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Abstract— Ultra-thin metasurfaces supporting transverse surface currents provide extreme
electromagnetic wavefront and polarization control. Here, it is shown that adding longitudinal
(normal) surface currents significantly expands the scope of electromagnetic phenomena that can be
engineered with reciprocal materials. In particular, these metasurfaces are inherently spatially
dispersive, which allows them to emulate nonreciprocal phenomena. It is analytically shown that
spatially dispersive metasurfaces are effectively self-biased using the transverse momentum of the
incident wavefront. Longstanding notions of what makes a metasurface reciprocal are reinvestigated,
and generalized reciprocity relations are derived. Several metasurfaces are designed that imitate
Faraday rotation and optical isolation when illuminated with obliquely incident plane waves and
normally incident vortex beams. These new surfaces break the inherent symmetry of previous
metasurface designs, enabling low-profile devices with unprecedented functionality.
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Nonreciprocal phenomena are at the heart of many optical and electronic devices. Although
nonreciprocal devices can in general provide greater field control than reciprocal devices, they require either
nonlinear materials [1], or a complicated biasing mechanism such as a static magnetic field [2], static
electric field [3], or time-varying electric field [4, 5]. This has motivated the development of reciprocal
devices that can mimic nonreciprocal effects. For example, an isolator is a common nonreciprocal
component that provides unidirectional transmission, and protects an electromagnetic source from unwanted
reflections. It is possible to emulate the response of an isolator using reciprocal materials with a so-called
“poor man’s isolator.” A poor-man’s isolator consists of a linear polarizer followed by a quarter-wave plate
[6]. It protects a source from reflections by exploiting the fact that a circularly polarized wave is converted
to the orthogonal polarization (i.e. the handedness is switched) upon reflection from most objects.

Here, it is shown that spatial dispersion can be exploited to significantly expand the scope of
electromagnetic phenomena that can be engineered with reciprocal materials. Photonic crystals and
anisotropic materials, could in principle emulate the wide range of nonreciprocal phenomena that are
discussed here [7-9]. However, the main challenge arises from the fact that it has been relatively difficult to
engineer the spatial dispersion of these structures, which has motivated significant efforts to simply minimize
it [10]. Therefore, metasurfaces are considered here, which significantly simplifies the analysis due to their
reduced dimensionality. This allows a concise expression to be derived that relates spatial dispersion to 2D
(tangential) surface parameters, which provides physical intuition. Furthermore, it is analytically shown that
that the transverse momentum of an incident wave can effectively self-bias a spatially dispersive metasurface,
and allow it to emulate nonreciprocal phenomena.



To begin, let us define the scattering parameters (S-parameters) of an arbitrary planar structure that is
located in the z = 0 plane. Translation symmetry is assumed such that the reflected and transmitted waves
are scattered to the specular directions (i.e. transverse momentum is conserved). In addition, the structure is
surrounded by free space with wavenumber k, = w./gouo and wave impedance ng = +/ o/ €y- Without loss
of generality, the structure is illuminated with a plane wave that is obliquely incident in the yz-plane with
transverse wavenumber k,, and longitudinal wavenumber k,, where k3 + k7 = k§. The S-parameters are
equal to the ratio of the scattered electric field to the incident electric field. In general,
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is a 2 X 2 matrix relating the field scattered into region n when a plane wave is incident from region m. The
superscript TE (TM) denotes an electric (magnetic) field that is polarized transverse to the plane of incidence
(vz plane), as shown in Fig. 1. It is important to note that the scattering parameters are defined for a unique
transverse wavenumber (k, ). Thus, waves incident from the region z > 0 propagate with transverse and

longitudinal wavenumbers, k,, and —k,, respectively.
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Fig. 1: Relevant scattering parameters when a TE polarized plane wave is obliquely incident from the region
z<O0.
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It is often stated that reciprocity requires § = S7, where T denotes matrix transpose. However, this is
only true at normal incidence. It can be easily verified that if an arbitrary structure is illuminated at oblique
incidence, then reciprocity requires S(k,) = S (—ky)T. Therefore, the transverse momentum (k,) can be
envisaged as a biasing mechanism that allows nonreciprocal effects to be emulated. When the wave is
biased with a unique and nonzero transverse momentum (i.e. k,, # 0), reciprocity places no restrictions
upon the scattering parameters that can be realized. Reciprocity only outlines the effect of flipping the bias
direction. Although it is straightforward to show that it is theoretically possible to realize arbitrary scattering
parameters at oblique incidence, a systematic method of designing these devices has not been reported.
Here, it is shown that low symmetry metasurfaces provide a particularly simple and general approach for
engineering the scattering parameters.

A metasurface can be envisaged as a boundary condition that relates the average electric and magnetic
fields at the surface to the induced polarization surface currents [11, 12]. Bianisotropic metasurfaces
supporting only transverse surface currents have demonstrated the ability to realize any wave transformation
permitted by reciprocity when they are illuminated at normal incidence [13-15]. However, when the
metasurface is illuminated at oblique incidence, adding out-of-plane surface currents allows nonreciprocal
effects to be emulated. These metasurfaces are inherently spatially dispersive, even in the homogenous limit.



It should be noted that some metasurfaces supporting longitudinal polarization currents have been analyzed
previously, but only under the conditions where there is significant symmetry [11, 16-18]. Specifically, the
xz, zx, yz and zy dyads of previous surface parameters were always zero. Fundamentally new surface
properties can be realized when these symmetry restrictions are relaxed.

As in Refs. [11, 13], a polarizable particle is distributed along a two-dimensional array in the z = 0 plane,
and a time harmonic (e/%!) excitation is assumed. For such an arrangement, the constituent surface

parameters can be written as,
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where J¢ and M are 3D electric and magnetic surface currents, and E 4,4 and H,,4 are average electric and
magnetic fields at the surface. Intuitively, ¥ and Z are the time harmonic electric and magnetic surface
susceptibilities, respectively. Similarly, ¥ and k are the time harmonic electro-magnetic and magneto-electric
surface parameters. Since Y, Z, y, and k are each 3 X 3 matrices, they are referred to as the 3D surface
parameters. If the surface is lossless and reciprocal: ¥ = YT, Z = ZT k= — T, Y and Z are imaginary, y
and K are real [19]. In the homogenous limit (i.e. particle size and spacing are infinitely small), the 3D
constituent surface parameters are fundamental in that they do not depend on the incident field (i.e. they are
not spatially dispersive).

The fields on either side of the metasurface are related to the surface currents by [20],
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where t denotes tangent to the surface, and z is a unit vector. Effective 2D surface currents J& and M% are
also defined in (3), which model the combined effect of the tangential and longitudinal surface currents.

The scattering parameters can be directly related to the 3D surface parameters using (3). However,
metasurfaces are most often modelled as structures that support only transverse polarization currents since
the Equivalence Principle stipulates that an arbitrary object can be replaced by a unique set of transverse
surface currents [21]. Therefore, it is informative to consider the case where the metasurface is modelled
with 2D constituent surface parameters, Y, X K Z, which are defined as,
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The tilde is used here to indicate two-dimensional vectors and matrices. The 2D surface parameters are
particularly useful since there exists a one-to-one relationship between the 2D surface parameters and the
scattering parameters [13, 14]. In contrast, the 3D surface parameters cannot be uniquely determined from

reflection/transmission measurements at a single angle of incidence, since there are an infinite number of 3D
surface parameters that realize the same scattering parameters.

Inserting (2) and (4) into (3), and assuming a plane wave excitation, the 2D constituent surface parameters
can be related to the 3D surface parameters as follows [22],
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Several conclusions can be drawn from (5). In contrast to the 3D surface parameters, the 2D surface
parameters depend upon the transverse wavenumber of the incident field, k,, [23]. Therefore the metasurface
is inherently spatially dispersive when it supports longitudinal polarization currents. When the metasurface is
illuminated with a normally incident plane wave (i.e. k,, = 0), the 3D and 2D surface parameters are
equivalent. For arbitrary angles of incidence, the 2D surface parameters of a lossless and reciprocal
metasurface satisfy the standard lossless constraints: ¥ = —Yt, Z = —Z%, % = —¥*, where 1 denotes
transpose and complex conjugate. However, the 2D surface parameters do not in general satisfy the standard
reciprocity constraints: ¥ # Y7, Z = ZT, & # —¥" when the metasurface supports out-of-plane surface
currents [13, 24-27]. In other words, S # ST for oblique incidence. Previous derivations of metasurface
reciprocity implicitly assumed the 2D surface parameters are not spatially dispersive [24], which is not the
case here. A derivation providing generalized reciprocity conditions that properly account for spatial
dispersion is provided in the Supplemental Material [22]. The 2D surface parameters in (5) satisfy these
updated reciprocity conditions: ¥(k,) =¥"(—k,), Z(k,) =Z"(-k,), ®(k,) = —¥"(—k,) . This is
equivalent to stating that time reversal symmetry is satisfied by the metasurface. Therefore, it should be
emphasized that nonreciprocal devices which break time-reversal symmetry cannot be realized with spatially
dispersive metasurfaces. However, there remain many applications that could benefit from passive structures
that merely imitate, rather than reproduce, nonreciprocal phenomena.

Next, three different metasurfaces supporting out-of-plane surface currents are introduced. Each
metasurface is designed to mimic the response of a well-known optical device that uses nonreciprocal
materials. However, the metasurfaces are in fact reciprocal even though they do not satisfy the previously
stated reciprocity conditions (i.e. symmetric 2D surface parameters). Detailed dimensions, as well as
additional simulations and measurements are provided in the Supplemental Material for each design [22].
Note that the Supplemental Material also includes Ref. [28].

First, Faraday rotation is emulated. Faraday rotation is the basis behind many nonreciprocal devices, such
as circulators and isolators. The Faraday effect causes the polarization of light to rotate as it propagates
through a magneto-optical material biased with a static magnetic field B, in the direction of propagation. The
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where y is the magnetogyration coefficient responsible for polarization rotation [29]. Faraday rotation is
distinct from optical activity since the handedness of Faraday rotation is the same when propagating in the
+z and - z directions. A simple method of distinguishing optical activity from Faraday rotation is to back a
material under consideration with a metallic plane, and observe the reflected polarization. Conventional
wisdom suggests that only nonreciprocal materials can rotate an arbitrary incident polarization upon
reflection. However, inspection of (5) reveals that the 2D electric response (Y) is also asymmetric when the
metasurface is comprised of reciprocal materials with nonzero magneto-electric coupling (x,, = —k,,, # 0).
This has exactly the same form as the permittivity of a magneto-optical material, but with the magnetic bias

magneto-optical material is usually modelled with an asymmetric permittivity tensor: € = (

®)



(Bo) replaced with the transverse momentum of the incident wave (k,,), and the magnetogyration coefficient
(v) replaced with the magneto-electric coupling (¥,, = —k,,). Therefore, the transverse momentum

provides a self-biasing mechanism since the spatially dispersive metasurface is biased by the incident wave
itself.

A metasurface was designed to rotate an obliquely incident plane wave with arbitrary incident polarization
0 1

-1 0
2. The split-ring-resonator couples a z-directed magnetic field to a y-directed electric current ( )(yz), and a y-

by 90° upon reflection: §;; = e/¢ ( ) The metasurface geometry and performance are shown in Fig.

directed electric field to a z-directed magnetic current (sz). When illuminated with a plane wave with angle

of incidence 6 = 45° (ky/ko =k,/ky = 1/\/7), the simulated reflection coefficient of the unit cell is
5., = 6257) (—0.05 +0.01) ~ 0.94 —0.00j

—0.94—0.04j —0.01 — 0.02j
polarization is linear, the measured cross-polarized (rotated) reflectance is above 80% and the co-polarized
reflectance is below 2%, independent of the orientation of the incident polarization. Therefore, the
metasurface acts as a near-ideal polarization rotator.

), at the operating frequency of 10 GHz. When the incident
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Fig. 2: Three-dimensional metasurface emulating Faraday rotation. (a) The metasurface rotates an arbitrary
incident polarization by 90° upon reflection. (b) Fabricated metasurface that operates at 10 GHz. (c) Co- and
cross-polarized reflection when illuminated with linearly polarized plane waves with electric field oriented
at an angle f from the x-axis. Solid and dashed lines correspond to simulations and measurements,
respectively.

Next, a metasurface providing unidirectional transmission is designed, which emulates the response of a

nonreciprocal isolator. Isolators provide high transmission in the +z direction and high absorption in the - z
direction, which protects devices in the region z < 0 from reflections originating from objects in the region

z > 0 [29]. An ideal isolator is polarization independent, has §;; = S, =81, =0, and §,; = ((1) (1))

From the stipulated S-parameters, it can be shown that the necessary 3D surface parameters are given by:
Uony = yy/no =ko/ky,
NoYez = Zzz/M0 = kokz/kza

UOsz = noyzy = yz/no = Zzy/no = kO/ky:

(6)



and all other terms are 0 [22]. In other words, the metasurface should provide identical, anisotropic electric
and magnetic responses that are lossy. A metasurface providing unidirectional transmission that is designed
to work for 8 = 45° at 10 GHz is shown in Fig. 3. The electric response is generated using electric dipoles
centrally loaded with an inductor (8.15 nH) and resistor (18.8 Q) in series, which forms a lossy resonator.
The magnetic response is generated with loops that surround the dipoles. Each loop is symmetrically loaded
with four capacitors (0.152 pF) and resistors (3.75 Q). The simulated transmittance in the +z direction
(1S211?) and - z direction (|S;3]?) is 94% and 0.9%, respectively, which gives an extinction ratio of 104
(20 dB). Therefore, the metasurface enables a directive source located below the metasurface (z < 0) to
illuminate an object above the metasurface (z > 0). At the same time, reflections from the object will not be
seen by any observer below the metasurface. The object can be comprised of an arbitrary material, but
should be planar and uniform. This ensures the incident and reflected transverse wavenumbers are identical.
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Fig. 3: A metasurface providing unidirectional transmission allows high transmission for obliquely incident
plane waves propagating in the +z direction but absorbs radiation propagating in the - z direction.

As mentioned earlier, the transverse momentum of a wavefront incident upon a spatially dispersive
metasurface plays the role of a magnetic bias in a nonreciprocal magneto-optic material. The previous
examples emulated Faraday rotation and isolation using the transverse momentum of obliquely incident plane
waves. However, it is possible to emulate nonreciprocal phenomena at normal incidence as well, as long as
the wave carries transverse momentum. For example, vortex beams possess an orbital angular momentum
(kg ) that is transverse to the direction of propagation [30]. Thus, these beams provide a self-biasing
mechanism that enables nonreciprocal phenomena to be emulated, even when the beam is illuminated at
normal incidence.

A metasurface providing unidirectional transmission is designed to work for vortex beams by replacing x,
¥, and ky, in (6) with r, ¢, and k. Fig. 4 shows full wave simulations of the cross-sections of normally

incident vortex beams with topological charge m = +5 propagating in the +z and - z directions. The vortex
beams are paraxial with kg /ko ~ 0.03 and k,/k, =~ 0.999. In simulation, the computed surface parameters

are approximated with a A,/5 thick, lossy and reciprocal material slab with permittivity and permeability
given by,
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The reflection and transmission coefficients of the thin material slab are virtually identical to those of the
ideal metasurface [14]. This permits the use of a commercial electromagnetic solver for simulation, while
maintaining the same physical principles and performance. The transmittance through the metasurface is
85% and 0.1% when the vortex beam propagates in the +2z and —z directions, respectively. Therefore, the
extinction ratio is 710 (28 dB). Since the topological charge of the vortex beam is maintained after reflecting
off of an arbitrary homogenous object, the metasurface emulates the response of an isolator that protects the
source generating vortex beams from reflections (see Fig. 4(c)). Alternatively, it can be shown through
reciprocity that the same metasurface must completely absorb an m = —5 order vortex beam that propagates
in the +2z direction. Therefore, this device filters light based only on its orbital angular momentum and
direction of propagation. In contrast, optically active materials (i.e. circular polarizers) filter light based on
the spin angular momentum [26, 31, 32].
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Fig. 4: A metasurface utilizes the orbital angular momentum of a vortex beam to emulate optical isolation.
(a) Cross-section through the center of an m = +5 vortex beam that is efficiently transmitted through the
metasurface when propagating in the +z direction. (b) However, the same vortex beam is absorbed by the
metasurface when propagating in the - z direction. (c) The metasurface isolates vortex beam sources located
below it from unwanted reflections that might occur due to a reflective object placed above the metasurface.
The reflective object should be planar and uniform such that incident waves are reflected towards the
specular direction.

In summary, it was shown that metasurfaces supporting longitudinal polarization currents can be modelled
with spatially-dispersive 2D surface parameters. These metasurfaces are effectively biased using the
transverse momentum of an incident wavefront (i.e. they are self-biased) such that both obliquely incident
plane waves and normally incident vortex beams can imitate nonreciprocal phenomena. Spatially dispersive
metasurfaces significantly enhance the ability to control electromagnetic wavefronts without resorting to
nonreciprocal materials. These metasurfaces will likely impact areas such as antennas [33, 34], angularly
selective filters [35], waveguiding surfaces [36], and polarization selective devices [37]. Furthermore, future
metasurfaces could be designed to control the evanescent spectrum, or provide additional functionality such
as anomalous refraction [38] and beam conversion [39]. Spatially dispersive metasurfaces could also be
leveraged to design novel lenses that have tailored transfer functions for plane waves travelling at different
angles [40]. It should be noted that spatially dispersive metasurfaces are in general more challenging to
fabricate than metasurfaces which only support transverse surface currents. The analysis reported here
primarily focused on metasurfaces, rather than bulk materials, because metasurfaces are easier to analyze.
However, similar properties are also present in bulk anisotropic materials that are cut along planes rotated
relative to their crystal axes. Furthermore, the thickness of a bulk material is an additional degree of freedom
that could be exploited to potentially relax fabrication requirements or enhance bandwidth.
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