Vi + cos S, — sin ¢Sy x Vi, (5)

where ¢ = ¢ (6k,~ — O j). The angle ¢ can be related to the 6
parameter used in the spin wave parametrization through ¢ =
6;/2 — 6. Using the methods of Refs. [103| and [104], we next
represent the rotated spin operators by fermionic spinons f,
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FIG. 4. Temperature dependence of the magnon Hall conductivity,
Ky (T) for (a) the TKT trilayer system and (b) the KT bilayer system,
up to the estimated ordering temperature [69)]. The sign change of
the thermal Hall conductivity with temperature is associated with a
change in which topological bands dominate the transport [69]. In
(a) kT is given in units of 2/ U.

through §¢ = 'T‘r

o Tor .fi,, subject to the local constraint 5]

> f; fi = 1, wh1ch will later be approximated by a global
constraint for each sublattice. We identify the usual t-J model
order parameters for spin-conserving exchange, )A(l. ;= f'T f]a
and singlet pairing, A’ = fii aﬂ fjﬁ f' —f! 1/ ;- These or-
der parameters are then rotated back to the ori gmal coordinate
system using a SU(2) transformation. This procedure gives us
the parameters [69]],

Xu=ﬁlfjm bij = o (19 7),, ©)
Aij = fuitopfip &= fu(@0%7) S D

representing spin-conserving exchange, non-spin-conserving
exchange, singlet and triplet pairing, respectively. Similar
order parameters have been employed for Kitaev-Heisenberg
models [[105} [106], but in our model the components of the
non-spin-conserving exchange and triplet pairing parameters
get weighted by the DM vectors. This is a reflection of the
spin-lattice coupling due to the the DM interaction, and the
effect vanishes in the absence of spin-orbit coupling, as seen
in the relations [69]],

Xij=cos(6:,/2 - 0) %ij +5in (6,/2 - 0) §yj, (®)
Aj; = cos (6,/2 - 0) Ay — sin (6,/2 - 0) &, 9)

where 6 = 6,/2 for the Heisenberg case, as before.

Dopants are introduced through a hopping term H, =
—t 2 o (C;;O_C o+ H.c.), where ¢! is an electron or hole cre-
ation operator (our treatment is symmetric in this respect).
To disallow double occupation this fermion operator is rep-
resented as CZT = f;rb,-, where b is the slave-boson opera-
tor subject to the constraint 1 = b;fb,- + X, f;r fir- We as-
sume that all bosons are condensed in their lowest band, i.e.
0= (bj'bi) = (bjb 2, which holds in the low-doping regime
at zero temperature. This leads us to the mean-field hop-
ping term H, = —16 Y (f;f](, +H.c). We further carry
out mean-field decouplings for all our order parameters, as-
suming one value per sublattice. This results in a system of

36 mean-field parameters to be solved self-consistently [69].
To make the problem more tractable, we introduce ansatzes
for s- and time-reversal symmetry breaking d-wave states. In
both cases we distinguish between bonds between sites both
located in the kagome plane (in-plane bonds), and bonds be-
tween a site in the kagome plane and a site in a triangular
layer (out-of-plane bonds). These are necessarily different, as
in- and out-of-plane sites have different coordination numbers.
We also take the exchange order parameters Y, Xour» ¥in and
Your to be real-valued and the triplet pairing order parameter
to be zero. In the s-wave ansatz, the singlet pairing parameter
satisfies A = (A, Ainy Aours Aowr). In the d + id-wave ansatz,
A= (Aina Aineizﬂ/3» Aouteiﬂ/?), Aauleiﬂ/s) [69].

The results of the self-consistent calculations are shown in
Fig. 3b] At low doping 6 and spin-orbit coupling we find
the s-wave ansatz to be energetically favorable. There is a
transition to the d + id-wave state at finite doping, the value
of which decreases with increased spin-orbit strength. Over

~ (.2 the superconducting order parameter vanishes, lead-
ing to a Fermi liquid state. In both the s- and d + id-wave
solutions the self-consistent results have the order parame-
ter changing sign between in-plane and out-of-plane bonds,
ie. sgn(A,) = —sgn(A;). This kind of sign change can
be understood by analogy to layered superconductors, where
non-centrosymmetricity can induce Rashba SOC with signs
that alternate between layers, driving a similar sign change of
the order parameter [107-H109]. While our model does not
explicitly contain a Rashba-like term, spin-orbit physics is
present in the form of DM and I interactions. These, in turn,
drive a magnetic order, the moments of which can be con-
sidered analogues of the effective magnetic field due to the
Rashba effect. Considering the AIAO order of Fig. 2a] one
finds that the in-plane moments can be averaged to an effec-
tive field B, ss ~ +Z. Similarly the out-of-plane moments have
B.ss ~ —Z, which yields the same kind of sign structure.

Conclusion - In this letter we have shown, using a strong
coupling (local moment) model, that thin film pyrochlore
iridate magnets are expected to exhibit topological magnon
bands, with strong signatures in the temperature dependence
of the thermal conductivity, as well as exotic time-reversal
symmetry broken d + id superconductivity upon doping. We
focused on the ultra thin bilayer and trilayer systems grown
in the [111] direction. Our work complements earlier stud-
ies that used the weak coupling limit as a starting point, and
draws connections to layered superconductors and magnon
Hall physics.
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