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A first-principles-based effective Hamiltonian technique is used to investigate the interplay be-
tween geometrical frustration and the ordering of topological defects in a ferroelectric nanocomposite
consisting of a square array of BaTiO3 nanowires embedded in a Bag.15510.85TiO3 matrix. Different
arrangements of the wires chiralities geometrically frustrate the matrix, which in response exhibits
point topological defects featuring self-assembled ordered structures spatially fluctuating down to
the lowest temperatures. These fluctuations thereby endow the system with residual configurational
entropy from which many properties characteristic of geometric frustration, such as the ground state
degeneracy and the broadness of the dielectric response, are further found to originate.

PACS numbers: 77.80.B-, 61.46.-w, 77.80.Dj, 02.40.Pc, 05.10.Ln

Frustration generally arises whenever a given physical
system is subjected to incompatible requirements which
inhibit the formation of a uniquely defined and homo-
geneously ordered ground state configuration [1-3]. Un-
der competing influences, the full development of corre-
lation is hindered, and rather than a long-range order,
a pronounced tendency for complex spatial organization
consisting of the juxtaposition of short-range correlated
regions and defective regions occurs. Geometrical frus-
tration is an inevitable feature of a wide variety of sys-
tems [4-10] and has focused considerable interest on the
unusual phenomena it prompts, among which are spin
ice and spin liquid phases [11-13]. Unlike the frustra-
tion inherent to disordered systems such as spin glasses
wherein competing interactions fail to be simultaneously
satisfied [14-16], geometrical frustration can manifest in
well-defined structures as a result of the incompatibility
between the geometry of the latter and the interactions
governing the collective behavior of a set of degrees of
freedom. Only recently geometrical frustration has been
suggested to occur in ferroelectrics [17, 18] and many of
its important aspects (discovered in other types of ma-
terials) remain to be investigated. These include for in-
stance the examination of chirality as a frustration in-
ducing mechanism, and the emergence of self-assembled
ordered patterns of topological defects as a frustration
accommodating response [8, 10, 19].

In this Letter, we inquire how chirality competes with
geometrical constraints within a ferroelectric nanocom-
posite system consisting of a square array of BaTiOj
(BTO) nanowires embedded in a Bag 155r0.85TiO3 ma-
trix. Note that these two materials are ferroelectric in
their bulk form. We find that, as a result of the weak
coupling between the chiralities of the wires, independent
choices of chiral symmetry breaking in each of the wires
geometrically constrains the matrix to incompatible ori-
entational boundary conditions. The evaluation of the
frustration index from the dielectric susceptibility sub-
stantiates the geometrical frustration the system is sub-
jected to. We further topologically characterize the local

accommodation of the resulting geometrical frustration,
and find that the matrix features a self-assembled or-
dered structure of vortices and antivortices. Such struc-
tures spatially fluctuate down to the lowest temperatures,
thereby indicating the existence of a residual entropy at
the origin of the ground state degeneracy and other fea-
tures of geometrical frustration.

FIG. 1. Schematic representation of the periodic supercell un-

der study. The structure consists of four BTO nanowires of

cross-sectional dimension nY :ngv =12 lattice constant units

(~ 21.4 nm?) separated by 4 lattice constant units and embed-
ded in a Bag.15510.85TiO3 matrix with lateral sides along the
[100] and [010] directions of n,=n,=32 lattice constant units,
and a length n,=6 along the [001] pseudo-cubic direction.

The considered nanocomposite structure is depicted in
Fig. 1. This nanocomposite is mimicked by a 32x32x6
supercell that is periodic along the x-, y- and z-axis
(which lie along the pseudo-cubic [100], [010] [001] direc-
tions, respectively). Its properties are predicted by per-
forming Monte Carlo simulations (using at least 100 000
sweeps) of the first-principle-based effective Hamiltonian
scheme of Ref. [20], which has been shown to accurately
reproduce various (static and dynamical) properties of
different disordered or chemically-ordered (Ba,Sr)TiO3
systems [17, 20-24]. Methodological details are provided
in the Supplemental Material [25]. A primary feature of
this type of nanocomposites is the occurrence within each
of the wires of a chiral symmetry breaking which stabi-



lizes a flux-closure domain structure enclosing a vortex
at its core and coexisting with a spontaneous polariza-
tion along the axial direction of the nanowires [24]. Such
chiral occurrence was further predicted to spontaneously
exhibit natural optical activity [30], unusual electronic
properties and peculiar collective atomic vibrations asso-
ciated with THz dynamics of electrical vortices [31, 32].
Moreover, the growth of such nanocomposite structures
constitutes an active experimental area. Nanocompos-
ites that are very similar to the ones here investigated,
namely nanowires embedded in a matrix or diphasic com-
posites with (1-3) connectivity pattern, were successfully
formed [33]. Also, synthesis of single crystalline ferro-
electric nanowires composed of ternary perovskite oxides
(BaTiO3 and SrTiO3) [34, 35], as well as fabrication of
nanoarrays of dielectric wires and nanopillars embedded
in a BaTiO3 matrix [36, 37], have already been described.
The choice of such a nanostructure is thus motivated by
the advancement in the controlled growth of composites
with tailored functionalities [38], and the wide variety
of novel behaviours they feature (note, however, that
the growth of low-dimensional perovskites within a per-
ovskite matrix remains a difficult task to experimentally
achieve).

In our search for the ground state configuration(s) of
the considered nanocomposite, we have examined the
four possible relative arrangements of the wires chiral-
ities. The manually initiated configurations C1, C2, C3,
and C4 combined clockwise (+) and anticlockwise (—)
circulation direction of the cross-sectional polarization
around the vortex core enclosed in each of the wires,
with C1: [+ + +4], C2: [- — +-], C3: [- — 4+4], and
C4: [~ + +-], where the sequence of circulations refers
to the top-left, top-right, bottom-left and bottom-right
wires, respectively. These configurations were subse-
quently relaxed at 5 K. The resulting relaxed configura-
tions feature a spontaneous polarization along the axial
direction of the nanowire, co-occurring with flux-closure
four-domain vortex structures of the cross-sectional po-
larization field in each of the wires with the assigned cir-
culation. The latter in-plane vortex pattern within the
wires corresponds to a tangential ordering against the
interfaces whereby the depolarizing field experienced by
the in-plane components is reduced [39]. We find that the
(1-3) connectivity [33] of the considered nanocomposite
structure hosts a polarization state possessing transla-
tional invariance along the axial direction of the wire.
The polarization field thus depends only on x and y spa-
tial coordinates, enabling a visualization of the system as
consisting of two-dimensional layers (z-planes). The cor-
responding cross-sectional polarization fields are shown
in Fig. 2 which displays the z and y-components of the
electric dipoles in an arbitrary (001)-plane of the periodic
supercell for each of the four configurations C1, C2, C3,
and C4. It is therein seen that the different patterns of
the wires chiralities endow the matrix with complex mi-

costructures, which is a characteristic feature exhibited
by systems affected by geometrical frustration [1-3].

Also shown in Fig. 2 are the location of point topo-
logical defects. The lattice form of the O(2) winding
number [40] characterizing the topological defects asso-
ciated with the two-dimensional cross-sectional polariza-
tion field is constructed as follows. Each xy-plane of
the supercell is a square lattice composed of elementary
plaquettes. In order to assign a topological charge to
each of the plaquettes, a counter-clockwise orientation is
first chosen. Each set of four normalized projections of
local dipoles is then mapped onto the unit circle. We
identify the shortest arc between the neighboring dipoles
and depending on whether the circle is covered counter-
clockwise or clockwise, the enclosed defect is a vortex (of
charge +1) or an anti-vortex (charge —1). If the circle is
not covered, the plaquette is defect-free.
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FIG. 2. Microstructure (in-plane component of local modes
and defects distribution) for the configurations C1: [+ + ++],
C2: [-—+-], C3: [ —++], and C4: [- + +-] at 5 K.
Blue (red) circles denote vortices (antivortices). Dark (light)
arrows indicate the dipoles liying in the wires (matrices).

These four relaxed configurations appear to be stable
with nearly identical low-lying energies, as a result of
the weak interaction between the chirality of different
wires [41]. Taking C1 as the reference energy, the simu-
lations yielded energy differences of 0.76 meV, 0.86 meV,
and 1.55 meV per unit-cell for C2, C3, and C4, re-
spectively. We moreover found that annealing the sys-
tem from a cold start yielded one or the other of these
configurations as a ground state. Remarkably, this re-



sult stands as further indication of a chirality-induced
frustration since it points to a quasi four-fold ground
state degeneracy and the suppression of a conventional
long range order within the cross-sectional polarization
fields [1, 2]. Given the discrepancy between the wires
and matrix polarizabilities, independent choices of chiral
symmetry breaking first occur in each of the wires, ge-
ometrically constraining the matrix to incompatible ori-
entational boundary conditions. As a result, the matrix
fails to analytically interpolate between the wires and
features instead strong fluctuations in its cross-sectional
dipolar field. These strong fluctuation concentrate dis-
tortions and are found to encompass singularities or topo-
logical defects, enabling the surrounding medium to be
locally ordered, i.e. allowing the utmost extent of the ori-
entational correlations dictated by the wires beyond their
strict periphery. These topological defects are necessary
components of ground states. Strikingly, they emerge
in a self-assembled ordered array as it is best seen in
configuration C4 in Fig. 2, where vortices and antivor-
tices adopt a staggered ordering. Interestingly, such or-
dered structures with periodic arrays of defects have al-
ready been characterized as an expression of geometric
frustration in various systems such as chiral liquid crys-
tals [10, 42], antiferromagnetic rotator model [43], and
spin nematic model on triangular lattice [44], but never
in ferroelectrics, to the best of our knowledge. Let us
note that self-assembling structures on length scales that
are difficult to obtain by standard techniques spur in-
terest in the conception of new materials with advanced
functionalities [45, 46]. Moreover, it is worth noticing
that configuration C1 with its pattern of vortices and an-
tivortices has been experimentally observed in magnetic
systems [47], which implies that our subsequent discus-
sion could lead to the further investigation of geometrical
frustration in the phase-locked magnetic state [47].

One of the most revealing properties of a geometri-
cally frustrated system lies in the dependence on tem-
perature, T, of its susceptibility [1-3]. Specifically, a
frustration index f can be defined as the ratio of Ocw,
the Curie-Weiss temperature, to the transition temper-
ature. At high temperatures, the susceptibility follows
the Curie-Weiss law and its inverse is a straight line,
X ' o< T — Ocw. In conventional systems devoid of frus-
tration, a single anomaly in y occurs at a temperature
T ~ Ocw, accordingly to mean-field expectations. In
contrast, within geometrically frustrated systems, a de-
parture from this expectation occurs, and f is found to
deviate from unity. This deviation is imputed to the pro-
longation of the para-phase to temperatures lower than
fOcw whereby fluctuations are only very weakly corre-
lated and the behavior of susceptibility is close to the
Curie-Weiss law [1]. In order to evaluate the frustration
index f of the presently considered case of ferroelectric
nanocomposite, it is first worth noting that we are in
presence of at least two phase transitions that can be

put in direct correspondence with topological defects of
the cross-sectional polarization field. Upon cooling from
high temperatures, the wires acquire a non-zero value of
the z-component of their toroidal moment around 330 K
(not shown), thereby signaling the appearance of a cir-
culating pattern of the cross-sectional polarization field
and the condensation of vortices at their core. This first
transition is accompanied by a very small cusp in the
in-plane susceptibility [24]. On further decreasing tem-
perature, a second cusp, much more pronounced, is fea-
tured by the in-plane susceptibility at Toq ~ 75 K. This
second transition is ascribable to the matrix as it signals
the temperature below which its number of vortices and
antivortices is conserved, and their positions relatively
defined.
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FIG. 3. (a) Temperature dependence of the inverse in-plane
susceptibility XII corresponding to configuration C1’. Verti-
cal arrows indicate the transition temperature at which vor-
tices and antivortices order in the matrix (Tora), and the
Curie-Weiss temperature (fcw). Red line is a linear fit of
the high temperature values of x'. (b) Monte Carlo time
autocorrelation function G(dts) of the spatial distribution of
topological defects (vortices and antivortices) for configura-
tions C1, C2, C8, and C4 at 5 K. (c) Spatial probablity dis-
tribution of defects occurrence at 5 K for configuration C4.
Yellow to dark blue gradient color indicates high to low prob-
ability of occurrence. The data is statistically gathered from
5000 sweeps, after the initial constructed structure has been
allowed to relax by performing 100 000 MC sweeps.

The evolution with temperature of the inverse in-plane
susceptibility x | = (x11 + x22)/2 is obtained upon heat-
ing configurations C1, C2, C8, and Cj. In order to
probe the effect of the spacing between wires on the
frustration, we further inquire into the temperature de-
pendence of x, for a configuration that we denote by
C1’, solely differing from C1 in the spacing between its



nanowires, 6 instead of 4 lattice constant units. Config-
uration C1’ is thus obtained within a 36 x36x6 supercell
where the cross-sectional dimension of the wires is kept
unchanged (n})=n}’ =12 lattice constant units). The di-
electric susceptibility tensor is practically calculated as
in Refs. [48, 49]. In Fig. 3(a) we show as an example
Xll for configuration C'1’. Linearly fitting the high tem-
perature values of Xll yields a fitting parameter Ocw of
240 K, thus allowing an estimate of the frustration in-
dex, f = 0cw/Tora- We find f= 3.2 which attests of the
system being geometrically frustrated. In particular, the
quasi-linear regime featured by Xll starting from Ocw
and down to Tyq unequivocally indicates that it is the
matrix that primarily experiences the frustration, as its
dipoles retain the ability to almost freely fluctuate below
Ocw. This latter observation is in line with the prolon-
gation of a para-phase down to temperatures well below
Ocw [1, 2]. In the same manner, we estimate the frus-
tration index from Xj_l for each of C1, C2, C3, C4, and
find f= 3.09, f= 3.13, f= 3.68, and f= 4.03, respec-
tively, thus indicating that the antiferrotoroidic arrange-
ment of chiralities is the most frustrated one (C4) and
that widening the matrix results in an increase of frus-
tration (C1’ versus C1).

Among the most striking features of a geometrically
frustrated system is the residual entropy at the origin of
its ground state degeneracy [1-3]. We address this ques-
tion by resorting to a Monte Carlo time autocorrelation
function of the spatial distribution of topological defects
in the matrix over sweeps. The adopted formula of the
normalized Monte Carlo time autocorrelation function is
such that G(dts) is equal to

m D0 (Wt 1), Wt +6t,,1)) - (1)

where t, is the Monte Carlo sweep, prN is the
average number of defects at temperature T, s is
the number of sweeps, and where the delta symbol
d (Wi(ts, 1), W(ts + dts,4)) assigns 0 or 1 according to
whether or not the spatial distribution W of topological
defects over the sites ¢ at times t, and t, + 0t, differ. G
provides a measure for the extent throughout which sim-
ilarity persists between two spatial configurations, and
thus allows to quantitatively estimate the free volume
accessible to the defects in the matrix. It is computed
for the well thermalized configurations C1, C2, ('3, and
C4 at 5 K (Fig. 3(b)). Whereas we find that the vortices
enclosed in the wires remain pinned at definite positions
(G=1 for the vortices of the wires, not shown), defects in
the matrix spatially fluctuate, as indicated by the drop of
G. This results demonstrates that many configurations
with quasi identical energies (the standard deviation of
the energies per unit cell is of the order of 107> eV) are
reachable for each of C1, C2, C3, and C4 chirality ar-
rangements, thereby pointing to a non vanishing entropy
for T'— 0, i.e. to the existence of a residual entropy. We

4

note that the drop of G(dts) is not identical among the
four configurations, and that it is maximal for configura-
tion C4 enabling the identification of this configuration
as the most frustrated of the four, consistently with the
frustration index f whose value is maximal for configura-
tion C4. Moreover, from the above we can infer that the
dependence of the degree of frustration on the ground
state degeneracy scales with the free volume accessible
to the defects of the matrix, and thus attribute f’s in-
crease of C1’ with respect to CI to the the loosening of
the confinement of the matrix defects as a result of the
enlargement of the spacing between the wires. We show
in Fig. 3(c) the spatial probablity distribution of defects
occurrence for C4 at 5 K, gathered from statistics on
5000 sweeps. While it is seen that the vortices enclosed
by the wires are pinned at their center, the ordered ar-
ray of vortices and antivortices in the matrix exhibits a
floating character [50], at the origin of the drop of G.

In the event of the occurrence of defects such as dis-
locations, point defects, space charges, etc., some of the
discussed features of geometrical frustration may be af-
fected. As a result of inhomogeneous mechanical and
electrical fields arising from these defects, some chiral
configurations may be precluded, thereby possibly, par-
tially lifting the quasi four-fold ground state degeneracy
(C1, €2, C3, C}), and modifying the matrix dipolar mi-
crostructures. Dislocations for instance are known to in-
duce pinning effects on vortices cores in ferroelectrics [51],
which can facilitate their nucleation while possibly alter-
ing the orderly and floating characters of vortices and
antivortices self-assembly. Nonetheless, in magnetic sys-
tems where the involved energies are likewise small, the
C1 configuration has been experimentally observed [47].

On another note, ferroelectric films perforated by a
two-dimensional lattice of cylindrical holes [52] bear a
similarity to the nanocomposite structure explored here
while likely being easier to fabricate. Such film topology
can give rise to vortices and complex dipolar microstruc-
tures, thereby constituting a possible alternative route to
investigating the effect of depolarizing field in entailing
geometric frustration.

In summary, investigating a chiral ferroelectric
nanocomposite consisting of a square array of BTO
nanowires embedded in a less polarizable matrix, we have
found that independent choices of chiral symmetry break-
ing in each of the wires geometrically constrains the ma-
trix to incompatible orientational boundary conditions.
Assessment of the frustration index based on the dielec-
tric susceptibility attests of the geometrical frustration
the system is subjected to. In response to the frustra-
tion, the matrix locally accommodates such orientational
incompabatibilities by featuring a self-assembled ordered
structure of vortices and antivortices. Such structures are
found to fluctuate while preserving the energy, thereby
pointing to a residual entropy at the origin of the ground
state degeneracy.
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