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We utilize various ab initio approaches to search for a low-lying resonance in the four-neutron (4n)
system using the JISP16 realistic NV interaction. Our most accurate prediction is obtained using
a J-matrix extension of the No-Core Shell Model and suggests a 4n resonant state at an energy
near F,. = 0.8 MeV with a width of approximately I' = 1.4 MeV.

PACS numbers: 21.45.-v, 21.10.Tg, 21.60.De, 24.10.-i, 27.10.+h

With interest sparked by a recent experiment [1] on the
possibility of a resonant four neutron (4n) structure (see
also [2] for a recent communication) and while awaiting
for forthcoming experiments on the same system [3-5],
we search for 4n (tetraneutron) resonances using the high
precision nucleon-nucleon interaction JISP16 [6]. The ex-
periment has found a candidate 4n resonant state with
an energy of 0.83 £+ 0.65 (stat) &+ 1.25 (syst) MeV above
the 4n disintegration threshold and with an upper limit
of 2.6 MeV for the width. The 4n system was probed
by studying the reaction between the bound “He nucleus
and the weakly bound Helium isotope, 8He. It has been
shown [7] that the four neutrons in ®He form a relatively
compact geometry. Hence the experimental study of the
4He+3He collisions is a promising avenue for the isolation
of the 4n subsystem.

The experimental quest for the very exotic 4n struc-
ture started almost fifteen years ago when the possibil-
ity of a bound 4n (or tetraneutron) was proposed [§] in
14Be breakup reactions (*Be — "Be + 4n). This ex-
perimental result however has not been confirmed. Early
calculations of the 4n system in a small basis [9] found it
unbound by about 18.5 MeV. More recent state-of-the-
art theoretical calculations have concluded that without
altering fundamental characteristics of the nuclear forces
[10], the tetraneutron should not be bound. More the-
oretical calculations were performed [11-17], all of them
agreeing that a bound tetraneutron is not supported by
theory. In particular, calculations performed in the com-
plex energy plane to search of multi-neutron resonances
within the Complex Scaling Method [13-15] give quan-
titatively similar results and point to the fact that the
4n resonance, if it exists, would have a very large width
(~15 MeV), likely prohibitive for experimental detection.
The tetraneutron could however exist if confined in a
strong external field. In Nature, this would be the case
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of 8He, where the nuclear mean-field is strong enough
to confine the tetraneutron around the tightly bound a-
core. Once the field is suddenly removed by knocking out
4He, it is expected that the tetraneutron will disintegrate
very fast due to its anticipated large width.

There is also a work [16] where the continuum response
of the tetraneutron was studied. The outcome was that
there exists a resonant-like structure at around 4-5 MeV
above threshold, however this structure depends on the
tetraneutron production reaction mechanism represented
by the source term in this study, and the conclusion was
that the 4n probably cannot be interpreted as a well-
defined resonance but most probably as a few-body con-
tinuum response in a reaction.

Nevertheless, our current knowledge of nuclear inter-
actions and many-body methods provide new opportuni-
ties to probe exotic states above thresholds. We are fur-
ther motivated by the conclusion in Ref. [10] that even
though the existence of a bound tetraneutron is ruled out,
extrapolations of (artificialy) bound state results to the
unbound regime, imply that there may be a 4n resonance
at about 2 MeV above the four-neutron threshold.

A complete investigation of the tetraneutron as a res-
onant state, would consist of performing calculations of
the actual experimental reaction ‘He(®He,*Be). How-
ever, such a realistic calculation is currently out of reach,
though we are witnessing the first steps for such theoret-
ical calculations to become a reality [18, 19].

We treat the 4n system with a realistic non-relativistic
Hamiltonian which consists of the kinetic energy and the
realistic inter-neutron potential defined by the JISP16 in-
teraction [6]. We solve for the 4n energies by employing
basis expansion techniques for the Hamiltonian. Specifi-
cally, we employ the No-Core Shell Model (NCSM) [20]
and artificially bind the 4n system by scaling the inter-
action to track its lowest state as a function of that scal-
ing. We also employ the No-Core Gamow Shell Model
(NCGSM) [21, 22| which provides resonant parameters
directly in the complex energy plane. Finally, we ex-
tend NCSM using the Single-State Harmonic Oscillator
Representation of Scattering Equations (SS-HORSE) for-



malism [23, 24] for calculations of the S-matrix resonant
parameters.

First, to get an estimate of whether JISP16 can provide
a 4n resonant state, we exploit the technique suggested
in Ref. [10] and perform pure NCSM calculations by con-
structing an artificially bound 4n system by scaling up
the NN interaction. Our extrapolations to the unbound
regime are in quantitative agreement with Ref. [10] that
predicts a resonance at around 2 MeV above threshold
but without any indication of the width. We tried also a
much more elaborate technique of Analytic Continuation
in the Coupling Constant (ACCC) [25, 26]. The ACCC
requires exact results for the 4n energy with scaled in-
teractions while NCSM provides only variational energy
upperbounds; extrapolations to the infinite basis space
appear to lack the precision needed for a definite predic-
tion of the resonance energy and width.

In order to shed further light on a possible 4n reso-
nance, we solve the NCGSM with the JISP16 interaction.
In the NCGSM one employs a basis set that is spanned
by the Berggren states [27] which includes bound, reso-
nant and non-resonant states; they correspond to solu-
tions of the single particle (s.p.) Schrodinger equation
obeying outgoing (bound-resonant states) and scatter-
ing (non-resonant states) boundary conditions. In this
basis the Hamiltonian matrix becomes complex symmet-
ric and its eigenvalues acquire both real and imaginary
parts. The real part is identical to the position of the res-
onant state above the threshold and the imaginary part
is related to its width I' = —2Im(FE).

We adopt the basis provided by a Woods—Saxon (WS)
potential for a neutron in relative motion with a 3n sys-
tem. We modify the WS parameters in a way that it
will support a weakly bound 0s, /, state and a resonant
Ops/2 state. For the s/ and p3/p shells we include the
0s1/2 bound state, the Ops /o resonant state and the asso-
ciated non-resonant states. We additionally include the
p1/2 real scattering continuum along the real momen-
tum axis. We performed calculations for several WS pa-
rameterizations supporting both narrow and broad s. p.
states. States with an angular momentum of ¢ > 2 are
taken as HO states. We retain states through the 3gg /-
shells. For our NCGSM calculations, the h{) parameter
of the HO basis was varied from 4 MeV to 14 MeV. Due
to the use of Berggren states for low angular momen-
tum partial waves, we observe a weak dependence of the
results on the Af) parameter.

For the 4n calculation we constructed Slater determi-
nants allowing two neutrons to occupy continuum orbits,
called the 2p-2h approximation. Taking the dependence
on basis space parameters into account, the NCGSM re-
sults indicate a broad resonant state in the energy range
E, ~ 2.5 to 3 MeV above the 4n threshold and a width
ranging from I' ~ 2.5 to 6 MeV. These variations reflect
the omission of additional p-h excitations. Nevertheless
the real part of the resonance exhibits a robust character

at the current level of p-h truncation, i.e., it is nearly in-
dependent of the WS parameterizations and independent
of the frequency of the HO basis.

At the same time, we observe that the resonance en-
ergy decreases together with the width as the NCGSM
basis increases. Getting the converged resonance pole po-
sition in this approach requires the NCGSM basis spaces
beyond our current reach.

Finally, following the J-matrix formalism in scattering
theory [28] as represented in the HORSE method [29],
we extend the finite NCSM Hamiltonian matrix in the
harmonic oscillator (HO) basis into the continuum by
appending to it the infinite kinetic energy matrix.

For the kinetic energy extension of the NCSM Hamil-
tonian, we use the democratic decay approximation (also
known as true four-body scattering or 4 — 4 scatter-
ing suggested [30, 31]) and first applied to the tetra-
neutron problem [32-34] by Jibuti et al. Later it
was exploited in other tetraneutron studies (see, e.g.,
Refs. [13, 16, 35, 36]). Democratic decay implies a de-
scription of the continuum using a complete hyperspher-
ical harmonics (HH) basis. In practical applications, a
limited set of HH is selected which is adequate for the
systems like the 4n which has no bound subsystems.

The general theory of the democratic decay within the
HORSE formalism was proposed in Ref. [37]. We use
here the minimal approximation for the four-neutron de-
cay mode, i.e., only HH with hyperspherical momen-
tum K = Knin = 2 are retained in the kinetic energy
extension to the NCSM. This approximation relies on the
fact that the decay in the hyperspherical states with K >
Kiin is strongly suppressed by a large hyperspherical

centrifugal barrier @

tum . = K +3 and the hyperradius p? = Z?:l (ri—R)?,
R is the tetraneutron center-of-mass coordinate and r;
are the coordinates of individual neutrons. Note, all pos-
sible HH are retained in the NCSM basis. The accuracy
of this approximation was confirmed in studies of demo-
cratic decays in cluster models [38-41].

Realistic NN interactions require large NCSM ba-
sis spaces and extensive computational resources. For
computational economy, we also adopt the SS HORSE
approach [23, 24] where we calculate the 4 — 4 S-
matrix S(F) at one of the positive eigenenergies of the
NCSM Hamiltonian, £ = FE). In this case, the gen-
eral HORSE formula for the S-matrix simplifies: express-
ing S(E) through the 4 — 4 phase shifts 0(F),

S(E) _ €2i5(E), (1)

where the effective momen-

we obtain for the phase shifts [23, 24]

_1 Sntot 12, 2(E)
§(Ey) = — tan—! 2wt 2L VTA 2
() = =t 2 2 (B @

max

Here the maximal total quanta in the NCSM basis
NI = Npin + Nmax, Nmin = 2 is the quanta of the

max
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FIG. 1. NCSM results for the tetraneutron ground state en-
ergy obtained with various Nmax (symbols) plotted as func-
tions of ASY (upper panel). The shaded area shows the NCSM
result selection for the S-matrix parametrization; the solid
curves are obtained from the phase shifts parametrized with
a single resonance pole by solving Eq. (2) for the eigenener-
gies at given Nmax and AS) values. The 4 — 4 phase shifts
obtained directly from the NCSM results using Eq. (2), are
shown in the lower panel.

lowest possible oscillator state of the 4n system, Npax
is the maximal excitation quanta in the NCSM basis;
analytical expressions for the regular Sy« (F) and irreg-
ular Cny.«(FE) solutions of the free many-body Hamilto-
nian in the oscillator representation can be found else-
where [37]. Varying Npax and A€ in the NCSM cal-
culations, we obtain the phase shifts and S-matrix over
an energy interval. Parametrizing the S-matrix in this
energy interval, we obtain information about its nearby
poles and hence resonances in the system.

The NCSM calculations were performed with Ny ax =
2,4, ..., 18 using the code MFDn [42, 43] and with A2
values, 1 MeV < A2 < 40 MeV. The results for the 0F
tetraneutron ground state are shown in the upper panel
of Fig. 1.
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FIG. 2. The 4 — 4 scattering phase shifts: parametrization
with a single resonance pole (solid line) and obtained directly
from the selected NCSM results using Eq. (2) (symbols). The
dashed line shows the contribution of the resonance term.

180 A e e W ey e
150% ///—— ]
120F .

A
Z
3
8
1
=
o

I

4n’ gs v 12

L

!

O [degrees]

Res. + False poles 16
P o 18

— SSHORSE u
—- Resonance term
-— Fasepoleterm

!

!

I

L

-90 il B B el e B =TT T S B R Y S P

0 5 10 15 20 25 30
E [MeV]

FIG. 3. Same as Fig. 2 but for the parametrization with
resonance and false state poles. The dashed-dotted line shows
the contribution of the false state pole term.

The convergence patterns of the NCSM SS-HORSE
approach to the 4 — 4 phase shifts using Eq. (2) are
shown in the lower panel of Fig. 1. We observe that
the phase shifts tend to the same curve when Ny is
increased. The convergence is first achieved at the higher
energies while larger Np.x yvield converged phase shifts at
smaller energies. We obtain nearly completely converged
phase shifts at all energies with Ny, = 16 and 18.

We need only phase shifts close to convergence for
the phase shift parametrization. Our selected NCSM
eigenenergies are enclosed by the shaded area on the top
panel of Fig. 1 since their resulting phase shifts form a
single smooth curve (see Figs. 2 and 3).

We will describe now how we utilize the NCSM so-
lutions within the SS-HORSE method in order to ob-
tain resonance positions. Due to the S-matrix symmetry



property, S(k) = 1/S(—k), and Eq. (1), the 4 — 4 phase
shift §(E) is an odd function of momentum k and its ex-
pansion in Taylor series of VE ~ k includes only odd
powers of VE:

5(E):Ul\/E—FUg(\/E)g—F...—|—’L)11(\/E)11+... (3)

Furthermore, the 4 — 4 phase shifts at low energies, i.e.,
in the limit & — 0, should behave as § ~ k>Z+1. Note, in
our case, .Z = Kyin+3 =5, hencevy =v3 =...=wv9 =0
and expansion (3) starts at the 11*" power.

Supposing the existence of a low-energy resonance in
the 4n system, we express the S-matrix as S(E) =
O(F) Sy(E), where ©(F) is a smooth function of en-
ergy E and S, (F) is a resonant pole term. The respective
phase shift is

6(E) = ¢(E) + 6-(E), (4)
where the pole contribution 6, (E) takes the form [24]
§,(E) = —tan (aVE/(E — b%)). (5)

The resonance energy FE, and width I' are expressed
through parameters a and b entering Eq. (5) as

' =2a/b? — a?/4. (6)

We use the following expression for the background
phase:

E,. =V*—d?/2,

o5) = VEF w3 (VE)® + ¢(VE)’

= . 7
1+’LU2E+’LU4E2+’U)6E3+dE4 ( )

The parameters w;, i« = 1,2,3,4,6 are uniquely defined
through the parameters a and b and guarantee the cancel-
lation of the terms of powers up to 9 in the expansion (3).

Our phase shift parametrization is given by Egs. (4),
(5) and (7) with fitting parameters a, b, ¢ and d. For
each parameter set, we solve Eq. (2) to find the val-
ues of the energies E;*b’c’d, and search for the parame-
ter set (a, b, ¢, d) minimizing the rms deviation of Ef\l’b"c"d
from the selected set of NCSM eigenenergies E. Follow-
ing this route, we obtain an excellent description of the
selected F, with an rms deviation of 5.8 keV with a =
0.724 MeV~—%, b2 = 0.448 MeV, ¢ = 0.941 MeV~3,
and d = —9.1-107* MeV~%. The resulting predictions for
the NCSM eigenenergies are shown by solid lines in the
upper panel of Fig. 1 where we also describe well NCSM
energies with large enough Ny,ax and/or A not included
in the minimization fit. We obtain also an excellent de-
scription of NCSM-SS-HORSE predicted phase shifts as
is shown by solid line in Fig. 2.

However the resonance parameters describing the loca-
tion of the S-matrix pole obtained by this fit, are surpris-
ingly small: the resonance energy E, = 0.186 MeV and
the width I' = 0.815 MeV. Note, looking at the phase

shift in Fig. 2, we would expect the resonance at the
energy of approximately 0.8 MeV corresponding to the
maximum of the phase shift derivative and with the width
of about 1.5 MeV — a resonance with these parameters
is expected to be observed experimentally according to
the conventional interpretation of the phase shift behav-
ior. The contribution of the pole term (5) to the phase
shifts is shown by the dashed line in Fig. 2. This con-
tribution is seen to differ considerably from the result-
ing phase shift due to substantial contributions from the
background phase (7) which is dominated by the terms
needed to fulfill the low-energy theorem 6 ~ k>4+1 and
to cancel low-power terms in the expansion of the reso-
nant phase d,(E). Such a sizable contribution from the
background in the low-energy region, impels us to search
for additional poles or other singularities giving rise to a
strong energy dependence which would be separate from
the background phase.

After we failed to find a reasonable description of the
NCSM-SS-HORSE phase shifts with a low-energy virtual
state, we found the resolution of the strong background
phase problem by assuming that the S-matrix has an
additional low-energy false pole at a positive imaginary
momentum [44]. We add the false term contribution [24]

857(E) = —tan™"'\/ E/|Ey| (8)

to the phase shift to obtain the equation
6(E) = ¢(E) + 0r(E) + 04(E) (9)

replacing Eq. (4). This parametrization involves an addi-
tional fitting parameter Ey. We obtain nearly the same
quality description of the selected 4n ground state en-
ergies with the rms deviation of 6.2 keV with the pa-
rameters a = 0.701 MeV_%, b2 = 1.089 MeV, ¢ =
—27.0 Merg, d = 0.281 MeV~4, and a low-lying false
pole at energy Ey = —54.9 keV. The respective 4n res-
onance at F, = 0.844 MeV and width I' = 1.378 MeV
appears consistent with what is expected from directly
inspecting the 4n phase shifts and what is predicted to
be seen experimentally. The parametrized phase shifts
are shown by solid line in Fig. 3 together with sep-
arate contributions from the resonant and false pole
terms. We note that corrections introduced by this new
parametrization to the solid lines in Figs. 1 and 2 are
nearly unseen in the scales of these figures.

Conclusions. Our results with the realistic JISP16 in-
teraction and the SS-HORSE technique show there is a
resonant structure near 0.8 MeV above threshold with a
width T" of about 1.4 MeV. Our preliminary NCSM-SS-
HORSE results with other NN potentials confirm the
conclusion of Ref. [17] that the tetraneutron resonance
should not be very sensitive to the choice of the NN in-
teraction: the 4n states at energies below a few MeV are
heavily influenced by the relative kinetic energy which,
due to the Pauli principle, receives a significant effective



attraction. This is the first theoretical calculation that
predicts such a low energy 4n resonance, without alter-
ing any of the properties of the realistic NV interaction.
Our result is compatible with the recent experiment [1].
Our complex energy calculations also suggest a broad
low-lying 4n resonance that agrees marginally with ex-
periment due to the large error bars for both the current
application of the NCGSM and the experiment.
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