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We present, experimentally and numerically, the observation of Fermi-Pasta-Ulam recurrence
induced by breather solitons in a high-Q SiN microresonator. Breather solitons can be excited by
increasing the pump power at a relatively small pump phase detuning in microresonators. Out
of phase power evolution is observed for groups of comb lines around the center of the spectrum
compared to groups of lines in the spectral wings. The evolution of the power spectrum is not
symmetric with respect to the spectrum center. Numerical simulations based on the generalized
Lugiato-Lefever equation are in good agreement with the experimental results and unveil the role of
stimulated Raman scattering in the symmetry breaking of the power spectrum evolution. Our results
shows that optical microresonators can be exploited as a powerful platform for the exploration of
soliton dynamics.

The Fermi-Pasta-Ulam (FPU) recurrence was first
raised by Fermi and his colleagues in the 1950s [1]. In
a numerical simulation of string oscillation with nonlin-
ear coupling between different modes to test thermaliza-
tion theory, they found at a certain point the energy will
return to the fundamentally excited mode, rather than
distributing homogenously among different modes. This
discovery triggered the rigorous investigation on plasma
physics by Zubusky and Kruskal [2], which led to the dis-
covery of solitons. Solitons and their related theory have
revolutionized the research in diverse arenas, including
fluid dynamics [3], optics [4, 5], Bose-Eistein condensa-
tion [6, 7].

In optics, the FPU recurrence was first demonstrated
based on the modulation instability (MI) in optical fibers
[8]. As a feature of the FPU recurrence, the powers of
the pump mode and the signal mode in MI evolves peri-
odically with a phase delay of π. The collision between
solitons in fibers also facilitated the observation of FPU
recurrence in an active cavity [9]. Furthermore, optical
breathers, e.g., the Akhmediev breather (AB) in the non-
linear schrödinger equation (NLSE) [10–12], are an im-
portant manifestation of FPU recurrence. Since collisions
between breathers and solitons can result in optical rogue
waves [13–15], studying FPU recurrence and the control
of the transition between solitons and breathers may con-
tribute to the understanding of optical rogue waves.

Recently, maturity in the fabrication of high-Q mi-
croresonators [16] has fueled rapid progress on Kerr fre-
quency comb generation [17–22]. In the frequency do-
main, microresonators based frequency comb synthesis
has promising applications in optical clock [23], opti-
cal arbitrary waveform generation [24], and microwave
photonics [25, 26] etc. In the time domain, microres-

onators provide a new and important approach to realize
optical solitons [21, 27–30]. Different from mode-locked
lasers, passive microresonators have no active gain or sat-
urable absorber, making them free from the influence of
the complex gain dynamics. Hence, soliton generation
in microresonators can exhibit excellent predictability.
Moreover, the bandwidth and peak power of the soliton
can be controlled by varying the pump phase detuning
[21, 28, 31]. The ability to accurately predict and control
soliton dynamics in microresonators accurately will make
microresonators a versatile test bed for the study of fun-
damental soliton physics, including the FPU recurrence.
Moreover, breather solitons, which can exhibit FPU re-
currence, have been widely predicted in microresonators
[32–37], but still lack rigorous experimental investigation,
to our knowledge.

In this Letter, we present the observation of FPU re-
currence induced by breather solitons in a siicon-nitride
(SiN) microresonator. By controlling the pump condi-
tion, we can excite the breather soliton in the microres-
onator and show the power evolution for the comb lines
at the center and the wing is out of phase. We also
observe the spectral breathing is not symmetric with re-
spect to the spectrum center and identify that stimulated
Raman scattering (SRS) is responsible for the symmetry
breaking. Both the recurrence and the symmetry break-
ing are well described by numerical simulations based
on the generalized Lugitato-Lefever equation (LLE), in-
cluding the Raman effect [36–40]. The observation of
FPU recurrence in microresonators will improve our un-
derstanding of nonlinear systems and breather theory.
Furthermore, it also gives more insight into the different
operating regimes of Kerr frequency combs and adds to
the understanding of soliton mode-locking in microres-
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FIG. 1. (color online). (a) The experimental setup and operating regimes of Kerr frequency combs. Breather solitons are
generated at relatively small detuning and high pump power and we use three steps illustrated by I, II, III to generate the
breather soliton. MI: modulation instability, PD: photodiode, LNA: low noise amplifier, osc: oscillation. (b) The optical
spectrum of the stable soliton (blue) and the simulated spectrum from the generalized LLE (red line). (c) The RF spectrum of
the soliton state. (d) The averaged spectrum of the breather soliton spectrum from the optical spectrum analyzer (blue) and
from simulation (red line). (e) The RF spectrum of the breather soliton. The pumped resonance has a linewidth of 100 MHz.

onators.

The experimental scheme is shown in Fig. 1(a). An
on-chip SiN microresonator is used for the generation
of the Kerr frequency comb and the breather soliton.
When the microresonaor is pumped by a continuous-wave
laser, the power enhancement inside the cavity initiates
parametric oscillation and frequency comb generation un-
der moderate pump power. In experiments, we use an
anomalous dispersion microresonator, whose dimensions
are 800×2000 nm with a radius of 100 µm, to gener-
ate the Kerr frequency comb. A notch filter (1550 nm,
4 nm bandwidth) is used to suppress the strong pump
line by over 35 dB. Figure 1(a) also illustrates the op-
erating regimes of Kerr frequency combs and the ex-
perimental method to excite the breather soliton. The
breather soliton regime is close to the soliton regime and
breather solitons are generated at relatively small pump
phase detuning and high pump power [31, 33]. Therefore,
we have three steps to generate the breather soliton: I)
tune the laser to generate the soliton, II) tune the pump
laser backward several picometers to lower the excitation
threshold of breather solitons (see Fig. S1 in Supplemen-
tary Information [41–43]), III) increase the pump power
to excite the breather soliton.

For phase I, stable solitons can be generated by scan-
ning the laser across the cavity resonance from blue-side
to red-side [21]. To overcome the transient instability
in soliton generation in SiN microresonators, the laser
is tuned backward after crossing the cavity resonance
[29, 44]. This backwards tuning also gives access to sin-
gle soliton. At the pump power of ∼ 300 mW (in the bus
waveguide), when pumped around 1551.28 nm, a stable
single soliton is generated in the microresonator. The
comb has a well-defined sech2 spectrum (Fig. 1(b)) and

low intensity noise (Fig. 1(c)). There are some spectral
jumps on the optical spectrum, which can be attributed
to the mode-interaction, however they will not change the
soliton property significantly [28, 29, 45], qualitatively
different from the multi-phase-step combs in Ref. [46].
Soliton behavior in microresonators is governed by the

LLE [38, 47]. For SiN microresonators, SRS is important
in determining the property of solitons [29, 36, 39, 40].
Hence, we use the generalized LLE, with SRS included,
to describe the soliton generation,
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where E is the envelope of the intracavity field, τ0 is the
round-trip time (4.5 ps), L is the length of the cavity,
t and τ are the slow and fast time respectively, α and
θ are the intrinsic loss and the external coupling coeffi-
cient respectively, β2 is the group velocity dispersion, γ
is the nonlinear coefficient, δ0 is the pump phase detun-
ing, |Ein|

2
is the pump power, and hR(τ) is the Raman

response function. In simulations, the Raman effect is
calculated in the frequency domain, with a Lorentzian
gain spectrum [48], whose peak is centered at −14.3 THz
and bandwidth is 2.12 THz. When choosing α=0.0024,
θ=0.0004, β2 = −81 ps2/km, γ=0.9 W/m, fR=0.13
and setting the pump condition as 220 mW, and the
δ0=0.022, a stable soliton is generated, whose spectrum
is shown by the red-line in Fig. 1(b), in close agreement
with experiments. The difference in the amplitude of
the pump line results from the strong directly transmit-
ted pump, superimposed on the output comb. A closer
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FIG. 2. (color online). (a) The recorded fast evolution of the
comb lines around the center and in the wings of the spec-
trum. The inset is the RF spectrum of the power evolution
measured over 4 µs for comb lines in the wings. A 20 MHz
bandpass filter is used to select the strongest RF tone. (b)
Reconstructed comb line power evolution after numerical fil-
tering. The blue (orange) shaded regions illustrate the time
slots where the power flows toward the center (wing). Center
(blue lines): comb lines within 1553 nm∼1569 nm, wing (or-
ange lines): comb lines within 1530 nm∼1550 nm and 1569
nm∼1600 nm.
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FIG. 3. (color online). The recorded power evolution for
different comb line groups when the pulse-shaper is used to
select spectral regions with finer resolution. The red dashed
line illustrates the peak of different groups and shows different
groups experience modulations with different relative phases.

agreement can be reached, if we include a small third or-
der dispersion (TOD). However, to rule out the role of
TOD in the symmetry breaking of the spectral breath-
ing, discussed below, we exclude it in the simulation (see
sections 2 and 5 in Supplementary Information).

After the generation of stable solitons, we follow the
road-map shown in Fig. 1(a) to generate the breather
soliton. By tuning the laser backwards several picome-
ters further and increasing the pump power to ∼430 mW,
the breather soliton can be excited (see section 3 of Sup-
plemental Information for the transition dynamics from
stable solitons to breather solitons). The breather soli-
ton state is identified by the sharp peak in the RF spec-

trum (Fig. 1(e)). Note that the breathing frequency
is nearly 4 times the linewidth of the pumped reso-
nance (100 MHz). From our measurements, the mod-
ulation depth of the converted comb lines, defined as
(Pmax − Pmin)/(Pmax + Pmin) with Pmax(min) being the
maximum (minimum) average power, is ∼50%. Simi-
lar narrow RF peaks were observed in normal dispersion
microresonators and interpreted as dark breather pulse
[22]. Narrow RF peaks have also been reported recently
in anomalous dispersion Si and SiN microresonators [49].
The spectrum of the breather solitons becomes sharper
at the top of the spectrum, compared to the soliton spec-
trum. In simulations, breather solitons can be generated
by decreasing δ0=0.014 and increasing the pump power
to 360 mW. The averaged spectrum (averaging over slow
time t) of the simulated breather soliton is shown by
the red line in Fig. 1(d), which reproduces the sharp
top of the experimental spectrum. The breather soliton
retains a Raman induced frequency shift, implying the
breather soliton remains as a pulse, as chaotic waveforms
do not exhibit the frequency shift [39]. The autocorre-
lation trace also provides evidence of pulse-like behavior
(see section 4 of Supplementary Information for further
temporal details and discussion of the temporal breath-
ing). Furthermore, the excitation process is reversible,
i.e., we can return to the soliton state from the breather
soliton state by manually decreasing the pump power.

To test the FPU recurrence induced by breather soli-
tons, we use a pulse-shaper [50] to select out some specific
comb lines to record the fast evolution of the breathing
spectrum. The pulse-shaper has a transmission band-
width spanning from 1530 nm to 1600 nm, with the abil-
ity to programmably select out specific comb lines. For
synchronization between different spectral slices, a por-
tion of the output comb is used as reference signal to
trigger the oscilloscope (PD1 in Fig. 1(a)). We use the
pulse-shaper to select out either 9 comb lines around the
center of the spectrum (∼ 1560 nm, 9 nm to the red of
the pump or the remaining 31 comb lines (but not the
pump line) within the passband of the pulse-shaper in
the short and long wavelength wings.

The recorded traces for the comb lines around the cen-
ter and comb lines in the wings are depicted in Fig. 2(a).
The power change of the comb lines around the center
is nearly out of phase of the comb lines in the wings,
a signature of FPU recurrence. Due to the low power
of a single comb line after the pulse-shaper and its fast
breathing rate (<1 µW, >350 MHz), the recorded trace
shows some distortions. However, the breathing exhibits
good periodicity (see Fig. 1(e)), allowing numerical fil-
tering of the signal. Here, we record the traces over 4 µs,
corresponding to more than 1000 breathing cycles; the
RF spectrum computed from the recorded trace for the
wing is shown in the inset of Fig. 2(a). The strongest RF
tone is selected by a 20 MHz numerical filter and inverse
Fourier transformed to yield the reconstructed traces in
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FIG. 4. (color online). (a) The numerically filtered spectral evolution of the breather soliton in simulation, with SRS included.
The various spectral groups far away from the center have approximately the same phase but their phase is clearly different
from that of the group of comb lines around the center (∼1560 nm). (b) Simulation of the FPU recurrence for comb lines around
the center (blue line, 1552 nm∼1567 nm) and comb lines in the wings (orange line, 1521 nm∼1550 nm and 1567 nm∼1592 nm,
with the pump at 1551 nm excluded). The shaded regions illustrate the power exchange between the center and the wing. (c)
The experimental traces at long (above 1600 nm) and short wavelengths (below 1530 nm), showing the same phase between
them. (d) The numerically filtered spectral breathing in simulation, without SRS. The phase for different slices is symmetric
with respect to the center of the spectrum (1551 nm). The red dashed lines in (a), (d) illustrate the peak of different slices.

Fig. 2(b), providing a clearer view of the recurrence.

To gain more insights into the breathing of the spec-
trum, the pulse-shaper is programmed to select different
spectral regions continuously across the spectrum. The
recorded map of the spectral breathing is presented in
Fig. 3. The dashed line in Fig. 3 clearly illustrates the
phase delay between different slices when the spectrum
is breathing. Furthermore, the phase delay is not sym-
metric with respect to the center of the spectrum (∼1560
nm).

Breather solitons in microresonators arise from the
Hopf bifurcation in LLE [32, 33, 35, 37] and can also be
attributed to the mismatch between the carrier-envelope
phase slip of the soliton and the pump phase detuning
[31]. To understand the FPU recurrence and the sym-
metry breaking in breather solitons, we use simulation
to look into the breathing dynamics. To explicitly show
the phase delay between different slices, the breather soli-
ton evolution is numerically filtered in a similar way to
that used in Fig. 2. The phase delay between different
slices observed in experiment is also seen in the simu-
lated breathing dynamics with SRS included, shown in
Fig. 4(a) (this effect is also highlighted by the normalized
spectral breathing dynamics in Fig. S5 in the Supple-
mentary Information, which also shows TOD alone is in-
sufficient to cause asymmetric breathing). Moreover, the
symmetry breaking with respect to the spectrum center
is also in agreement with Fig. 3. As shown in Fig. 4(b),
the comb lines at the center and in the wing show out
of phase evolution and FPU recurrence, similar to the
experiment. However, the comb lines far away from the
center (beyond the bandwidth of our commercial pulse-
shaper) breathes with the phase delay of 2π, i.e., the
same phase. This is verified by recording and numerical
filtering the evolution recorded for comb lines at the long

and short wavelengths selected using a home-built pulse-
shaper, see Fig. 4(c). Furthermore, simulation also shows
the mode-interaction induced spectral jumps in Fig. 1(d)
have negligible influence on the breathing dynamics (see
section 6 in the Supplementary Information).

To further unveil what causes the asymmetric breath-
ing for the breather solitons, we turn off the SRS term
in simulation. The breather soliton can still be excited
under the same pump condition. However, the breath-
ing dynamics in Fig. 4(d) are symmetric with respect
to the center of the spectrum (coincide with the 1551
nm pump, as there is no SRS induced soliton frequency
shift). The comparison with Fig. 4(a) reveals that SRS
is responsible for the symmetry breaking in the breathing
dynamics observed in Fig. 3. SRS is generally significant
for SiN microresonators [29, 39]. However, in fluoride
microresonators, SRS is much weaker [21]; hence, sym-
metric breathing of solitons can be expected.

For the breather in the microresonator, one significant
difference from ABs is the energy in the wing of the spec-
trum can return to a group of several modes around the
center (see Fig. 2 and Fig. 4(b)) while energy returns to
the single pump for ABs. This is because the breather
in microresonators remains to be a pulse during evolu-
tion, while ABs fully recover to be a continuous wave in
FPU recurrence. This difference shows how the soliton
dynamics in the framework of the LLE are distinct from
those in the NLSE and illustrates how the dissipative ef-
fects and SRS break the integrability of the system and
affect the breather behavior.

In conclusion, we have observed breather solitons
and FPU recurrence in an on-chip SiN microresonator.
Breather solitons can be excited at high pump power and
small detuning. By selecting out two groups of comb lines
around the center and in the wing, we find the energy re-



5

turns to the center and flows out from the center period-
ically. Furthermore, we show SRS breaks the symmetry
of the spectral breathing. Our results shows how the
dissipative effects and SRS affect the breather properties
and can contribute to the understanding of breathers and
the operation of Kerr frequency combs. Furthermore, the
observation of FPU recurrence in microresonators shows
on-chip microresonators can be used as a powerful plat-
form to explore soliton physics.
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