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We report the enhancement of the thermoelectric power (TEP) in graphene with extremely low
disorder. At high temperature we observe that the TEP is substantially larger than the prediction of
the Mott relation, approaching to the hydrodynamic limit due to strong inelastic scattering among
the charge carriers. However, closer to room temperature the inelastic carrier–optical-phonon scattering becomes more significant and limits the TEP below the hydrodynamic prediction. We support
our observation by employing a Boltzmann theory incorporating disorder, electron interactions, and
optical phonons.
PACS numbers: 73.63.-b, 72.80.Vp, 72.15.Jf, 73.23.-b

Enhancing thermoelectric power (TEP) of low dimensional materials has been of great interest in thermoelectric applications. TEP is also excellent probe for understanding electronic transport because of its extreme sensitivity to the particle-hole asymmetry of an electronic
system. It has argued that the electron-interaction or
nanostructuring may enhance the TEP [1].
In a diffusive conductor, the electric and thermoelectric transport coefficients can be related by the Mott
relation (MR), obtained from the Boltzmann equation
in the relaxation-time approximation [2]. The validity of the MR has been tested experimentally for many
decades in various materials, such as doped semiconductors [3], nanotubes [4], nanowires [5–7], graphene [8, 9],
and topological insulators [10]. The technique of tuning
the carrier density by electric field effect is particularly
useful for examining the MR, since it allows a quantitative comparison between the thermoelectric power
(TEP) and electrical conductivity at varying chemical
potentials [4–11].
In the semiclassical regime, the MR is justified as
long as the carrier elastic scattering by impurities
or quasi-elastic scattering by acoustic phonons dominates the transport [12]. However, the MR should
break down when inelastic scattering mechanisms become appreciable at high enough temperatures, when
electron-electron (e-e) scattering [13–15] and carrier–
optical-phonon scattering [17] become significant. The
interaction-dominated thermal and thermoelectric response in graphene was first studied in the context of
the hydrodynamic theory of Dirac liquids [13–15]. Generally, at high enough temperature, the enhanced inelastic collisions between charge carriers dramatically
accelerate the relaxation towards local thermal equilibrium and yields a hydrodynamic collective behav-

ior, as demonstrated in 2-dimensional electron gases
in the ultraclean limit of semiconductor heterostructures [16]. In particular near the charge neutrality point
(CNP), the e-e and electron-hole (e-h) scattering rates
grow linearly with temperature, and the electron-hole
plasma of Dirac fermions develops [13–15]. In clean
graphene, the TEP is simply given by the thermodynamic entropy per carrier charge, which can be substantially higher than the value predicted by the MR, especially, near the CNP [13–15, 17, 18]. One also expects
that the thermal conductivity violates the WiedemannFranz law [14, 15].
The experimental exploration of hydrodynamic transport in graphene began only recently, made possible
by the preparation of high-quality graphene samples
in hexagonal boron nitride (hBN) encapsulated heterostructures [19]. The elastic mean free path `el at low
temperature is limited merely by the sample size, typically on the order of 10 µm. As temperature grows, `el is
gradually suppressed to ∼1 µm at room temperature,
which is attributed to the thermally enhanced quasielastic scattering off acoustic phonons [20, 21]. On the
other hand, the inelastic e-e scattering length `ee is suppressed more rapidly. At sub-Kelvin temperatures, `ee
is experimentally estimated to be `ee ∼ 10-100 µm [22].
For temperatures above 100 K, `ee . 0.5 µm according
to theoretical calculations [23–25]. Therefore, the hydrodynamic condition `ee  `el is potentially achievable
by elevating temperature.
Two recent experiments have indeed observed the
fingerprint of hydrodynamic transport in graphene.
Crossno et al. reported the strongly enhanced thermal conductivity in very clean samples near the CNP
compared to the Wiedemann-Franz result [26], in quantitative agreement with the hydrodynamic theory pre-
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FIG. 1: (a) the measured conductivity σ (a) and (b) TEP
S as functions of temperature T and gate voltage Vg in the
sample with lowest disorder in this experiment (sample D3 ).
At T = 20 K, 130 K, and 250 K (horizontal dash cuts),
σ(Vg ) and S(Vg ) (solid curves) are shown in the overlaid
graphs where the temperature cuts indicate σ or S = 0. The
upper inset shows a typical device image where the scale bar
corresponds to 2 µm.

diction. Bandurin et al. indirectly investigated the hydrodynamic viscosity of electrons away from the CNP
by nonlocal charge transport measurement and suggested that submicrometer-size electron vortices should
develop at high temperature [27]. Since the TEP can
be related to transport entropy by charged carriers [18],
careful measurement of the TEP in the clean limit samples can provide an important experimental probe for
the hydrodynamic flow of Dirac fluid.
In this Letter, we report the experimental evidence
of hydrodynamic thermoelectric transport in graphene.
We experimentally measured the signatures of inelastic scattering processes in the thermoelectric response
in high-mobility graphene samples fabricated in van
der Waals heterostructures. We observe that the TEP
at high temperature is enhanced substantially beyond
the conventional Mott relation, indicating the crossover
towards the hydrodynamic regime. The ideal hydrodynamic regime would be dominated by carriercarrier scattering. However, our experimental observation also indicates that highly inelastic electron-opticalphonon scattering becomes non-negligible at temperatures much lower than the phonon frequency, and prevents saturation of the TEP to the ideal hydrodynamic
result.
The graphene devices used in our experiment were
prepared by the method introduced in Refs. [19, 28],

where the hBN is employed as a substrate or encapsulation. A typical TEP device image is shown in the
inset of Fig. 1(a). The TEP is measured by S(Vg , T ) =
−δV /δT , where δT is a controlled temperature gradient
applied to the sample and δV is the thermally induced
voltage across the sample. A gate voltage Vg is applied
to the silicon substrate to tune the carrier density n
in the graphene channel, where the gate capacitance
coupling Cg = 110 aF/µm2 is obtained from the Hall
measurement. The source and drain contacts for the
graphene channel also serve as resistance thermometers
in a four-terminal geometry. The four-terminal conductivity σ(Vg , T ) is obtained in the Hall bar geometry.
Technical details can be found in Ref. [8]. We measure
three samples D1,2,3 , with decreasing disorder labeled
1 to 3, in the temperature range 25 < T < 300 K. We
estimate the mobility of the samples D1,2,3 as ∼ 2.5, 5,
and 10 m2 /Vsec, respectively, at T ∼ 100 K.
In Fig. 1(a) we show the measured conductivity
σ(Vg , T ) in sample D3 . At fixed temperature, σ(Vg )
exhibits minima at Vg = VD ≈ 0 corresponding to the
CNP. At large gate voltage, σ(T ) reaches maxima at
T ≈ 100 K, where we estimate `el ∼2 µm (about the
sample size). Below 100 K, visible mesoscopic fluctuations start developing and become stronger with lowering temperature, presumably due to the scattering
of carriers at the sample boundary. In Fig. 1(b) we
show the measured TEP S(Vg , T ) in sample D3 . S(Vg )
changes sign across the CNP as the carrier type changes
from electrons to holes. Moreover, |S(Vg )| exhibits almost symmetric maxima about the CNP. The peak values are ∼100 µV/K at room temperature, somewhat
higher than the values observed in more disordered samples in previous studies [8, 9].
We first introduce the MR that is used to estimate the
TEP in our analysis. In the present high-quality samples, the charge density fluctuation can be suppressed
as much as δn ∼ 1010 cm−2 , leading to the chemical
potential fluctuation much below the experimental temperatures δµ . 10 meV [26]. Therefore, we exploit the
general MR [2, 29],
SMott
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where e is the electron charge, f () = 1/[e(−µ)/kB T + 1]
the equilibrium Fermi-Dirac distribution function, and
σ() the energy-dependent conductivity kernel. Analyzing our data, we replace σ() with the measured conductivity
at the gate voltage determined by  = EF =
p
~vF πCg δVg /|e|, where vF = 106 m/s is the Fermi velocity of graphene, δVg = Vg − VD , and EF the Fermi
energy. It has been demonstrated that this method provides a unified way to examine the MR in graphene at
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We note that this hydrodynamic TEP can be substantially larger than that in a diffusive conductor (see Fig. 3
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that has been verified extensively [8, 9, 11].
In Figs. 2(a–c) we compare the measured TEP to the
MR estimation [Eq. (1)] for samples D1,2,3 . A representative high-temperature limit T & 230 K is chosen
for all the samples to make a contrast. The MR value
SMott exhibits a notable deviation trend from the measured TEP S, depending on the degree of disorder. For
the lowest quality sample D1 , S coincides qualitatively
well with SMott . Only a small deviation near the CNP
S/SMott . 1 is noticeable, similar to the observation
in the previous work [30]. This discrepancy is possibly
due to the overestimation of the temperature effect in
σ() that is simply replaced by the measured conductivity [30]. However, as sample quality improves further, a
new trend emerges. For the medium quality sample D2 ,
where we estimate `ee . `el , we find that S/SMott & 1
but the discrepancy is relatively small (< 20%). For the
highest quality sample D3 , where `ee  `el , we observe
that S/SMott ≈ 2. This strong enhancement indicates
the violation of the MR in low-disorder samples at high
temperature.
As shown in Fig. 2(d), we further investigate the TEP
enhancement by looking into the temperature dependence at a fixed density. The most disordered sample
D1 exhibits no appreciable deviation from the MR prediction in the entire temperature range 50 < T < 300 K.
For higher quality samples the deviation becomes more
significant with elevating temperature. For sample D3 ,
the enhancement factor S/SMott & 2 when T > 100 K.
We also notice that S(T ) tends to increase linearly with
T , which suggests that the phonon-drag effect in our devices is not significant, unlike the observation in GaAs
heterostructures, where phonon drag produces a nonlinear enhancement on S(T ) [31–33].
The violation of the MR expressed in Eq. (1) is potentially attributed to the predominance of inelastic scattering processes at high temperature in clean samples.
For instance, in the ideal hydrodynamic regime, where
the e-e interaction is the only scattering mechanism, the
TEP Shyd is theoretically predicted to be the thermodynamic entropy per charge of the carriers [13–15, 17]. In
the degenerate limit kB T  µ, approximating the entropy density as that of the ideal Fermi gas with linear
dispersion gives [14, 15]
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FIG. 2: Comparison between the measured TEP and the
MR estimation Eq. (1) in samples D1,2,3 . (a)-(c) The measured (red symbols) and MR estimated (blue symbols) TEP
as functions of Vg at fixed high temperatures. (a), (b),
and (c) are for samples D1,2,3 at T = 250 K, 237 K, and
250 K, respectively. (d) The measured (symbols) and MR
estimated (lines) TEP as functions of T at a fixed carrier
density of n = 2 × 1012 cm−2 . The dotted, dash-dotted and
dashed lines indicates the MR estimation for samples D1,2,3 ,
respectively.

and the discussion in Ref. 17). Shyd ≈ 2SM ott for
σ(µ) ∝ µ. But for sublinear increase of σ as function
of µ, as we observe in our samples as shown in Fig. 1,
Shyd  SM ott .
In Fig. 3, we contrast the measured TEP S to the
Mott limit SMott [Eq. (1)] and the hydrodynamic limit
Shyd [Eq. (2)]. The ratio S/T is plotted as a function
of the carrier density n at various temperatures measured in sample D3 . We observe that, besides the enhancement above SMott , S is also significant below Shyd
for densities n < 2.5 × 1012 cm−2 over the temperature
range 130 < T < 300 K. An examination of the temperature dependence of S/T at fixed density reveals more
features. The lower inset of Fig. 3 shows S/T in the
temperature range 100 < T < 300 K measured at two
fixed densities n = 2 × 1012 cm−2 and 2.5 × 1012 cm−2 .
We find that for both densities the S/T ratio exhibits
maxima around T = T ∗ ≈ 200 K: S/T grows towards
the hydrodynamic limit for T < T ∗ , possibly because of
the suppression of `ee , but turns to decay when T > T ∗ .
The nonmonotonicity of S/T in temperature strongly
suggests that other inelastic scattering processes besides
the e-e interaction become nonnegligible above T ∗ . We
note that the intercarrier collisions responsible for the
hydrodynamic linear response are special, because there
is no preferred rest frame for the Dirac fluid [14, 15].
This is not typically true for other inelastic scattering
mechanisms.
The optical phonons may serve as an important
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FIG. 3: The measured S/T as a function of density n for
various temperatures in sample D3 . The gray and purple
dash curves show SMott /T [Eq. (1)] and Shyd /T [Eq. (2)],
respectively. The upper inset shows the resistivity ρ(T ) for
various densities. The lower inset shows the measured S/T
as a function of T at two densities n = 2 × 1012 cm−2 and
2.5 × 1012 cm−2 . The vertical arrows indicate the temperature T ∗ defined in the text.

source of total momentum relaxation below room temperature. This can be further substantiated by the experimental observation of the superlinear temperature
dependence of the resistivity ρ(T ) at T & T ∗ shown
in the upper inset of Fig. 3. Recent ab-initio calculation suggests that the high-temperature superlinearity
of ρ(T ) can be attributed to carrier scattering off optical
phonons of graphene [34]. Although the energy scale of
the optical phonon (∼0.15 eV) is well above the room
temperature, strong electron–optical-phonon coupling
can provide a substantial activated effect in ρ(T ) above
T ∗ . [34] This superlinearity of ρ(T ) has been observed
also in other experiments [21, 35, 36].
We employ a theoretical model based on the Boltzmann equation (for the carrier distribution function f )
characterized by the collision integral [17],

“e” (“h”) denotes a conduction band electron (valence
band hole). Finally, Stoph [f ] describes carrier–opticalphonon scattering processes “ph + e (h) ↔ e (h)” and
“e + h ↔ ph”, where “ph” denotes an optical phonon.
We take αG = e2 /κ~vF ≈ 0.6 using the dielectric constant of the hBN encapsulation κ ≈ 3.8. Solving the
linearized Boltzmann equation we obtain the conductivity σ(n, T ) and the TEP S(n, T ). Theoretical details
will appear elsewhere [17].
In our analysis, for simplicity we consider a single
Einstein optical phonon mode that remains in equilibrium. We have in mind the A01 mode [37–39], which
corresponds to the “kekule” vibration of the honeycomb
lattice and scatters electrons between valleys. This is
suggested to be the most relevant branch for transport
at low temperature, possessing the lowest excitation energy TA0 = ~ω/kB ≈ 1740 K and the largest electronphonon coupling strength βA0 [37]. In practice, we fit
βA0 from the conductivity data [see Fig. 4]. To achieve
the best quantitative agreement with the data, we set
TA0 = ~ω/kB ≈ 2200 K. The reason for this enhancement might be that the A01 phonons are more rigid due
to the encapsulation, or that higher-frequency opticalphonon branches are also involved.
We analyze the sample D3 by first fixing the model
parameters from the measured conductivity. The shortranged impurity strength ge and Coulomb impurity density nimp are determined by the conductivity at low temperature and high doping, where the effects of electronelectron interaction and optical phonons are not significant. From the comparison to experimental data,
we obtained g̃ ∼ 1.1 × 10−4 and nimp ∼ 3 × 109 cm−2 ,
producing a very small effect in the high density regime
where most of our analysis were done [17]. The electron0
optical phonon coupling parameter βA
is estimated by
fitting the conductivity data in the high-temperature
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Here Stel [f ] describes the elastic scattering off shortranged impurities, characterized by an effective disorder
strength ge, and the scattering off screened Coulomb impurities, controlled by the graphene fine structure constant αG and the impurity concentration nimp . Stint [f ]
represents the Coulomb collisions incorporating the
processes “e + e ↔ e + e” (intraband, Channel A) and
“e + h ↔ e + h” (interband, Channel B), including temperature and density-dependent screening effects. Here
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FIG. 4: (a) Electron-optical phonon coupling βA0 (n, T )
extracted form the conductivity data shown in Fig. 1(a).
(b) S/T as a function of density n at three temperatures
T =50 K, 170 K and 300 K (solid curves). The gray and purple dash curves show SMott and Shyd , respectively. The dotted curves represent the prediction of the Boltzmann model
Eq. (3).

5
regime (T > 170 K). In Fig. 4(a) βA0 (n, T ) is shown
as a function of density at various temperatures. We
observe that βA0 is almost density-independent for n >
1 × 1012 cm−2 , due to strong Thomas-Fermi screening
in this regime [17], but significantly increases with decreasing T , likely due to the Coulomb renormalization
of the coupling strength [17, 39, 40].
Using these model parameters we calculate the TEP
and compare the result to the experimental data in
Fig. 4(b). The theoretical result fits the data in the
whole range of densities including the non-degenerate
limit near the CNP. This quantitative agreement supports our conjecture that the inelastic scattering by optical phonons suppresses the TEP from the hydrodynamic limit at relatively low temperatures T /Topt ∼
0.1. We argue that, in a very clean sample, the TEP
becomes sensitive to the scattering off optical phonons
as soon as the carrier–optical-phonon scattering length
becomes comparable to `el , despite the fact that T 
Toph [17].
In summary, we observe that in clean graphene samples the TEP at high temperature is enhanced substantially beyond the MR. The observation can be explained
by the inclusion of the prevailing inelastic scattering due
to both Coulomb interaction among charge carriers and
electron–optical-phonon coupling.
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[23] M. Schütt, P. M. Ostrovsky, I. V. Gornyi, and A. D.
Mirlin, Phys. Rev. B 83, 155441 (2011).
[24] Q. Li, and S. Das Sarma, Phys. Rev. B 87, 085406
(2013).
[25] A. Principi, G. Vignale, M. Carrega, and M. Polini,
arXiv:1506.06030 [cond-mat.mes-hall].
[26] J. Crossno et al., arXiv:1509.04713 [cond-mat.mes-hall].
[27] D. A. Bandurin et al., arXiv:1509.04165 [cond-mat.strel].
[28] C. R. Dean et al., Nat. Nanotechnol. 5, 722 (2010).
[29] N. W. Ashcroft and N. D. Mermin, Solid State Physics
(Harcourt, New York, 1976).
[30] D. Wang and J. Shi, Phys. Rev. B 83, 113403 (2011).
[31] P. K. Basu, C. K. Sarkar and S. Kundu, Surf. Sci. 196,
700 (1988).
[32] R. J. Nicholas, J. Phys. C 18, L695 (1985).
[33] D. G. Cantrell and P. N. Butcher, J. Phys. C 19, L429
(1986).
[34] C.-H. Park et al., Nano Lett. 14, 1113 (2014).
[35] S. V. Morozov, K. S. Novoselov, M. I. Katsnelson,
F. Schedin, D. C. Elias, J. A. Jaszczak, A. K. Geim,
Phys. Rev. Lett. 100, 016602 (2008).
[36] J.-H. Chen, C. Jang, S. Xiao, M. Ishigami, M. Fuhrer,
Nat. Nanotechnol. 3, 206 (2008).
[37] T. Sohier, M. Calandra, C.-H. Park, N. Bonini,
N. Marzari, and F. Mauri, Phys. Rev. B 90, 125414
(2014).
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