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Abstract

We introduce a new mechanism for the chiral magnetic effect that does not require an initial

chirality imbalance. The chiral magnetic current is generated by reconnections of magnetic flux

that change magnetic helicity of the system. The resulting current is entirely determined by the

change of magnetic helicity, and is therefore quantized.
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The Chiral Magnetic Effect (CME) is the generation of electric current induced by the

chirality imbalance in the presence of magnetic field [1]; see [2] for review and references to

related works. It is a macroscopic manifestation of the chiral anomaly [3, 4]. In most of

the previous works reviewed in [2, 5, 6], the chirality imbalance is assumed to be generated

by a topologically non-trivial background – for example, by parallel external electric and

magnetic fields, or by the non-Abelian sphaleron transitions. In fact, the recent experi-

mental observations of CME current in Dirac semimetals [7–9] utilized parallel electric and

magnetic fields. The magnetic field is usually introduced as an external background as well,

even though a number of studies have addressed the role of CME and anomaly-induced phe-

nomena in the generation of magnetic helicity [10–14]. In particular, recently it was pointed

out that the CME leads to a self-similar inverse cascade of magnetic helicity [15, 16].

In this paper, we do not assume the presence of chirality imbalance generated by an

external topological background – instead, we consider chirality associated with the topology

of magnetic flux itself. Indeed, in the absence of magnetic monopoles the lines of magnetic

field have to be closed. For example, the field lines of a solenoid form an “unknot”. However

the topology of magnetic flux can be more complicated – in particular, magnetic flux can

form a chiral knot. Magnetic reconnections can change chirality of this knot, and induce the

imbalance of chirality in the system. Can this imbalance of chirality lead to the generation

of the chiral magnetic current? We will show that the answer to this question is positive.

The corresponding chiral magnetic current appears quantized, and is completely determined

by the knot invariants.

Our main result is the following formula for the generated current ∆J along the loops Ci

of magnetic flux in terms of the change ∆H of the magnetic helicity, which is a topological

measure of the knot (to be defined below),∑
i

∮
Ci

∆J · dx = − e3

2π2
∆H, (1)

where e is electric charge. Since ∆H is an integer number times the flux squared, the CME

current resulting from reconnections of magnetic flux is quantized. The process illustrated

in Fig. 1 shows the simplest realization of such currents. This unlinking of a link involves

the topology change of the magnetic fluxes, which leads to the generation of CME currents

(indicated by dotted arrows) on both tubes. The amount of integrated current over the
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tubes is given by the helicity change during the process, as quantified by Eq. (1).

Let us now present the derivation of Eq. (1). Consider a set of closed tubes of magnetic

flux, in the presence of massless fermions. Repeated reconnections performed on this set

will yield a topologically non-trivial structure containing links and knots of magnetic flux,

see the upper figure of Fig. 1 for a simple example. A non-trivial topology can also be

introduced by twisting of a flux tube [17–20]. A link K of N knots of magnetic flux tubes

can be characterized by magnetic helicity H (Abelian Chern-Simons 3-form) that can be

decomposed as

H(K) =
∑
i

Siϕ2
i + 2

∑
i,j

Lijϕiϕj, (2)

where ϕi is the magnetic flux of the i−th closed tube, Si is the Călugăreanu-White self-

linking number, and Lij is the Gauss linking number [18–20].

FIG. 1: (Color online) Current generation associated with unlinking of a simple link of two flux

tubes. The solid arrows denote the directions of the magnetic field, and the dotted arrows indicate

the directions of generated CME currents.

The magnetic helicity can be changed either externally (flux reconnection) or internally

(flux twist). Consider first the topology change of flux tubes by a magnetic reconnection, as

shown in Fig. 2. The reconnection leads to the change of magnetic flux Φ flowing through

the area encircled by each of the tubes. This change of magnetic flux through Faraday’s
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induction generates an electric field parallel to the lines of magnetic field,

d

dt
Φ = −

∮
C1

E · dx, (3)

where Φ is the magnetic flux that penetrates the loop C1. The change in magnetic flux

equals the flux contained inside the incoming tube, ∆Φ = ϕ2. Faraday’s law allows us to

write down this change as

∆Φ = ϕ2 = −
∮
C1

[∫ ∆t

0

E(t)dt

]
· dx, (4)

where ∆t is the amount of time needed for the reconnection.

FIG. 2: (Color online) A magnetic flux coming into a ring of another flux tube.

In this derivation we will assume that the magnetic field B is strong, such that the

magnetic length (eB)−1/2 is small compared to the thickness of flux tubes. The chiral

fermions are then localized on lowest Landau levels (LLLs), and the system can be effectively

treated as one-dimensional. The relevant degrees of freedom are the Landau zero modes.

Since the LLLs are not degenerate in spin, the handedness of a fermion is correlated with

the direction of its motion (along or against the direction of magnetic field). Our discussion

will be analogous to the well-known description of chiral anomaly in parallel electric and

magnetic fields developed in [21, 22].

The induced electric field changes the Fermi momenta of the left- and right-handed

fermions:

ṗF = ±eE, (5)
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where the sign is plus (minus) for right(left)-handed particles. This change of the Fermi mo-

mentum implies that the particles (antiparticles) of right(left)-handed species are produced.

The change in the Fermi momentum due to magnetic reconnection is thus

∆pF = ±
∫ ∆t

0

eE(t)dt. (6)

Integrating this over the circumference of the tube,∮
∆pF (s) · dx ≡

∫
∆pF (s) · dx

ds
ds = ±e

∮
C1

[∫ ∆t

0

E(t)dt

]
· dx = ∓eϕ2, (7)

where s is a variable that parameterizes the position along the flux, and we have used Eq. (4)

in the last equality. If eϕ2 is positive, there will be production of right-handed antiparticles,

because the Fermi energy decreases for right-handed species. Since the density of states in

(1+1) dimensions is given by pF/2π, the number of produced antiparticles can be obtained

as

∆N̄R =
−
∮
C1

∆pF · dx
2π

× eϕ1

2π
=
e2ϕ1ϕ2

4π2
, (8)

where ϕ1 is the magnetic flux that consists the loop C1, and eϕ1/2π is the Landau degeneracy

factor describing the transverse density of states in the cross section of the tube. On the

other hand, for left-handed fermions the Fermi energy increases, which means that particles

are created; their number is given by

∆NL =
e2ϕ1ϕ2

4π2
. (9)

The particle production thus leads to the generation of currents of the left-handed and right-

handed fermions, which are given by the charge density times velocity (±1, respectively for

right- and left-handed currents) [24]∮
C1

∆JR · dx = (−e)×∆N̄R = −e
3ϕ1ϕ2

4π2
, (10)

where the (−e) is the charge of antiparticle, and∮
C1

∆JL · dx = (−)× e×∆NL = −e
3ϕ1ϕ2

4π2
. (11)

The minus sign in Eq. (11) comes from the fact that the left-handed current flows in the

opposite direction to the right-handed one. Therefore, the change in the total electric current

is ∮
C1

∆J · dx =

∮
C1

∆ [JR + JL] · dx = −e
3ϕ1ϕ2

2π2
. (12)
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The flux coming into the loop C1 is a part of another loop, C2. One can easily convince

oneself that the contribution to the integrated current over C2 is identical to that on C1,

therefore we have∑
i∈{1,2}

∮
Ci

∆J · dx =
∑
i∈{1,2}

∮
Ci

∆ [JR + JL] · dx = − e3

2π2
× 2ϕ1ϕ2. (13)

Here we have factored out the quantity 2ϕ1ϕ2, which is nothing but the helicity change ∆H

in the process of switching [18–20], as is shown below. For two closed magnetic flux tubes,

the magnetic helicity can be written as

H =

∫
d3x A ·B = 2nϕ1ϕ2, (14)

which can be illustrated as follows. When the tubes are very thin, B is localized along two

closed curves, and the magnetic field can be written as

B(x) = ϕ1

∫
dX1(s)

ds
δ(x−X1(s))ds+ ϕ2

∫
dX2(s)

ds
δ(x−X2(s)), (15)

where X1,2(s) are the coordinates of the two closed curves with a parameter s. By plugging

this expression into the definition of the magnetic helicity (14) we get

H = ϕ1

∮
C1

A · dX1 + ϕ2

∮
C2

A · dX2. (16)

The line integrals just count the fluxes, given by the Gauss linking number n between C1

and C2: ∮
C1

A · dX1 = nϕ2,

∮
C2

A · dX2 = nϕ1. (17)

Thus, the magnetic helicity is expressed as

H = 2nϕ1ϕ2. (18)

Hence, the change in helicity, associated with the topology change of the curves, is given by

the change in the linking number,

∆H = 2 (∆n) ϕ1ϕ2. (19)

Another way of changing helicity is twisting. We can introduce a twist to a closed flux

tube operationally, as in Ref. [18]. When a twist of angle 2π∆n0 is introduced, the magnetic

flux circled by a flux element dφ changes by

∆Φ = φ ∆n0, (20)
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where φ is the flux inside. This change of flux induces a CME current on the flux element

dφ, amount of which is given by (just as in the case of flux reconnection)∫
dφ

∆J · dx = −2× e3

2π2
φ ∆n0dφ = − e

3

π2
φ ∆n0dφ (21)

where the factor 2 comes from the fact that the twisting of two flux tubes leads to the

generation of currents in both of them in equal amount. The induced current in the whole

flux tube is obtained by integrating over the flux element,∫
C

∆J · dx =

∫
dφ

∫
dφ

∆J · dx = − e3

2π2
ϕ2 ∆n0 = − e3

2π2
∆H. (22)

Here we have used the fact that the increment in helicity from twisting is ∆H = ϕ2 ∆n0,

where ϕ is the magnetic flux of the tube being twisted.

Equations (19) and (22), combined with the expression for the current (13) derived above,

yield our main result (1).

A few comments are in order regarding the applicability of Eq. (1).

Firstly, while deriving the formula, we have assumed that all of the flux tubes are con-

tained within the volume of interest. The discussion can be naturally extended to the cases

where the magnetic field is leaking from the volume. Once the boundary condition is fixed

between the volume A and the volume B, the helicity difference can be determined with the

knowledge of magnetic flux within the volume A only [see Ref. [17]], and the derived formula

applies to such cases as well.

Secondly, in the process of flux insertions, Ohmic currents can also be generated through

the Faraday’s law. Eq. (1) holds only for the CME contribution to the current. The CME

and Ohmic currents are different in nature and it is possible to distinguish them. The

Ohmic current dissipates, and the CME current does not. If one waits long enough after a

reconnection, the Ohmic contribution dies off and only the CME current remains.

Thirdly, although our derivation of the formula is based on the assumption of the LLL

approximation and homogeneous magnetic field, the derived equation itself can hold on

more general grounds, just as in the case of the chiral magnetic effect. CME can be ex-

plained in terms of the spectral flow of LLLs, but it can also be derived in hydrodynamics

requiring the second law of thermodynamics [23]. Likewise, we believe that there exist other

ways of derivation using, for example, the chiral kinetic theory. Still, let us discuss the
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applicability of assumptions we made in deriving the formula (1). The discussed mecha-

nism of the CME current generation resulting from the change of topology of magnetic flux

would operate in a plasma containing massless fermions, e.g. in the Early Universe or in

Dirac/Weyl semimetals. Thus, it seems reasonable to estimate the reconnection time scale

within magnetohydrodynamics. In magnetohydrodynamics, the time evolution of magnetic

field is governed by the equation

∂tB = ∇× (v ×B) +
1

σ
∇2B, (23)

where σ is the Ohmic conductivity and v is the fluid velocity. In order for a reconnection

to occur, the conductivity has to be finite, because in the infinite conductivity limit (MHD

limit) the magnetic helicity is conserved and no reconnections of magnetic field lines are

present. The time scale that controls magnetic reconnections is given by trec ∼ σL2, where

L is the typical length scale of the spatial inhomogeneity of the magnetic field. In order

for the LLL approximation to be valid, trec should be much longer than the inverse of the

energy difference between Landau levels, tLandau ∼ 1/
√
eB, namely trec � tLandau. This can

be written as

σL2
√
eB � 1. (24)

As for the assumption about the homogeneity of the magnetic field, this is justified if the

magnetic length 1/
√
eB is smaller than L, from which we obtain another condition,

L
√
eB � 1. (25)

Hence, we expect that the scenario we described in this paper would be realized in a plasma

with massless fermion where the conditions (24) and (25) are satisfied.

To summarize, we have demonstrated that the chiral magnetic current can be generated

without any initial chirality imbalance, by reconnections of magnetic flux. This current

is entirely determined by the integer change of magnetic helicity and is therefore quan-

tized. Our result has a number of implications – for example, it will affect the evolution of

magnetic helicity in chiral magnetohydrodynamics. Possible applications include the quark-

gluon plasma in heavy-ion collisions, Dirac and Weyl semimetals, and primordial electroweak

plasma produced after the Big Bang.
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