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The concept of metasurface has recently opened new exciting directions to engineer the refraction9

properties in both optical and acoustic media. Metasurfaces are typically designed by assembling10

arrays of sub-wavelength anisotropic scatterers able to mold incoming wavefronts in rather unconven-11

tional ways. The concept of metasurface was pioneered in photonics and later extended to acoustics12

while its application to the propagation of elastic waves in solids is still relatively unexplored. We13

investigate the design of acoustic metasurfaces to control elastic guided waves in thin-walled struc-14

tural elements. These engineered discontinuities enable anomalous refraction of guided wave modes15

according to the generalized Snell’s law. The metasurfaces are made out of locally-resonant torus-16

like tapers enabling accurate phase shift of the incoming wave which ultimately affects the refraction17

properties. We show that anomalous refraction can be achieved on transmitted antisymmetric modes18

(A0) either when using a symmetric (S0) or antisymmetric (A0) incident wave, the former clearly19

involving mode conversion. The same metasurface design also allows achieving structure embedded20

planar focal lenses and phase masks for non-paraxial propagation.21

The concept of metasurface has recently emerged as22

a powerful approach to effectively manipulate wave-like23

fields while breaking the dependence on the propagation24

length. Metasurfaces [1] were first studied in optics and25

implemented via optical antennas [2, 3] or microwave26

metamaterials [4, 5] in the context of light propagation27

across phase discontinuities. The Generalized Snell’s Law28

(GSL) was introduced in order to predict the anoma-29

lous propagation across material interfaces characterized30

by a phase gradient [2]. Optical devices able to achieve31

unconventional wavefront manipulation capabilities have32

been theoretically predicted and experimentally demon-33

strated. A few remarkable examples concern bending34

light in arbitrary shapes [3, 6], conversion of propagat-35

ing into surface modes [7], and the development of ultra-36

thin lenses [8, 9]. Shortly after the introduction of meta-37

surfaces in optics, the concept was adopted in acoustics38

with the intent to create subwavelength acoustic devices.39

To-date, the most notable design of an acoustic meta-40

surface is based on the labyrinthine [10–14], or space-41

coiling unit. Anomalous reflection and refraction have42

been both numerically [15, 16] and experimentally [17–43

22] demonstrated with labyrinthine units based on phase44

discontinuities. For completeness, we note that acous-45

tic metasurfaces based on impedance discontinuities (as46

opposed to phase discontinuities) have also been theoret-47

ically demonstrated [23, 24].48

Despite much progress in the development of these sub-49

wavelength designs in both optics and acoustics, the ex-50

tension of this concept to the control of elastic waves in51

solids has not received much attention other than for a52

few studies on elastic waveguides with metamaterial in-53

serts [25–27]. The ability to extend the concept of meta-54

surface to a solid could provide novel and important func-55

tionalities for structural acoustic waveguides while dras-56

tically expanding their range of application. Applications57

would range from acoustic lenses for ultrasonic imaging58

and surgery, to dynamic tailoring of structural compo-59

nents for effective vibration and noise control, to passive60

energy management for effective harvesting. In this ar-61

ticle, we show both numerically and experimentally the62

possibility to successfully design acoustic metasurfaces63

fully embedded in structural waveguides and able to reli-64

ably achieve anomalous refraction. The metasurface de-65

sign is based on the use of geometric tapers recently intro-66

duced by Zhu [28] in the context of thin-walled acoustic67

metamaterials. Previous results have shown that a peri-68

odic lattice of these geometric inhomogeneities can pro-69

vide a high level of control of the propagation parameters.70

At the same time, this design drastically reduces the fab-71

rication complexity of traditional metamaterial systems72

based on a multi-material approach [29–31].73

According to the Generalized Snell’s Law (GSL)[2], the74

direction of anomalous refraction is related to the direc-75

tion of the incident planar wavefront as follows:76

sin(θt)

λt
− sin(θi)

λi
=

1

2π

dφ

dy
(1)

Equation (1) implies that the refracted beam can have77

an arbitrary direction, provided that a suitable constant78

phase-gradient (dφ/dy) can be produced along the in-79

terface. In order to design metasurfaces that can effec-80

tively steer the transmitted guided wave, it is necessary81

to achieve a spatial gradient profile able to cover the en-82

tire 2π phase range. This condition translates into con-83

straints on the frequency response of the different scatter-84

ers. In particular, it requires that every scatterer achieves85

a full 2π phase change while simultaneously maximizing86

the amplitude of the transmitted wave (i.e. reducing the87
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back-scattering). Mode conversion is one of the most1

characteristic traits of acoustic wave propagation in solids2

as compared to fluids or gases. In the present study, we3

show the possibility to achieve anomalous refraction for4

the A0 anti-symmetric transmitted mode by illuminating5

the metasurface with either a S0 or an A0 incident mode.6

We will discuss the design for the S0 excitation in detail7

while observing that the operating mechanism and the8

design strategy apply similarly to the A0 mode.9

The proposed approach synthesizes the metasurface10

based on periodic arrays of elements whose individual11

unit consists in a geometrically inhomogeneous cell com-12

bined with a resonating core. The fundamental building13

block of the metasurface (Fig.1a) is a square unit (side14

length L = 4cm) having an embedded elliptic torus-like15

taper and a (resonating) center mass whose value can16

be tuned by controlling its thickness. The x − z cross-17

section of a typical unit is presented in Fig.1b, where t,18

a, b, r and h are the defining geometric parameters. In19

this study, we mostly concentrated on the parameter h20

that is the thickness of the tunable center mass, which21

affects more directly the local resonance of the building22

block design, combined with different taper profiles (de-23

tails provided in Supplementary Material). In order to24

evaluate the frequency response of the different units, we25

numerically calculated the transmitted A0 mode result-26

ing from an incident S0 plane wave impinging normally27

on the metasurface. The phase and amplitude response28

were extracted from displacement data collected in the29

far-field. The frequency response characterization for30

each unit was performed on individual 3D strip-like mod-31

els with a single embedded unit and periodic boundary32

conditions applied on the top and bottom boundaries, as33

shown in Fig.1c (top). For the sake of clarity and to facil-34

itate the comparison between different units, we selected35

a specific frequency of actuation (f = 20.1 kHz) which36

was used throughout the numerical simulations. This37

frequency corresponded to a wavelength of the S0 mode38

λS0
≈ 27 cm ∼ 6.75L and of the A0 mode λA0

≈ 5.9 cm39

∼ 1.5L for a 8mm thick aluminum plate as considered in40

the numerical results.41

In order to reduce the design complexity while still42

achieving phase shifts covering the entire 2π range, we43

recognized that symmetry conditions could be exploited44

for the S0 actuation mode. Consider a pair of exactly45

identical tapered units, a π phase shift difference in46

the transmitted and mode-converted A0 wave can be47

achieved if the units orientation is mirrored with respect48

to the neutral plane (see Fig.1c); this is a direct result of49

enforcing the continuity of the displacements in the z di-50

rection at the interface between the flat plate and the unit51

cell. These design considerations were confirmed by the52

finite element simulations (Fig.1c) that show the out-of-53

plane displacement field associated with the transmitted54

A0 mode. The results of the two models, correspond-55

ing to the same taper geometry with mirror symmetry,56

clearly confirm the phase shift difference of π. Hence,57

FIG. 1. Schematic of the (a) elliptic torus-like tapered unit
and of (b) its xz plane cross-section showing the main ge-
ometric parameters. (c) Full field results illustrating the π
phase shift occurring on the transmitted (mode converted)
A0 mode generated by a normally incident S0 mode when the
same taper geometry is mirrored about the neutral plane. (d)
The phase shift response of a single unit at f = 20.1 kHz as
a function of the thickness of the center mass (which results
in a resonance frequency shift).

the use of the mirrored geometry allows reducing the58

design complexity because the individual units are re-59

quired to cover only a phase range of π, while the re-60

maining (π) shift can be obtained by a mirroring oper-61

ation. In fact, the phase shift obtained by varying the62

thickness h of the attached mass (up to twice the plate63

thickness) already produces phase shifts largely in excess64

of π (Fig.1d). These results suggest that a metasurface65

with a given phase gradient can be designed by carefully66

selecting unit cells having desired transmission properties67

(see Fig.1, Supplementary Material).68

In the following, we explore the possibility of achiev-69

ing different wave manipulation effects by exploiting em-70

bedded acoustic metasurfaces based on combinations of71

different fundamental units. In particular, we will show72

two mechanisms that could prove critical for the develop-73

ment of future ultra-compact acoustic devices: (1) a flat74

ultra-thin lens, and (2) a phase-mask for non-paraxial75

propagation.76

To illustrate the anomalous refraction phenomenon,77

which is the fundamental physical mechanism at the ba-78

sis of all the other designs, we assembled a metasur-79

face based on a one-dimensional periodic array of su-80

percells. The individual supercell was built using differ-81

ent units properly selected to achieve a prescribed spa-82

tial phase gradient. The units were fully integrated in83

the host structure consisting in a 8mm thick aluminum84

plate, as shown in Fig. 2a. The expected refraction angle85

θt = arcsin(λtsin(θi)
λi

+ λt

2π
dφ
dy ) was predicted according to86

the GSL. For the numerical investigation, we built a su-87

percell based on different units (see Supplementary Mate-88

rial). The three different configurations provided a phase89
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FIG. 2. (a) Schematic of the thin plate with the embed-
ded metasurface. A S0 Gaussian beam with normal incidence
was used as external excitation. Perfectly Matched Layers
surrounding the domain of simulation and used to minimize
boundary reflections.(b)-(d) shows the transmitted (mode-
converted) A0 wave field for three metasurfaces having differ-
ent value of the spatial gradient obtained by numerical FEM
simulations.

shift of dφ = π/3, dφ = π/2, dφ = 2π/3 along the inter-1

face. The metasurface was excited by a normally incident2

S0 Gaussian beam from left to right. Figure 2b-c show3

the transmitted A0 mode for the different values of the4

phase gradient. Note that, in all the following numerical5

results the A0 wave fields are always plotted in terms of6

out-of-plane displacements (z-component) at the neutral7

plane of the plate which allows for an effective separation8

of the S0 and A0 modes. The numerical results for ev-9

ery configuration show clear evidence of the anomalous10

refraction phenomenon. The superimposed black arrows11

in Fig. 2b-d indicate the analytical prediction accord-12

ing to GSL, that is θ
(60◦)
t ≈ 14.5◦, θ

(90◦)
t ≈ 21.6◦ and13

θ
(120◦)
t ≈ 29.4◦. For comparison, the angles of refraction14

were also extracted from the full field numerical simula-15

tions which provided the following values 15.25◦, 22.16◦,16

and 28.65◦.17

Only in the case of the strongest spatial gradient18

(Fig. 2d), a visible portion of the incident beam was19

converted into a second refracted beam. This can be20

explained by the existence of a critical value for the21

phase discretization, that is the value of dφ between22

adjacent units. It can be shown that, beyond a cer-23

tain value of dφ two possible propagating wave solutions24

can be supported by the same metasurface configura-25

tion. The refraction angle of the second refracted beam26

can be determined by θ
′

t = arcsin λ
2π
−4/3π
dy = −79.5◦27

which is in good agreement with the numerical simula-28

tion (dashed red arrow in Fig. 2d). In our current con-29

figuration, the critical value for dφ can be calculated as30

dφc = 2π − 2πdx
λ = 0.644π. Aside from these additional31

FIG. 3. Design and numerical evaluation of a flat focal lens
based on the embedded metasurface concept. (a) shows the
continuous hyperbolic phase profile (blue curves) and the cor-
responding discrete phase profile (red dots) effectively imple-
mented in the metasurface. The inset illustrates schematically
how to synthesize the phase profile. (b) The intensity distri-
bution |A|2 of the transmitted A0 wave field after the flat
focal lens.

considerations, results clearly illustrate that the proposed32

metasurface design is able to induce strong anomalous re-33

fraction on the A0-converted Lamb modes.34

In order to apply this methodology to design a flat focal
lens, a hyperbolic phase profile must be programmed into
the metasurface (Fig.3a). For a given focal length f , the
phase shift φ(y) profile is provided by:

φ(y) = ~k · SP =
2π

λ
(
√
f2 + y2 − f) (2)

where ~k is the wave vector, SP is the distance to com-35

pensate for in order to achieve a hyperbolic profile, and36

f is the focal length (that is the distance OF ).37

To show the capabilities of the metasurface, we de-38

signed a lens having a focal length f = 70 cm. The39

corresponding phase profile needed to achieve this per-40

formance was obtained according to Eqn.2 and plotted in41

Fig. 3a (blue curve). The corresponding discrete phase42

profile (red dots) is plotted in Fig. 3a and the lens can be43

readily constructed by selecting units that match the re-44

quested phase shift (see Supplementary Material). Note45

that the lens was designed with the intent to use a nor-46

mally incident S0 excitation and to achieve a focal point47

in the transmitted A0 (converted) mode. Figure 3b shows48

the spatial distribution of the intensity of the transmit-49

ted wave field |A|2 after the metasurface. A very narrow50

focal point is achieved at x ≈ 68cm which is within a 351

% error from the target location (f = 70cm). Further52

analyses about the performance of the acoustic lens can53

be found in the Supplementary Material.54

Our metasurface design can also be exploited to create55

phase masks (essentially, acoustic analog filters) to gener-56

ate self accelerating acoustic beams that propagate along57

an arbitrary convex trajectory; a mechanism also known58

as non-paraxial propagation. We design the metasurface59

to perform as a phase mask able to convert an incident60

wave into a non-paraxial beam. Based on the caustic61

theory [32–34], the continuous phase profile along the62

metasurface can be synthesized in order to achieve an63

arbitrary convex trajectory of the transmitted acoustic64
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FIG. 4. Non-paraxial self-accelerating acoustic beam achiev-
able by a metasurface phase mask. Numerical simulations
illustrated that both designs can successfully achieve non-
paraxial beams on the transmitted A0 mode under normal
S0 excitation for either (a) a half circular trajectory path and
(b) a parabolic trajectory. The white solid lines in each plot
represent the target trajectory.

beam. Once the continuous phase profile is available, its1

discrete approximation can be easily obtained by select-2

ing basic unit cells according to an analogous procedure3

to that described for the flat lens. The detailed descrip-4

tion to construct the phase profile φ(y0) for an arbitrary5

convex trajectory y = f(x) can be found in Supplemen-6

tary Material.7

The ability of the metasurface to generate non-paraxial8

beam propagation is numerically shown by means of9

two different examples: (1) a half circular and (2) a10

parabolic trajectory. The half circular path having ra-11

dius r and centered at (r, 0) is described by the equation12

y = f(x) =
√
r2 − (r − x)2. The desired phase profile is13

φ(y0) = −k0 ∗ (y0 − 2r ∗ arctan(y0/r)). Concerning the14

parabolic trajectory y = f(x) = a∗
√
x, the desired phase15

profile is φ(y0) = −k0∗(− ln(y0+
√
y02 + (a2/4)2))∗a2/4.16

For the numerical example, the parameters r and a con-17

trolling the curvatures of the paths were selected as18

r = 0.2m and a =
√

0.32, in order to guarantee the19

smoothness of the discrete phase profile. The resulting20

metasurfaces were embedded in the host 8mm thick plate21

and excited by an incident S0 plane wave. The numer-22

ical results are provided in Fig. 4a and b in terms of23

full displacement fields associated with the transmitted24

(mode-converted) A0 wave. In both cases, results show25

good agreements between the target and the calculated26

trajectories. Clearly the circular trajectory exhibits a27

larger error in the far quarter of the path due to the28

finite length of the metasurface.29

The design approach described above was based on30

mode conversion which is a useful but not strictly neces-31

sary mechanism to build the metasurface. To substanti-32

ate this statement we explored the design of metasurface33

able to operate on non-converted mode that is, as an ex-34

ample, on transmitted A0 modes generated by incident35

A0 modes. The results (summarized in Fig.2 of the sup-36

plementary material) showed that comparable anomalous37

refraction performance can be achieved also for this al-38

ternative design.39

In order to validate the concept of geometrically tai-40

lored acoustic metasurface, we performed a set of ex-41

perimental investigations. Three different testbeds were42

built so to validate the anomalous refraction under 1)43

mode converted (S0 −A0) and 2) direct (A0 −A0) actu-44

ation mode, and 3) the parabolic non-paraxial propaga-45

tion. The experimental testbeds consisted of a thin flat46

aluminum plate having a single embedded metasurface47

(see Fig. 5a; the zoom-in view of the white box shows the48

fundamental supercell). The plate thickness was reduced49

to 4.06 mm and the target operating frequency was set50

to 50.1 kHz. The torus-like tapers were CNC machined51

while the center masses were successively glued on the52

taper. The experimental sample was mounted in an alu-53

minum frame and a viscoelastic tape was glued on the54

edges in order to minimize boundary reflections. The55

out-of-plane response of the plate was acquired by using56

a Polytec PSV-500 laser scanning vibrometer.57

The full field experimental measurements for the two58

anomalous refraction cases are shown in Fig. 5b and59

c. An array of Micro Fiber Composite (MFC) patches60

(Fig.5a) was surface bonded on the plate and simulta-61

neously actuated to generate a quasi A0 planar incident62

wave. Similarly, for the S0 actuation an identical array of63

MFCs was bonded symmetrically on the other side of the64

plate and drive in phase. In both cases, the excitation65

was a 25-count wave burst with a 50.1 kHz center fre-66

quency. For the A0−A0 actuation (Fig.5c) the metasur-67

face was assembled based on periodic supercells provid-68

ing a phase increment of 2π
3 between adjacent units, while69

for the S0−A0 case (Fig.5b) a phase increment of π2 was70

used. Note that in these two cases the dimensions of the71

subunits are different and correspond to analytical refrac-72

tion angles equal to θt
S0−A0 = arcsin( λt

2π
π/2
0.016 ) = 22.5◦73

and θt
A0−A0 = arcsin( λt

2π
2π/3
0.02 ) = 24.1◦. The experimen-74

tally observed angles are 22.8◦ and 21.6◦ correspondingly,75

which are in good agreement with both the numerical re-76

sults and the analytical predictions. The transmittance is77

approximately 0.54 for the direct A0−A0 actuation mode78

(measured by the ratios of the averaged peak value of in-79

cident and refracted wave fronts). For the S0−A0 mode,80

the incident S0 wave field was not measured but, based81

on the numerical simulations, a transmittance (S0 to A0)82

around 0.528 was estimated. Figure 5d shows the exper-83

imental results for the non-paraxial propagation under84

S0 −A0 operating mode. The white solid line represents85

the target trajectory (that is y = f(x) =
√

0.125 ∗
√
x)86

and highlights the good agreement between the analytical87

prediction and experimentally generated acoustic beam.88

The numerical simulations corresponding to the experi-89

mental configurations are provided in Fig.5 of the Sup-90

plementary Material.91

In conclusions, we have presented and experimentally92

demonstrated the design of structure-embedded acoustic93

metasurfaces which can be exploited to produce a variety94

of unconventional wave manipulation effects in structural95

waveguides. Numerical and experimental results were in96

excellent agreement showing the robustness of the ap-97
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FIG. 5. Experimental setup and results. (a) side view of the
embedded metasurface on a 4mm thick aluminum plate. The
zoom-in view shows an example of the fundamental supercell
from which the metasurface is assembled. An array of MFC
pathes was surface bonded to generate the ultrasonic excita-
tion. The measured transmitted A0 wave fields (out-of-plane
component) are shown in (b), (c) and (d) for the S0 − A0

anomalous refraction, the A0−A0 anomalous refraction, and
the non-paraxial propagation cases.

proach and the high level of performance achievable with1

the tapered design. Acoustic wave control was shown for2

both same-mode and mode-converted transmitted waves.3

Applications of the metasurface to acoustic planar fo-4

cal lenses and phase-masks for non-paraxial propagation5

were also successfully investigated by numerical simula-6

tions and showed an outstanding potential for wave con-7

trol and device fabrication. The tapers are extremely8

easy to fabricate and eliminate completely the need for9

multi-material interfaces typical of the more traditional10

acoustic metamaterial design. This is a critical aspect to11

achieve scalability and to transfer metamaterial concepts12

to structural members with load-bearing capabilities.13
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