
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Preparation of Entangled States through Hilbert Space
Engineering

Y. Lin, J. P. Gaebler, F. Reiter, T. R. Tan, R. Bowler, Y. Wan, A. Keith, E. Knill, S. Glancy, K.
Coakley, A. S. Sørensen, D. Leibfried, and D. J. Wineland

Phys. Rev. Lett. 117, 140502 — Published 28 September 2016
DOI: 10.1103/PhysRevLett.117.140502

http://dx.doi.org/10.1103/PhysRevLett.117.140502


Preparation of entangled states through Hilbert space engineering

Y. Lin,1, ∗ J. P. Gaebler,1 F. Reiter,2, † T. R. Tan,1 R. Bowler,1, ‡ Y. Wan,1 A. Keith,1

E. Knill,1 S. Glancy,1 K. Coakley,1 A. S. Sørensen,2 D. Leibfried,1 and D. J. Wineland1

1National Institute of Standards and Technology, 325 Broadway, Boulder, Colorado 80305, USA.
2The Niels Bohr Institute, University of Copenhagen,
Blegdamsvej 17, DK-2100 Copenhagen Ø, Denmark.

(Dated: September 1, 2016)

We apply laser fields to trapped atomic ions to constrain the quantum dynamics from a simulta-
neously applied global microwave field to an initial product state and a target entangled state. This
approach comes under what has become known in the literature as “quantum Zeno dynamics” and
we use it to prepare entangled states of two and three ions. With two trapped 9Be+ ions, we obtain
Bell state fidelities up to 0.990+2

−5; with three ions, a W-state fidelity of 0.910+4
−7 is obtained. Com-

pared to other methods of producing entanglement in trapped ions, this procedure can be relatively
insensitive to certain imperfections such as fluctuations in laser intensity.

The quantum Zeno effect has historically referred to
the inhibition of quantum dynamics due to frequent mea-
surements [1–3]. More generally, the idea is to restrict
the dynamics to a subspace of the overall system. Re-
cent theoretical proposals [4–11] have explored ways to
provide this subspace isolation by coupling the remain-
der of the system to auxiliary quantum states. This sit-
uation has become known as quantum Zeno dynamics
[12–14], even though the restrictions can be implemented
by unitary interactions without the need for measure-
ments. Dynamics in a restricted subspace have recently
been demonstrated with atoms in Bose-Einstein conden-
sates [15], Rydberg atoms [16, 17], atoms in a cavity [18]
and photons in a cavity coupled to a superconducting
qubit [19]. Here, we apply coherent laser fields to trapped
ions which couple some of their combined internal (hyper-
fine) states to a mechanical mode of their motion. These
states are perturbed (dressed) in such a way that when
applying an additional (microwave) field, the dynamics
are restricted to the states not coupled by the laser fields.
Under suitable conditions, only two states are coupled by
the microwaves: A separable (product) state and an en-
tangled state. With this Hilbert space engineering, we
can therefore prepare an entangled state by applying a
spatially uniform microwave field to a collection of ions
initially in a separable state. For measurement-based
Zeno dynamics, there is a finite probability of irretriev-
ably escaping from the desired subspace. However, if the
subspace restriction is brought about by coherent inter-
actions, the evolution is ideally unitary, and thus state
amplitudes that leak from the restricted subspace remain
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coherent and can be recovered with additional coherent
operations. We demonstrate this advantage of coherent
subspace engineering by applying a composite pulse se-
quence, and observe an improved fidelity of the entangled
state. Also, the technique described here can produce en-
tangled states with resilience to laser intensity noise when
compared to the laser-based deterministic entangling op-
erations typically used in trapped ion experiments.

When applying a global rotation to an initial state with
N two-level (spin- 12 ) systems in the spin up state |↑〉,
each spin rotates independently and the overall quan-
tum state remains separable. The evolution can be de-
scribed in the symmetric angular momentum manifold
|J = N/2,mJ〉 [20], or Dicke states [21], where J is the
total angular momentum quantum number and mJ is the
projection of the angular momentum along the quanti-
zation axis. All individual |J,mJ〉 states are entangled
states except the maximal spin states, |↑↑ ... ↑〉 = |J, J〉
and |↓↓ ... ↓〉 = |J,−J〉. Entanglement between multi-
ple spins can be generated by perturbing specific |J,mJ〉
states in the manifold to restrict the dynamics. A simple
case is to apply a perturbation to shift the |J, J−2〉 state
out of resonance, as depicted in Fig. 1 for the case of two
spins. In this case, the dynamics are restricted within
the |J, J〉 and |J, J−1〉 states. Thus, starting from |J, J〉,
the entangled |J, J − 1〉 state is prepared by an effective
π-pulse. For two and three spins, these states are the
triplet Bell state |T 〉 = 1√

2
(|↑↓〉 + |↓↑〉) and the W-state

[22] |W 〉 = 1√
3
(|↑↑↓〉+ |↑↓↑〉+ |↓↑↑〉), respectively.

We experimentally demonstrate this scheme with
trapped 9Be+ ions aligned along the axis of a linear Paul
trap [23–25]. In an applied magnetic field of 11.946 mT,
the frequency splitting ω0 ≈ 2π × 1.2075 GHz between
the 2S1/2 hyperfine ground states |F = 2,mF = 0〉 ≡ |↓〉
and |F = 1,mF = 1〉 ≡ |↑〉 is first-order insensitive to
magnetic field fluctuations [26]. These two states rep-
resent the spin-1/2 system, or qubit, in the experiment.
The effective rotation in the restricted subspace is pro-
duced by a uniform resonant microwave field, while the
Hilbert space restricting perturbations are provided by
a laser-induced coupling between ions via a shared mo-
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tional mode. With two ions and without applied laser
fields, the microwave field couples the Dicke states with
the Hamiltonian

Hd = ~Ωd
∑
i=1,2

σxi =
√

2~Ωd(|↓↓〉〈T |+ |T 〉〈↑↑ |) + H.c.,

(1)
where ~ is the reduced Planck constant, Ωd is the single-
ion Rabi frequency, σxi is the Pauli operator on the ith

ion, and H.c. stands for Hermitian conjugate. If the
spins are initially in a product state, evolution under this
Hamiltonian will not generate entanglement.

To generate the desired dynamics for two ions, we
address the “stretch” axial normal mode of motion of
frequency ω ≈ 2π × 6.20 MHz, with a laser-induced
stimulated-Raman blue sideband interaction [27]. The
sideband interaction is detuned from resonance by δ, and
is described by the Hamiltonian

Hs = ~Ωs(σ
−
1 − σ

−
2 )ae−iδt + H.c., (2)

where Ωs is the Rabi frequency, a is the annihilation op-
erator of the stretch mode, and σ−i = |↓〉i〈↑| is the spin
lowering operator for ion i. In Eq. (2), we have assumed
that the Raman phase on the two ions is the same (mod-
ulo 2π). The minus sign between the two spin lowering
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FIG. 1. Restricted dynamics for two ions. The thin black ar-
rows depict the relatively weak microwave coupling; the thick
blue arrows depict laser-induced strong blue sideband cou-
pling. With the |↑↑〉 state initially populated (red dots), in
the absence of the sideband excitation, the microwaves drive
the state down the symmetric manifold (the states on the left)
with Rabi frequency Ωd, where the |T 〉 and |S〉 states are de-
fined in the text, and such a global rotation alone cannot gen-
erate entanglement. However, the sideband excitations (with
Rabi frequency Ωs) dress the |↓↓〉 state, shifting its compo-
nents out of resonance with respect to the weak microwave
drive, as shown on the right. Thus given Ωs � Ωd, the
microwave drive only couples the two highest energy states
in the symmetric manifold, and the entangled |T 〉 state can
be created with an effective π pulse of the microwave drive
(tπ = π/(2

√
2Ωd)) from the |↑↑〉 state.

operators results from the stretch-mode amplitudes being
equal but opposite sign for the two ions. The symmetry
of the |T, n〉 state implies that the sideband interaction
does not couple this state to other relevant states. How-
ever, as depicted on the left in Fig. 1, it couples the states
|↓↓〉|n〉 ↔ |S〉|n + 1〉 ↔ |↑↑〉|n + 2〉, where |n〉 denotes a
stretch mode Fock state, and |S〉 = 1√

2
(|↑↓〉− |↓↑〉). The

energies of the resulting dressed states (the eigenstates of
the ions with Hs included) are shifted to approximately
±~Ωs and 4~Ωs (right hand side of Fig. 1), when the

detuning δ is set to approximately
√

2Ωs [27], so that
the energy shift can be made large compared to ~Ωd for
Ωs � Ωd. In addition, Hs couples |↑↑, n〉 to |S, n− 1〉
for n > 0, but these couplings are absent if we initialize
the stretch mode in the ground state n = 0. If Ωs � Ωd,
the system evolves as an effective two-level system be-
tween |↑↑〉|0〉 and |T 〉|0〉 under the combined influence of
Hs and Hd, within a subspace isolated from other states.
This allows the preparation of the entangled state |T 〉|0〉
by a single effective π−pulse from |↑↑〉|0〉. However, for
n > 0, the desired subspace will not be isolated; there-
fore, high fidelity motional ground state preparation is
crucial [27].

To initialize the spin and motional states, we first
sideband cool both axial modes of the ions to near the
ground state, achieving average motional occupation of
n̄ < 0.006 for the stretch mode [28]. Optical pumping
prepares both ions in the |F = 2,mF = 2〉 atomic state.
We then apply a global composite microwave π-pulse to
initialize to the |↑↑〉 state [27, 29]. We set the laser beam
and microwave intensities to give Ωs ≈ 2π × 17.6 kHz
and Ωd ≈ 2π × 1.52 kHz. We choose δ ≈ 2π × 27.1 kHz
while maintaining a Raman detuning of approximately
2π×480 GHz red detuned from the 2P1/2 state. We si-
multaneously apply microwaves and laser beams for a
variable duration t, followed by detection pulses. We ob-
serve coherent Rabi flopping between the |↑↑〉 and |T 〉
states as shown in Fig. 2, where the population in the
|↑↑〉 and |↓↓〉 states, and the fidelity of the |T 〉 state are
determined as described in the Supplemental Material.

We observe a maximal fidelity of the |T 〉 state of
0.981+2

−4 after a duration of tπ ≈ 116 µs, which matches

the theoretical prediction [27] of tπ = π/(2
√

2Ωd). The
fidelities and error bars are derived from maximum like-
lihood partial state tomography, parametric bootstrap
resampling, and estimation of state preparation errors
[27]. The largest error contributions are estimated to be
0.010 from insufficient isolation of the subspace (Ωs/Ωd ≈
12), 0.008 from spontaneous emission [30], less than 0.006
from imperfect ground state cooling, and less than 0.002
from imperfect initialization of the |↑↑〉 spin state [27].
We compare our data to a numerical simulation includ-
ing these errors (solid lines in Fig. 2) and find good
agreement. The error from spontaneous emission can
be reduced by increasing laser intensity and increasing
the detuning of the Raman lasers from the 2P1/2 state
[31]. The sideband laser beam may off-resonantly excite
the axial in-phase motional mode (3.6 MHz), causing a
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FIG. 2. Two-ion population evolution and |T 〉 state fidelity
for restricted dynamics with microwave and sideband excita-
tions applied simultaneously. Population mainly evolves be-
tween the |↑↑〉 and the |T 〉 state, while other states have very
small populations. The black dashed line shows unit popula-
tion/fidelity. The pink diamonds, blue triangles, red squares
and green circles represent the measured populations of states
with no spins up P0, one spin up P1, two spins up P2, and
the fidelity of the |T 〉 state F|T 〉, respectively. The popula-
tion measurements are obtained by repeating the experiment
1,500 times; the fidelity points are derived from 60,000 exper-
iments [27]. The difference between P1 and F|T 〉 is due to the
population in the |S〉 state. The solid lines show the results
of a numerical simulation taking into account all known ex-
perimental imperfections, with the same coloring convention
as for the measured populations. We run the simulation with
and without including an upper bound on the imperfections of
cooling and spin state initialization. The results of these two
simulations are indistinguishable on the scale shown in the fig-
ure. The populations and fidelity are inferred by means of a
maximum likelihood analysis and the error bars represent the
uncertainties according to parametric bootstrap resampling
[27]. The uncertainties of F|T 〉 are smaller than the symbols.

small shift (≈ 0.3Ωd) to the microwave resonance. In our
numerical simulations we observe that this effect can be
compensated by setting the microwave frequency accord-
ingly and this was incorporated into the experiment by
scanning the microwave resonance. One can also adjust
the laser polarizations to compensate this shift so that it
is laser power independent.

In the absence of spontaneous emission, heating of the
motional normal mode and imperfect ground state cool-
ing, the state after the evolution remains a pure state;
therefore, any state amplitudes outside the desired sub-
space can be recovered. To demonstrate this, we ap-
ply a specifically tailored composite pulse pair which en-
ables us to return the population in the undesired states
|↓↓, n = 0〉, |S, n = 1〉, and |↑↑, n = 2〉 into the isolated
subspace and thereby increase the population of |T 〉. To
do this we split the laser pulse into two segments of du-
ration t1 and t2, changing the laser phase by π and the
sideband detuning from δ1 to δ2 = −δ1. States out-
side the desired subspace are driven nonresonantly from

the |T 〉 state. The amplitudes of these undesired states
get a contribution from each of the two pulse segments,
leading to an interference between the two contributions,
reminiscent of the two-pulse interference in Ramsey spec-
troscopy. Within first order perturbation theory one can
show that the amplitudes of all undesired states inter-
fere destructively and vanish at the time where the fi-
delity of |T 〉 is maximal if one sets δ1 = −δ2 =

√
7/3Ωs,

Ωd = Ωs/(3
√

6), and t2 = 2t1. When the amplitudes of
the undesired states vanish, the associated constructive
interference is in the amplitude of the |T 〉 state which
will have a near unity population only limited by higher-
order effects [27]. Experimentally we set Ωs = 2π × 17.3
kHz, Ωd = 2π×2.55 kHz, δ1 = −δ2 = 2π×26.8 kHz, t1 =
25.4 µs, and t2 = 47.3 µs to obtain a |T 〉 state population
of 0.990+2

−5. The symbols in Fig. 3 show the experimen-
tally observed population evolution during the composite
pulse sequence, in agreement with numerical simulations
(solid lines). Higher fidelity is achieved despite a smaller
ratio Ωs/Ωd ≈ 7, by recovering amplitudes that leaked
out due to insufficient isolation of the subspace, reduc-
ing this error to 0.001 (We note that according to sim-
ulations, further reduction can be achieved with better
calibration of t1). The reduced Ωs/Ωd has the beneficial
effect of suppressing the spontaneous emission error to
0.005. Similar to the single-pulse experiment, we esti-
mate errors less than 0.005 from imperfect ground state
cooling, and less than 0.002 from imperfect initialization
of the |↑↑〉 spin state [27]. We compare our data to a nu-
merical simulation including these errors (solid lines in
Fig. 3) and find good agreement.

We also demonstrate restricted dynamics on three
9Be+ ions. We tune the laser beam frequencies to address
the center-of-mass (COM) mode blue sideband, which
has equal mode amplitudes on each ion. The ion spacings
are set such that the phase of the sideband interaction on
each ion differs by 2π/3 so that the |W,n = 0〉 state will
be a dark state of the sideband interaction [27]. Starting
from the |↑↑↑, n = 0〉 state, and with driving field param-
eters similar to the case of two ions, we observe flopping
between the |↑↑↑〉 and |W 〉 states, shown in Fig. 4 and
in agreement with the numerical simulations [27]. We
obtain a |W 〉 state fidelity of 0.910+4

−7 after a duration of
114.1 µs, as shown in Fig. 4. The sources of infidelity
include those of the two-ion case (in general leading to
larger imperfections) plus two sizable additions: 0.011
from heating of the COM mode caused by electric field
noise and 0.023 from unequal laser illumination on the
three ions due to the Gaussian profile of the laser beam
[27].

For more than three ions in a chain, numerical sim-
ulations and analytic analysis indicate the presence of
unwanted dark states such that straightforward applica-
tion of the sideband interaction does not yield an effective
two-level system between the first two Dicke states. How-
ever, by using a sideband coupling to an auxiliary level,
the scheme can be scaled up to multiple spins [32].

In summary, we describe and demonstrate a scheme
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FIG. 3. State evolution for restricted dynamics of two trapped
ions using a composite pulse sequence. Similar to Fig. 2,
populations are mainly confined to the |↑↑〉 and |T 〉 states.
The coloring and labeling conventions are the same as in Fig.
2. The laser beam phase and detuning are flipped 25.4 µs
after the start of the experiment. Note that the oscillations
of |↓↓〉 are enhanced for t > 25.4 µs; however the maximal
population of the |T 〉 state is increased compared to the single
pulse used for the data in Fig. 2. We numerically simulate
this experiment with and without including an upper bound
of imperfections of cooling and spin state initialization. The
simulation results overlap on the scale of the figure. The
populations, fidelity and error bars are inferred as in Fig. 2
[27]. The population measurements are obtained by repeating
the experiment 1,000 times; the fidelity points are derived
from 40,000 experiments [27]. The uncertainties of F|T 〉 are
smaller than the symbols.

to isolate subspaces of spin states with trapped ions, en-
abling the creation of entangled states by the application
of global uniform oscillating fields. We create a two-ion
triplet Bell state with fidelity of 0.990+2

−5, and a three-ion

|W 〉 state with fidelity of 0.910+4
−7. By reducing spon-

taneous emission [30] and increasing the initial ground
state preparation fidelity, the overall fidelities of the |T 〉
and |W 〉 states can be improved.

At the current state of trapped ion technology, this
technique cannot compete with the best entangling gates
[31, 33]. However under certain conditions, the entan-
gled state fidelity resulting from sub-space engineering
is relatively insensitive to fluctuations in laser intensity,
since the main requirement is that the frequency shifts
due to the laser-induced spin-motion coupling are large
compared to the microwave Rabi frequency, but the ex-
act value and stability of the shifts are not crucial [27].
Furthermore, for some laser-based gates, the phase of the
entangled states depends directly on the phase(s) of the
laser beam(s) at the site of the ions. This phase can de-
pend on beam path fluctuations, such as those caused

by air currents. For the technique described here, laser
beam phase does not play a role, since the entangled
state phase is controlled by microwaves which are highly
immune to such effects. A fundamental limitation on
fidelity for our technique is the requirement for ground
state cooling; however, as the field advances, it is likely
that ground-state cooling will also improve. Therefore,
this scheme may serve as an alternative way of prepar-
ing entangled states, without using conventional multi-
qubit entangling quantum logic gates [34]. This work
also presents an application of Hilbert space engineer-
ing, which may be extended to generate other entangled
states or spin dynamics. Our scheme can be generalized
to other experimental platforms, for example supercon-
ducting qubits or atoms in a cavity.
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FIG. 4. Population evolution for three ions. The red squares,
blue triangles, cyan crosses, pink diamonds, and green circles
represent the measured probabilities of three spins up, two,
one and no spin up and the fidelity of the |W 〉 state, denoted
as Pi (i = 3-0) and F|W 〉, respectively. Solid lines are the
result of the numerical simulation, with and without the im-
perfection of spin state initialization. The simulation results
are overlapping on the scale shown in the figure. The popula-
tion measurements are obtained by repeating the experiment
1,000 times, and for the fidelity measurements we take addi-
tional data, as described in the Supplemental Material. The
uncertainties of F|W 〉 are smaller than the labels.
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