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We study quantum quenches between integrable and nonintegrable hard-core boson models in the thermody-
namic limit with numerical linked clusters expansions. We show that while quenches in which the initial state is
a thermal equilibrium state of an integrable model and the final Hamiltonian is nonintegrable (quantum chaotic)
lead to thermalization, the reverse is not true. While this might appear counterintuitive given the fact that the
eigenstates of both Hamiltonians are related by a unitary transformation, we argue that it is generic. Hence,
the lack of thermalization of integrable systems is robust against quenches starting from stationary states of
nonintegrable ones. Nonintegrable systems thermalize independently of the nature of the initial Hamiltonian.

PACS numbers: 05.70.Ln, 02.30.Ik, 05.30.Pr

Introduction. Understanding the relaxation dynamics of
observables in isolated many-body quantum systems far from
equilibrium, as well as their description after relaxation, are
topics that have generated much interest in recent years [1, 2].
They are relevant to experiments with ultracold quantum gases
[3–10]. In the experiments, the (to-a-good-approximation)
isolated gases are usually taken far from equilibrium by sud-
denly changing some parameter(s) (such as, e.g., suddenly
changing the depth of an optical lattice [3, 5, 6, 8]), a protocol
known as a quench (or quantum quench, if the experimental
system is in the quantum degeneracy regime). Computational
studies of quenches have revealed that, so long as one is deal-
ing with generic (chaotic) quantum many-body systems, ob-
servables relax to the predictions of traditional statistical me-
chanics (they thermalize) [11–17]. This is a consequence of
eigenstate thermalization [11, 18–20]. Evidence for thermal-
ization in the thermodynamic limit has been recently obtained
using numerical linked cluster expansions (NLCEs) [21], a
technique also used here.

On the other hand, it has been shown that in quenches be-
tween integrable systems observables relax to stationary val-
ues that are not the ones predicted by traditional ensembles
of statistical mechanics [22–41]. Instead, generalized Gibbs
ensembles (GGEs) need to be used to describe observables
after relaxation [22]. A topic that has received less attention,
and which is the focus of this work, is what happens if one
quenches from a stationary state (e.g., a thermal state) of a
nonintegrable system to an integrable one. These quenches
are more challenging to study theoretically because the ini-
tial state cannot be obtained using the analytical or numeri-
cal techniques applicable at integrability. They are relevant
to experiments as quenches to integrable systems are likely to
start from stationary states of nonintegrable ones. If the initial
states in those quenches were superpositions of (final) Hamil-
tonian eigenstates in which expectation values of observables
are typical for the Haar measure [42–45], they would lead to
thermalization. We implicitly show that this is not the case.

Numerical linked cluster expansions. To address what
happens when one quenches from a nonintegrable system to
an integrable one, and contrast it to the reverse quench, we
use a recently introduced NLCE approach [21]. Such an ex-

pansion, when converged, allows one to compute the infi-
nite time average of an extensive observable Ô per site af-
ter a quench in the thermodynamic limit [46, 47]: O(τ) =

Tr[ρ̂(τ)Ô] = Tr[ρ̂(τ)Ô] ≡ Tr[ρ̂DEÔ] = ODE, where (·) =

limτ′→∞
1
τ′

∫ τ′

0 dτ (·) indicates the infinite time average, ρ̂(τ) =

exp[−iĤτ/~] ρ̂ini exp[iĤτ/~] is the density matrix of the time-
evolving state (ρ̂ini is the initial density matrix), and ρ̂DE ≡

ρ̂(τ) is the diagonal ensemble (DE) density matrix [11].
Within NLCEs, ODE ≡ ODE/L (L is the number of lat-

tice sites) is calculated in the thermodynamic limit as the sum
over the contributions of all connected clusters c on the lattice:
ODE =

∑
c M(c)×WODE (c), where M(c) is the number of ways

per site in which cluster c appears, and WODE (c) is its weight
for ODE. The latter is calculated using the inclusion-exclusion
principle: WODE (c) = ODE(c) −

∑
s⊂c WODE (s), where the sum

runs over all connected sub-clusters of c, and ODE(c) is the
diagonal ensemble result for Ô in cluster c. In practice, due to
computational limitations, calculations are carried out in a fi-
nite number of clusters. Here, we use all maximally connected
clusters with up to 18 sites [21]. In what follows, whenever
ODE is calculated from contributions of maximally connected
clusters with up to l sites, we report its value as ODE

l .
One can also obtain the thermal equilibrium prediction af-

ter the quench, which would describe the system if it ther-
malizes, by carrying out the same calculation above using
ρ̂GE = exp [−(Ĥ − µN̂)/T ]/Z instead of ρ̂DE, where T is the
temperature, µ is the chemical potential, N̂ =

∑
i n̂i is the total

number of particle operator, and Z = Tr{exp [−(Ĥ − µN̂)/T ]}
is the partition function (we set the Boltzmann constant to
one) [48]. The temperature and the chemical potential are
fixed so that the energy and number of particles per site are
the same in the diagonal and grand canonical ensembles.

Model Hamiltonian and quenches. In this work, we study
quenches in which the nonintegrable Hamiltonian Ĥnonint can
be written as Ĥnonint(Λ) = Ĥint + ΛŴ, where

Ĥint =
∑

i

[
−b̂†i b̂i+1 − H.c. +

(
n̂i −

1
2

) (
n̂i+1 −

1
2

)]
,

Ŵ =
∑

i

[
−b̂†i b̂i+2 − H.c. +

(
n̂i −

1
2

) (
n̂i+2 −

1
2

)]
. (1)



2

Ĥint is an integrable Hamiltonian (the XXZ model in the spin-
1/2 language [49]), Ŵ is an integrability breaking operator,
b̂†i (b̂i) is the hard-core boson creation (annihilation) operator,
n̂i = b̂†i b̂i, and Λ characterizes the departure from integrability.

The initial states considered are in thermal equilib-
rium, namely, their density matrix has the form ρ̂ini =

exp [−Ĥini/Tini]/Zini, where Ĥini can be Ĥnonint(Λ) or Ĥint, and
the final Hamiltonian is then Ĥint or Ĥnonint(Λ), respectively.
We do calculations for different values of Tini. By setting the
initial chemical potential to zero we ensure that, since Ĥint and
Ĥnonint(Λ) are particle-hole symmetric, the systems are always
at half-filling. Hence, to obtain the grand-canonical density
matrix that would describe a system if it thermalizes after the
quench, we only need to determine T . This is done by ensur-
ing that the energies EGE

18 = EDE
18 , with a relative error smaller

than 10−11. We note that quenches involving the XXZ model
have been extensively studied in recent years [46, 47, 50–55].
Findings in those studies motivated the discovery of new fam-
ilies of conserved quantities in the XXZ model [56, 57].

Energies and temperatures after the quench. In order to
gain an understanding of the effects of the quenches in the
energy of the system, we compute the relative difference

∆E18(Λ) =

∣∣∣EDE
18 (Λ) − EGE

18 (Λ = 0)
∣∣∣∣∣∣EGE

18 (Λ = 0)
∣∣∣ . (2)

For all results reported, EDE
18 (Λ) and EGE

18 (Λ) are converged
to the thermodynamic limit result within machine precision
[21]. For quenches from the integrable to the nonintegrable
Hamiltonian, Λ characterizes the final Hamiltonian, while for
quenches from the nonintegrable to the integrable Hamilto-
nian, Λ characterizes the initial Hamiltonian. If Λ is small,
one expects that EDE(Λ) = EDE(Λ = 0) + (∂EDE/∂Λ)|Λ=0 Λ +

O(Λ2), which means that ∆E(Λ) ∝ Λ [EDE(Λ = 0) =

EGE(Λ = 0), no quench]. The results reported in Fig. 1 for
quenches between integrable and nonintegrable Hamiltonians
show that this is indeed the case. Remarkably, at the tempera-
tures studied, the linear regime extends almost to Λ = 1. We
also calculated the temperature T (Λ) in thermal equilibrium
at the same energy per site as the diagonal ensemble (as de-
scribed before). Results for ∆T (Λ) = |T (Λ) − Tini|/Tini vs Λ

are reported in the inset in Fig. 1. We find that, in the quenches
from the nonintegrable to the integrable Hamiltonian, T < Tini
for the values of Tini considered, i.e., the quench “cools” the
system (of course, this cannot remain true as Tini → 0). For
those quenches, one can see that ∆T ∝ Λ almost all the way to
Λ = 1. On the other hand, in the quenches from the integrable
to the nonintegrable Hamiltonian, we find that T > Tini, and
∆T ∝ Λ over a shorter range of values of λ.

Diagonal vs thermal entropies. Having identified a weak
quench regime in which energy and temperature changes in
the thermodynamic limit are linear in Λ, we are ready to pose
the first question we address in this work. Namely, whether
the energy distribution after a quench W(E) =

∑
m |ρ

DE
mm|

2δ(E−
Em) ({Em} are the energy eigenvalues of the final Hamilto-
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FIG. 1. (Main Panel) Relative energy change ∆E18 from the equilib-
rium result for Λ = 0 (see text) as a function of Λ, for two initial
temperatures. Results are reported for quenches from initial thermal
states of the integrable model to the nonintegrable one (open sym-
bols) and from initial thermal states of the nonintegrable model to
the integrable one (filled symbols). This convention will be used in
the rest of the figures. (Inset) Relative change of the temperature (see
text) for the same quenches as in the main panel. Lines (main panel
and inset) report the results of a fit to y = aΛ, for Λ = [10−3, 10−1].

nian) from a nonintegrable to an integrable system is a smooth
Gaussian function. This is expected to be the case if the eigen-
states of the nonintegrable system, when decomposed in the
eigenstates of the integrable one, lead to a (smooth) Gaus-
sian energy distribution, as suggested by full exact diagonal-
ization studies [58–60]. NLCEs do not allow us to compute
W(E) directly. However, they do allow us to test whether
it is a smooth function by computing the diagonal entropy
S DE = −Tr[ρ̂DE ln ρ̂DE], which is the appropriate entropy after
a quench [61, 62]. If W(E) is a smooth Gaussian, then, in the
thermodynamic limit, S DE = S GE [1].

To see whether S DE = S GE in the quenches studied here,
we compute the following relative differences using NLCEs

δS l(Λ) =
S GE

18 (Λ) − S DE
l (Λ)

S GE
18 (Λ)

, (3)

where, again, Λ characterizes the final Hamiltonian for
quenches from integrable to nonintegrable systems, and the
initial Hamiltonian for quenches from nonintegrable to inte-
grable systems. For all results reported, S GE

18 (Λ) is converged
to the thermodynamic limit result within machine precision.

In Fig. 2(a), we plot δS l vs l for six values of Λ in the ini-
tial Hamiltonian (filled symbols). δS l(Λ = 0) decreases ex-
ponentially to zero within machine precision [S DE

l (Λ = 0) =

S GE
l (Λ = 0), no quench]. However, as soon as Λ , 0, one

can see that δS l converges to a finite value as l increases (the
smaller the value of Λ, the smaller the quench, the smaller
the value of δS l after convergence). This makes apparent that
S DE after the quenches studied does not agree with S GE. The
former is always smaller. Hence, we conclude that W(E) af-
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FIG. 2. (a) Relative entropy differences δS l (see text) vs l, for Tini = 2
and six values of Λ. δS l(Λ = 0), i.e., no quench, decreases exponen-
tially to zero within machine precision (it is ∼10−12 for l = 10). (b)
δS 18 vs Λ for two initial temperatures. Straight lines in (b) report
the results of fits to δS 18 = aΛ2, for Λ = [10−3, 10−1]. As in Fig. 1,
results are reported for quenches from thermal states of the nonin-
tegrable model to the integrable one (filled symbols) and vice versa
(open symbols).

ter quenches from nonintegrable to integrable systems is not
a smooth Gaussian, and that the same must be true for the
energy distribution of the eigenstates of the nonintegrable sys-
tem when decomposed in the eigenstates of the integrable one.
This is an instance, see Ref. [63] for another one, in which
coarse graining leads to the incorrect conclusion that W(E) is
smooth after a quench [58–60], and, hence, that S DE = S GE.

One might worry that the nonzero results in Fig. 2(a)
are due to lack of NLCE convergence. However, in the
weak quench regime, we can predict how δS l(Λ), if nonzero,
should behave as a function of Λ in the thermodynamic
limit. For small values of Λ, we can expand S DE and
S GE about Λ = 0, i.e., S DE/GE(Λ) = S DE/GE(Λ = 0) +

(∂S DE/GE/∂Λ)|Λ=0 Λ + (∂2S DE/GE/∂Λ2)|Λ=0 Λ2/2 + O(Λ3). As
for the energy, S DE(Λ = 0) = S GE(Λ = 0). Since
S GE(Λ) ≥ S DE(Λ) no matter whether Λ > 0 or Λ < 0 [S GE(Λ)
is the maximal entropy], we see that (∂S DE/∂Λ)|Λ=0 =

(∂S GE/∂Λ)|Λ=0 (there is no reason for them to vanish, we have
checked that they do not) and that δS l(Λ) ∝ Λ2. The fits to
δS 18(Λ) = aΛ2 in Fig. 2(b) show that this is the power law
in our numerical data (independently of Tini). These results
strongly suggest δS 18(Λ) is the thermodynamic limit result.

Next, we study the diagonal entropy in the reverse
quenches, in which the initial state is a thermal equilibrium
state of the integrable model and the Hamiltonian after the
quench is nonintegrable. Figure 2(a) shows that in this case

δS l(Λ) does not converge to a constant value. Instead, for
the largest values of l studied, δS l(Λ) can be seen to decrease
with increasing l. δS 18(Λ) vs Λ is reported in Fig. 2(b) for
two values of Tini. One can see there that δS 18(Λ) does not
follow the expected δS (Λ) = aΛ2 if nonvanishing. Actu-
ally, δS 18(Λ) does not follow any power-law behavior at all,
which suggests that it is the result of lack of convergence of
the NLCE. We also note that, in quenches to nonintegrable
systems, δS 18(Λ) can decrease to values that are over an order
of magnitude smaller than those in the quenches to integrable
ones. Given these results, we expect δS to vanish in the ther-
modynamic limit, no matter how small Λ is after the quench.
This means that in quenches from integrable to nonintegrable
systems, W(E) can be a smooth Gaussian.

Observables and thermalization. If the answer to the first
question posed previously would have been affirmative, it
would have had an immediate consequence for experiments. It
would have meant that observables thermalize after quenches
from nonintegrable to integrable systems (the diagonal ensem-
ble would predict the same expectation value of observables
as thermal ensembles). Having concluded that the answer is
negative, there is still the possibility that observables ther-
malize after the aforementioned quenches. In Ref. [64] it
was argued that if, as we do here, one starts the quench from
a stationary state of a nonintegrable system whose Hamilto-
nian Ĥnonint(Λ) = Ĥint + ΛŴ, and quenches to the integrable
limit, thermalization would occur. The idea is that the initial
states constructed this way would provide an unbiased sam-
pling of the eigenstates of the integrable model (within the
microcanonical window) and, hence, would lead to thermal-
ization after the system dephased. Numerical evidence that
this is the case was obtained using full exact diagonalization
in Refs. [60, 64], but only for small quenches, namely, when
the nonintegrable system was close to the integrable one.

To check whether in the thermodynamic limit thermaliza-
tion occurs in quenches from nonintegrable to integrable sys-
tems, we focus on two observables. The first one is local, the
interaction energy per site Î, and the second one is nonlocal,
the momentum distribution function m̂k:

Î =
1
L

∑
i

[(
n̂i −

1
2

) (
n̂i+1 −

1
2

)
+ Λ

(
n̂i −

1
2

) (
n̂i+2 −

1
2

)]
,

m̂k =
1
L

∑
jl

eik( j−l)b̂†j b̂l. (4)

Those two observables can be measured in experiments with
ultracold atoms [49, 65]. As for the entropy, we compute the
following relative differences

δIl(Λ) =

∣∣∣IDE
l (Λ) − IGE

18 (Λ)
∣∣∣

|IGE
18 (Λ)|

,

δml(Λ) =

∑
k

∣∣∣mk
DE
l (Λ) − mk

GE
18 (Λ)

∣∣∣∑
k mk

GE
18 (Λ)

, (5)

and we have ensured that IGE
18 (Λ) and mk

GE
18 (Λ) are converged
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FIG. 3. (Main panels) δI18 (see text) vs Λ (a), and δm18 (see text) vs Λ (b), for two initial temperatures. Straight lines in both panels report the
results of a fit to y = aΛ, for Λ = [10−3, 10−1]. (Insets) δI18 vs l (a), and δm18 vs l (b), for Tini = 2 and five values of Λ [reported to the right
of the inset in (a)]. As in Figs. 1 and 2, results are reported for quenches from thermal states of the nonintegrable model to the integrable one
(filled symbols) and vice versa (open symbols).

within machine precision. This constraint on mk
GE
18 (Λ) is what

restricts the initial temperatures to values Tini > 1. For other
observables, the grand canonical ensemble results converge
within machine precision for smaller values of Tini. However,
as made apparent in the figures, whenever converged our re-
sults are qualitatively similar independently of Tini.

In the insets in Fig. 3, we show δIl(Λ) (a), and δml(Λ) (b), vs
l for Tini = 2 and five values of Λ for quenches from noninte-
grable to integrable systems (filled symbols). As for δS l(Λ) vs
l in Fig. 2, we find that δIl(Λ) and δml(Λ) converge to nonzero
results with increasing l. Hence, those observables are not de-
scribed by thermal ensembles in the thermodynamic limit, i.e.,
they do not thermalize. Results for δI18(Λ) and δm18(Λ) vs Λ,
for two initial temperatures, are reported in the main panels
in Fig. 3. A fit to the data in the interval Λ = [10−3, 10−1] re-
veals that δI18(Λ) and δm18(Λ) are linear in Λ, as ∆E18(Λ) was
shown to be in Fig. 1. This can be understood using the same
analysis as for δS l, but noting that the thermal predictions for
Î and m̂k are not maximal as for the entropy. These results
strongly suggest that, as for the entropy, the nonzero values
of δI18(Λ) and δm18(Λ) have converged to the thermodynamic
limit results.

On the other hand, for quenches from the integrable to the
nonintegrable systems, the results in the insets (open symbols
in Fig. 3) decrease with increasing l, which suggest that δIl(Λ)
and δml(Λ) vanish in the thermodynamic limit. Like in the
quenches studied in Ref. [21], in the insets in Fig. 3 one can
see a nearly linear decrease of δIl(Λ) and δml(Λ) vs l when
Λ > 0.05. This suggest that the approach to zero is expo-
nential. In Ref. [66], it was argued that such an exponential
convergence with l is generic in numerical linked cluster ex-
pansions in unordered phases. The erratic behavior of δI18(Λ)
and δm18(Λ) vs Λ (open symbols in the main panels in Fig. 3),
and the fact that δI18(Λ) and δm18(Λ) are sometimes orders

of magnitude smaller than the results for the reverse quench,
suggest that the former are nonzero only because the NLCE
results have not converged to the thermodynamic limit results
[δI(Λ) = 0 and δm(Λ) = 0] within machine precision.

Summary and discussion. In summary, we have shown
that there is a fundamental asymmetry between quenches from
nonintegrable to integrable systems and quenches from inte-
grable to nonintegrable systems. The former do not lead to
smooth Gaussian energy densities (as revealed by the diag-
onal entropy, which is different from the thermal one) and
do not lead to thermalization (a consequence of the expo-
nential sparseness of the energy densities). On the other
hand, quenches to nonintegrable systems produce diagonal
entropies that are thermal and lead to thermalization [21, 62].
This asymmetry might appear counterintuitive considering
that the bases of eigenstates of integrable and nonintegrable
Hamiltonians are related by unitary transformations. If an
eigenstate of the integrable Hamiltonian exhibits a smooth
Gaussian energy density when written in terms of the eigen-
states of the nonintegrable one, why would the reverse not be
true (our conclusion here)? A way to justify this asymmetry
is provided by the fact that integrable systems have an infi-
nite number of local and extensive conserved quantities. For
an eigenstate of a nonintegrable Hamiltonian (or, for that mat-
ter, any arbitrary initial state) to lead to a Gaussian energy
density when written in terms of the eigenstates of the inte-
grable one, it would need to have the same expectation value
of all conserved quantities as the integrable system in ther-
mal equilibrium (the energy of the latter is determined by the
expectation value of the integrable Hamiltonian in that state).
More precisely, in the Bethe-Ansatz language in the thermo-
dynamic limit, one would need the Bethe root densities to be
those in thermal equilibrium [35]. There is no reason why
this should happen in general. It can happen if the integra-
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bility breaking perturbation is infinitesimally small so that the
eigenstate of the nonintegrable Hamiltonian is a superposition
of eigenstates of the integrable one within the microcanoni-
cal shell with the same energy. This explains why evidence
for thermalization was seen in Refs. [60, 64] only for small
integrability breaking perturbations. Our results suggest that
lack of thermalization will be robust in experimental studies
of quenches to integrability.
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