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Contact-based vibrations play a critical role in the dynamics of granular materials. Significant
insights into vibrational granular dynamics have previously been obtained with reduced-dimensional
systems containing macroscale particles. We study contact-based vibrations of a two-dimensional
monolayer of micron-sized spheres on a solid substrate that forms a microscale granular crystal.
Measurements of the resonant attenuation of laser-generated surface acoustic waves reveal three
collective vibrational modes that involve displacements and rotations of the microspheres, as well
as interparticle and particle-substrate interactions. To identify the modes, we tune the interparticle
stiffness, which shifts the frequency of the horizontal-rotational resonances while leaving the vertical
resonance unaffected. From the measured contact resonance frequencies we determine both particle-
substrate and interparticle contact stiffnesses and find that the former is an order of magnitude
larger than the latter. This study paves the way for investigating complex contact-based dynamics
of microscale granular crystals and yields a new approach to studying micro- to nanoscale contact
mechanics in multiparticle networks.

PACS numbers: 45.70.-n, 68.35.Iv, 46.55.+d, 78.20.hc

Micro- and nanoscale particles in contact with other
bodies experience strong adhesive forces that induce de-
formation near the point of contact [1]. The understand-
ing of contact mechanics is critical to many fields, includ-
ing areas such as surface science [1], contaminant removal
[2], self-assembly [3], powder technology and processing
[4, 5], and biomedicine [6]. In systems with adhered
micro- and nanoscale particles, low frequency dynamic
disturbances (compared to the intrinsic spheroidal modes
of the spheres [7]) can induce contact-based vibrational
modes in single- and multi-particle systems, where the
particles move like rigid bodies and the local region of
deformation around the contact acts as a spring [8].

Such contact-based vibrational modes form the foun-
dation for the dynamics of particulate assemblies. The
contact-based dynamics of granular media play a crit-
ical role in fields such as wave propagation in geologi-
cal and other microstructured materials [8]. While there
has been significant progress in the study of the contact-
based dynamics of macroscale granular media [8, 9], the
dynamics of micro- to nanoscale particle assemblies are
less understood. This difference in scale is important
from a fundamental perspective; in particular, adhesion
forces negligible for macroscale particles become critical
at micro- to nanoscales.

At the macroscale, studies of reduced dimensional sys-
tems, such as one- and two-dimensional granular ar-
rays that are commonly referred to as “granular crys-
tals,” have yielded significant insights into the dynam-
ics of granular materials [8, 9]. In contrast, studies of
the contact-based dynamics of micro- to nanoscale par-
ticle assemblies have hitherto been restricted to three-
dimensional, typically disordered, settings [8, 10–12]. Re-
cently, a contact resonance of microspheres assembled

into a two-dimensional monolayer adhered to a solid sub-
strate was measured via its hybridization with surface
acoustic waves (SAWs) traveling in the substrate [13].
The results agreed well with a simple model where the
particle motion was restricted to the vertical (out-of-
plane) degree of freedom and the interaction between
the particles was disregarded. However, models involving
both rotations and interparticle interactions [14, 15] pre-
dicted more complex dynamics. For motion in the sagit-
tal plane, a close-packed monolayer of spheres on a solid
substrate is expected to yield three collective contact-
based vibrational modes: one predominantly vertical,
and two of mixed horizontal-rotational character, all of
which should interact with SAWs [14]. It has remained a
mystery as to why the previous experiment only showed
the presence of a single contact resonance mode.

In this work, we reveal the presence of all three con-
tact resonances predicted for the microsphere monolayer,
by measuring the attenuation of SAWs using a scanned
laser ultrasonic technique. We test the model by chang-
ing the interparticle contact stiffness via deposition of a
thin aluminum film on top of the spheres, which shifts
the horizontal-rotational contact resonance frequencies
upwards. We further confirm the nature of the modes
using a complementary laser-ultrasonic technique that
preferentially excites the vertical contact resonance. In
addition to providing direct evidence of the rotational-
vibrational dynamics of microgranular media, our work
opens a new approach for the study of micro- to nanoscale
particle contact mechanics by enabling measurements of
both interparticle and particle-substrate contact stiffness
and offering insight into the role of shear contact rigidity.

Our sample is a monolayer of D = 2.0 µm diameter sil-
ica microspheres deposited on an aluminum-coated glass
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FIG. 1: [Color online] Overview of the experiment. (a) Mi-
croscope image of the interface between monolayer and blank
sample regions. The scale bar is 10 µm. (b) Schematic of
the laser ultrasonic experimental setup. Normalized signal
measured in the (c) blank region and (d) 132 µm inside the
monolayer region. (e) Normalized Fourier spectra of the sig-
nals in (c) and (d) using the same colors. The red spectrum
corresponds to a signal measured 400 µm inside the monolayer
region. Vertical dashed lines denote the identified contact res-
onance frequencies. (f) Schematic of the dynamical model.

substrate, as shown in Figure 1(a,b). The aluminum layer
is 100 nm thick, and the glass is 1.5 mm thick. A wedge-
shaped cell convective self-assembly technique is used to
assemble the monolayer on the substrate [16]. To obtain a
planar interface between substrate regions with and with-
out the microsphere monolayer (hereafter referred to as
the monolayer and blank regions, respectively), we use
a micro-contact-printing method, wherein a soft Poly-
dimethylsiloxane (PDMS) stamp is pressed into confor-
mal contact with the microsphere monolayer and then is
removed, such that the spheres detach from the substrate
in the stamped region [17, 18]. A representative optical
microscope image of the resulting interface is shown in
Fig. 1(a).

To generate and measure SAW propagation in our sam-
ple, we utilize a scanned laser-ultrasonic technique, as
shown in Fig. 1(b) [18]. We focus a sub-nanosecond
laser pulse, which serves as a “pump,” into a line on the
aluminum surface of the blank region of the substrate.
The absorbed laser light launches broadband SAW pulses
that propagate as a plane waves perpendicular to the
line source. The acoustic response of the sample is mea-
sured via a knife-edge photo-deflection technique [22]. A
“probe” beam is incident through the substrate and fo-
cused to a small spot on the aluminum film. The reflected
probe light is focused onto a fast photodetector, after be-
ing partially blocked by a knife-edge. Changes in surface
slope and refractive index caused by the SAWs deflect
the probe beam, which translates to a change in inten-
sity on the photodetector. To obtain spatial information,

the sample is automatically scanned in the direction of
the SAW propagation. Both pump and probe are initially
focused onto the blank region, then moved progressively
closer to the interface, with the probe crossing into the
monolayer region.
Figure 1(c,d) shows typical measured signals S, nor-

malized to the maximum signal amplitude S0 measured
during the scan. Figure 1(c) corresponds to a probe po-
sition in the blank region, and Fig. 1(d) corresponds to a
probe position 132 µm inside the monolayer region. The
distortion of the signal in Fig. 1(d), is a result of disper-
sion and dissipation induced by the monolayer.
The Fourier spectra of the normalized signals in Fig.

1(c) and Fig. 1(d) are shown in Fig. 1(e). The spectrum
corresponding to the signal in the monolayer region shows
a sharp dip at 108 MHz. We also observe two smaller dips
surrounding this resonance, and denote the three dips
with vertical lines drawn at fI,0 = 49 MHz, fII,0 = 108
MHz, fIII,0 = 197 MHz. We also show a third spectrum,
corresponding to a location 400 µm inside the monolayer
region, which demonstrates the evolution of the attenu-
ation zones.
To obtain position-dependent transmission spectra of

SAWs traversing the interface, we normalize the Fourier
spectra at each position by the average Fourier spectra
of the incident SAW (averaged over all positions in the
blank region). Figure 2(a) shows the measured transmis-
sion spectra as a function of distance from the interface.
Three distinct attenuation maxima are evident, corre-
sponding to the identified dips in Fig. 1(e). We interpret
the measured attenuation maxima as being caused by the
interaction of SAWs with contact resonances of the mi-
crosphere monolayer, as described by the recently devel-
oped model of Ref. [14]. In this model, the microspheres
are considered as rigid bodies, and the sphere-substrate
and sphere-sphere contacts are represented as normal and
shear springs, as is shown in Fig. 1(f). This model pre-
dicts three collective vibrational modes of the monolayer
involving vertical, horizontal, and rotational motion of
spheres in the sagittal plane.
At long wavelengths (compared to the particle spac-

ing), one of the modes is purely vertical, with a frequency
given by

fN =
1

2π

[
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m

]1/2

,
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while two others are of mixed horizontal-rotational char-
acter, with frequencies given by
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FIG. 2: [Color online] (a-c) Transmission spectra for SAWs propagating across the interface between blank and monolayer
regions. The color bar denotes the magnitude of the transmission coefficient. Horizontal dashed lines denote the identified
contact resonance frequencies for the uncoated monolayer. Short horizontal lines on the right of the panels are the fitted
contact resonance frequencies. Position denotes distance from the interface. (a) Uncoated microsphere monolayer. (b) 20 nm
of aluminum coating. (c) 40 nm of aluminum coating.

where m = ρπD3/6 is the microsphere mass, KN is the
particle-substrate normal stiffness, KS is the particle-
substrate shear stiffness, GS is the interparticle shear
stiffness, and γ = GS/KS . The interparticle normal
contact stiffness GN does not affect these resonances at
long wavelengths. The frequency fRH corresponds to
the predominantly rotational mode and is always higher
than the frequency of the predominantly horizontal mode
fHR. If the monolayer is placed on an elastic substrate,
all three modes are predicted to interact with SAWs [14].
In the absence of dissipation, this interaction results in
the hybridization and avoided crossing of the Rayleigh
SAW with the contact resonances. In the presence of
dissipation, avoided crossing may or may not take place,
but one would invariably expect a peak in attenuation
at the contact resonance frequency [23]. As can be seen
from Eq. 1 and Eq. 2, fN is determined solely by the
particle-substrate contact, whereas fRH and fHR are af-
fected by both contacts. Hence, if we increase the inter-
particle contact stiffness, only fRH and fHR are expected
to increase.

To test the model and verify the nature of the observed
contact resonances, we coat the microsphere monolayer
with a thin aluminum layer using electron beam evap-
oration, which stiffens the interparticle contact without
affecting the particle-substrate contact [18]. Figure 2(b)
and Fig. 2(c) show transmission spectra for the samples
coated with aluminum. The highest and the lowest atten-
uation maxima shift upwards upon the deposition of the
aluminum, while the middle maximum remains nearly
unaffected. The relatively small downshift of the mid-
dle resonance, which is approximately consistent with the
predicted frequency downshift of ∼ 4% due to extra mass
loading, confirms our assignment of the middle resonance
to fN . In all cases, the middle zone has the largest at-
tenuation, indicating stronger coupling of this resonance
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FIG. 3: [Color online] (a) Schematic of the experiment with
large spot excitation and grating interferometer detection.
(b) Normalized signal measured with the interferometer. (c)
Fourier spectrum of the signal in (b).

to the propagating SAWs.
For further confirmation of the assignment of the reso-

nances, we conduct a separate experiment on the sample
coated with 40 nm of aluminum, wherein a pump beam
entering through the substrate is focused to a large di-
ameter (240 µm at 1/e2 intensity level) spot. In this
configuration, thermal expansion of the aluminum layer
excites the vertical contact resonance of the spheres di-
rectly, while horizontal-rotational resonances are not ex-
cited because of symmetry constraints. The displacement
of the spheres is measured with a grating interferometer
[24], which is also only sensitive to vertical motion. The
measured signal shown in Fig. 3(b) contains oscillations
at a frequency of ∼ 100 MHz, as can be seen from the
Fourier spectrum in Fig. 3(c), thus confirming the middle
resonance in Fig. 2(a-c) as the vertical mode.
We compare the frequencies of the observed attenu-

ation maxima shown in Fig. 2 with those predicted by
Eq. 1 and Eq. 2. While the equations have three unknown
parameters (KN , KS, and GS), we relate KS to KN via
the Hertz-Mindlin contact model [25], which leaves two
independent parameters. In the Hertz-Mindlin contact
model, assuming a no-slip condition at the contact, the
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normal stiffness for a given contact is related to the shear
stiffness, such that KS/KN = 4G∗/E∗, where E∗ = [(1−
ν2
1
)/E1+(1−ν2

2
)/E2]

−1 is the effective Young’s modulus
of the contact, and G∗ = [(2 − ν1)/G1 + (2 − ν2)/G2]

−1

is the effective shear modulus, where E1 and G1 are the
moduli for the silica microspheres, and E2 and G2 are
the moduli for the aluminum substrate [18]. Using Eq. 1
and the measured value of fII,0 = fN , we find a particle-
substrate normal contact stiffness of KN = 4.0 kN/m,
and thus also obtain the particle-substrate shear stiff-
ness KS = 3.5 kN/m. We then use a least-squares fit
to determine the interparticle shear stiffness GS , where
the quantity ((fI − fHR)/fI)

2 + ((fIII − fRH)/fIII)
2 is

minimized, with fHR and fRH defined as in Eq. 2. For
the uncoated sample, we obtain an interparticle shear
stiffness of GS = 0.3 kN/m [18]. In Fig. 2, we denote
the fitted contact resonance frequencies using white solid
lines on the right side of each panel. For the uncoated
sample, we see an excellent agreement between the mea-
sured attenuation frequencies and the fitted contact res-
onance frequencies. For the sample coated with 40 nm
of aluminum, the agreement is not as good. This differ-
ence may be due to deviations from the physical scenario
described by our model due to the presence of the alu-
minum, including asymmetric interparticle contacts and
the formation of “necks”, which may lead to bending re-
sistance not taken into account in the model.

A particularly intriguing result is that the interparti-
cle shear contact stiffness is over an order of magnitude
smaller than the particle-substrate contact stiffnesses. As
a comparison, we use the Hertz-Mindlin elastic contact
model with the DMT model of an adhesive contact [26]
to calculate theoretical contact stiffnesses. This results
in predicted stiffnessesKN,DMT = 1.6 kN/m, KS,DMT =
1.4 kN/m, and GS,DMT = 0.8 kN/m, which gives a ratio
of less than two between the particle-substrate and inter-
particle stiffnesses. Consistent with the trend observed
in recent studies [13, 27], the measured particle-substrate
normal contact stiffness is also over twice as large as pre-
dicted. A discrepancy between estimated and measured
values can be ascribed to factors such as uncertainty in
the work of adhesion [1], plastic deformation, which may
stiffen the contact [28, 29], or microslip at the contact,
which may decrease the shear contact stiffness [30]. For
instance, prior studies have shown higher than predicted
adhesion between dielectrics and reactive metals such as
aluminum [31]. In addition, an examination of SEM im-
ages [18] showed that the interparticle contact network is
not uniform: even in closely packed regions, most parti-
cles do not form adhesive contacts with all six neighbors.
This raises the question of how adhesive contact networks
form following self-assembly, and may contribute to lower
than predicted interparticle contact stiffnesses. Our mea-
surement approach offers a unique opportunity to inves-
tigate this issue.

We have also studied the effect of the microspheres on

SAW dispersion. Figure 4 shows the normalized mag-
nitude of the two-dimensional Fourier transform of the
scanned measurements taken in the monolayer region.
Figure 4(a) shows spectra corresponding to the uncoated
sample. Figure 4(b) shows spectra corresponding to the
sample with 40 nm of aluminum. The spectra show a line
corresponding to Rayleigh SAWs in the substrate, which
has three gaps or regions of attenuation corresponding to
the attenuation zones seen in Fig 2. The highest and low-
est zones appear as lighter-colored, attenuated regions,
whereas the middle gap shows a clear gap with curvature
indicative of an avoided crossing. An emerging band gap
can also be seen at the lowest resonance in Fig. 4(b).
Using the fitted contact resonance frequencies with the

effective medium model for a monolayer of microspheres
on an elastic substrate [14], we plot the calculated dis-
persion curves as the red dash-dotted lines in Fig. 4 [18].
For the strong middle resonance and also the emerging
avoided crossing at the lowest resonance in Fig. 4(b), we
see reasonable agreement between experiment and theory
in the curvature of the branches, which confirms that our
model captures the coupling strength between the con-
tact resonances and the SAWs. For resonances with weak
coupling and low quality factors, hybridization gaps can
appear as attenuation zones instead of avoided crossings
[23], which explains why weaker horizontal-rotational res-
onances were not identified previously in Ref. [13].

FIG. 4: [Color online] Surface acoustic wave dispersion in
samples with an (a) uncoated monolayer and (b) 40 nm thick
aluminum coating. The color plot denotes the normalized
magnitude of the calculated 2D Fourier spectra. Horizontal
dashed and dotted lines correspond to the identified contact
resonance frequencies for the uncoated sample and the sample
with 40 nm of aluminum, respectively. Short horizontal lines
on the right of the panels are the fitted contact resonance
frequencies. Red dash-dotted lines are the dispersion curves
calculated using the fitted resonance frequencies.

This work opens the door for the study of the contact-
based dynamics of low-dimensional microgranular sys-
tems which, in contrast to their macroscale counterparts
[9], may have additional acousto-optic [32] or acousto-
plasmonic [33] functionalities, be rapidly and inexpen-
sively manufactured via self-assembly, and find future
use in chip-scale applications. The discovery of collective
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vibrational modes including rotations as well as displace-
ments, along with the characterization of shear and nor-
mal contact stiffnesses in microscale particle assemblies,
will lead to better broader understanding of wave propa-
gation in microgranular media with applications in shock
mitigation, energetic materials, seismic exploration, and
powder processing, and have implications for future stud-
ies of colloidal crystal systems [34, 35]. This study reveals
the critical role of particle rotations: for instance, with-
out rotations, the upper (RH) resonance would not be
present [14]. Our characterization method is complemen-
tary to existing techniques [36–39], as it is non-contact
and non-destructive, offers information about equilib-
rium contact stiffnesses, and, in contrast to other dy-
namic techniques involving isolated particles [36–38], en-
ables the measurement of interparticle contact stiffness
in a microscale multiparticle assembly. Finally, the sen-
sitivity to contact forces in the microgranular monolayer
may be used in sensors for bioanalytical [40] and other
applications.
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