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Yang-Yang and singular diameter critical anomalies arise in exactly soluble compressible cell gas
(CCG) models that obey complete scaling with pressure mixing. Thus, on the critical isochore
p = pe, Cp := —Td?u/dT? diverges as |t|~® when t < T — T. — 0~ while pg — pe ~ |t|** where
pa(T) = 3 [priq + Pgas). When the discrete local CCG cell volumes fluctuate freely, the Y-Y ratio

Ry = C./Cyv may take any value —oo < i, < I but ‘anti-correlated’ free volumes are needed
for |, > 0. More general decorated CCGs including ‘hydrogen bonding’ water models illuminate

energy-volume coupling as relevant to R,.

PACS numbers: 05.70.Jk, 64.60.De, 64.60.F-, 64.70.F-

In 1964 Yang and Yang [1] discovered a serious de-
fect of the standard lattice gas model (say, SLgas),
alias the Ising model, for studying criticality in flu-
ids. The same defect, furthermore, characterizes Landau-
Ginzburg-Wilson or field theory (FT) models. Explic-
itly, consider an upper critical point at which the iso-
choric specific heat Cy(T) diverges as |t|~* as ¢ =
(T'-T.)/T. — 0~ with @ ~ 0.109 in d = 3 dimensions.
Then, if p,(T) and u,(7T) are the pressure and chem-
ical potential on the gas-liquid phase boundary, Yang
and Yang proved Cy = Cp + C,,, where C), = T'p/Jv and
5# = —Tu while v = 1/p is the specific volume (and
" denotes d/dT). On the critical isochore p = p. one
should thus expect C, = A,/|t|* and 5# = A, /|t~

However, in the SLgas and its usual variants p,(T) is
completely analytic. This implies that the Yang-Yang
(Y-Y) ratio

%;4 = Au/ (A;v + Au) (1)

vanishes identically with only p/ diverging! But is this
reasonable? Yang and Yang thought not [1].

This question was finally answered negatively [2, 3]
when careful analysis of data for propane yielded R, ~
0.56 whereas CO5 data indicated a clearly distinct value,
M, ~ —0.3 [2-5]. Simulations suggest R, ~ —0.04 for
a hard-core square-well fluid but %R, ~ 0.26 for the re-
stricted primitive model electrolyte (hard-sphere 1:1) [6].

To accommodate R, # 0 the traditional scaling theo-
ries for criticality need modification since, like the SLgas,
they entail 5%, = 0. This has been accomplished in what
is now termed complete scaling, an approach that con-
templates a comprehensive set of thermodynamic critical
anomalies associated with a nonvanishing Y-Y ratio [7].
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Thus a remarkable new term is an Agg|t|? correction to
the diameter of the coexistence curve, pg = 1 [piiq + Pgas]-
Asymptotically close to criticality this term dominates a
long sought [8] but weak A;_,[t|!~% singularity [9, 10]
since 28 ~ 0.652 < 1 — a ~ 0.891 for d = 3 [2, 7].

Such features reflect an underlying gas-liquid asym-
metry that contrasts with the situation for, e.g., the
ferromagnetic-paramagnetic phase transition since the
spontaneous magnetization curve —the analog of the
gas-liquid coexistence curve — displays an obvious sym-
metry upon magnetic field reversal. Thus, rather than
being a technicality, the issue raised by Yang and Yang
addresses a most basic question regarding the precise for-
mulation of scaling for asymmetric fluid criticality [2, 7).

The predictions of complete scaling have been tested
against experiments [4, 5, 9, 10] and simulations [6, 10].
Furthermore, implications for asymmetry at the mean-
field level [9, 11], for surface criticality and inhomoge-
neous systems [12], for criticality in fluid mixtures [13],
for the dielectric constant [14], for the refractive index
[15], and for the osmotic compressibility [16] have been
explored.

Nevertheless, complete scaling remains a phenomeno-
logical theory with no obvious limits on the value of R,
and no physical insight regarding the origin, magnitude,
or even the sign of this basic ratio. The extensive class of
exactly soluble compressible cell gas (CCG) models intro-
duced here, however, shows that Yang-Yang and related
critical anomalies arise as soon as local volume fluctua-
tions in fluids are recognized [17, 18].

To describe the CCG models one must note that com-
plete scaling entails three basic scaling fields, t, h, and
p, in which all thermodynamic fields, T, u, and p, en-
ter (or mix) explicitly [2, 7, 9]. Specifically, if one writes
fo = (1= pe) /kpT and p = (p — pc) ve/kpT, one needs
to leading order

D = p—kot—f, (2)

where the nonuniversal coefficients kg, k1, jo, etc., satisfy

h = ji—kit—jop, T =t—lji—j1p,



the relations kpk; = pul . — jopl.ve while kpky = Scv.
with S being the entropy [7]. Furthermore one finds [2, 7]

jo=—Au/Ap and R, =—jp/(1-j2), (3)
which implies that the presence of pressure in the or-
dering field, h, plays the crucial role in generating a
nonzero Yang-Yang ratio. Indeed, one also obtains
Asg = R, B?, where the coexistence curve is described
by [pliq — Pgas) Ve = 2B|t|? [7]. But pressure mixing also
leads to Ao ~ (I1 + J1).

It transpires (although not apparently noted previ-
ously) that the Second Law implies the restrictions

—00 < j2, M, <1 and A,>0. 4)
Explicitly, these follow from (1), (3), and Eq. (3.23) of
[7] stating B = @Qp (1 — j2), while thermodynamics de-
mands Cy >0, B >0, and Qp > 0 [7].

To continue, consider the SLgas interpreted as a con-
tinuum cell model: at each of the N sites of a d-
dimensional lattice of coordination number ¢ there is a
cell of volume vy that may be empty or occupied by one
particle that moves freely throughout space; but instead
of a normal pair potential, ¢(r; — r;), particles in adja-
cent cells interact only via a discrete energy ¢min = —€¢
[19]. Repulsive or excluded volume effects may be taken
into account by supposing that a particle in a cell can
explore only a ‘free volume’, say, 09 < vg.

Now to generate a compressible cell gas suppose that
each cell can, individually, assume n discrete values,
0 < v < vg, but with distinct free volumes v > 0 if
occupied (or, more generally, 9 if doubly occupied, etc.).
To analyze such a model one must, in place of a standard
canonical or (N, V, T) ensemble, employ a great grand
canonical or (i, p, T) ensemble [20]. The partition func-
tion then embodies sums over particle numbers, energy
levels, and volume fluctuations with corresponding Boltz-
mann factors eV, e A and e PV where 3 = 1/kpT,
p = Bpand i = Bu—In(AL /vg) with Az = hy/27/mkpT
for N particles of mass m and overall energy E.

In the simplest models, say, CCGy, the free volumes
U < v fluctuate independently. One then easily finds
[21] an exact analytic mapping into the corresponding

SLgas. Specifically, in terms of the isobaric volume-
fluctuation sums
n
Sim (P) =1~ v} 07" exp (—pu) , (5)
k=1

and the standard Ising variables [22] h = H/kpT, K =
J/kpT, and f = —F/kgT, one has

2h = i + 3cBeg + In [So1 (P) /v0S0o (D)), (6)

4K = Beg, f=—=In[Se (p)] + tcBeo —h, (7)
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FIG. 1: (Color online) Yang-Yang ratios 2R, and anomalies
for simple compressible cell gas models (CCGg) showing Cyv
(bold dashed), C,, (bold solid, red), and C, (thin solid, blue)
for p = pe, and the reduced diameters, Apg = (pa — pc)/pe
(thin solid), and their |t|** components (bold dashed, red)
with (a) n = 3, v2 = Ov1, v3 = v1, w = 0 (point particles)
and @ = 5 [while § = 50 gives R, = —1.23] and (b) n = 2,
va = Ovy and, for highly compressible particles, v2 = ©01/6
and 6 = 1/5 [while § = 1/50 yields %, = 0.46].

which relations effectively parallel (2).

If, as we may surely accept, Ising models for d = 2 and
3 obey simple scaling, the associated CCG models must
exhibit complete scaling in all its aspects [2, 7]. But may
all the values allowed by (4) be realized in reasonable
models? And might the singularity in ! dominate so
that |A,| > A, and can one have R, > 17 For CCGy
models (6) and (7) lead to

J2 = pe(S11/S01 — S10/S00), = (AvAD), [ve (D)., (8)

where Av = v — (v), etc., while (v'0™) = Sy, /Soo [21].

Now, suppose the free volumes are fixed, 0 = vg (all
k), so that A9 = 0. This recaptures j, = R, = 0, the
usual SLgas or FT result, and so demonstrates clearly
that the origin of the Y-Y anomaly lies in the fluctuating
free volumes available to fluid particles.

More realistically, suppose that the particles have a
fixed “core volume” w > 0 so that v = vy, —w > 0. Via
(8) this yields j, o< (Av?) > 0 and hence, using (3) and
(4), R, is always negative: see Fig. 1(a) computed with
3D Ising data [22]. Note that large core volumes w rela-
tive to vmin (or broad (vy) distributions) yield arbitrarily
large values of —9R,. For all such models, the diame-
ters pq (T') close to T, must curve up to higher densities:
see Fig. 1(a). This is contrary to typical observations
[10] which, however, may be dominated numerically by
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FIG. 2: States of a CCG for a lattice of primary cells (squares)
decorated by secondary cells (diamonds) with, as indicated,
decorating factors, expressed using the notation (5), that de-
pend on the occupancy of the primary cells [25].

the |t|'~® singularity; but that vanishes in CCGy mod-
els since 4K = feq in (7) implies j; = I; = 0, i.e., no
mixing of p and y into the T-scaling field £. This feature
remains in augmented models in which a particle in cell k&
acquires a potential energy e requiring a further factor
exp(—peg) in (5).

To realize positive R, in CCGo models, requires jo < 0
and so, by (8), free volumes 0y that are anti-correlated
with the vg. This may be realized for ‘highly compress-
ible’ particles that, e.g., when a cell volume v; decreases
by a factor 8 < 1, the core volume decreases more rapidly
so that the new free volume vy = vo — wo exceeds U1 by,
say, the inverse =1 > 1 [23]. Even for n = 2 this yields
M, > 0 while R, = £ — O(F) when § — 0, implying
C, > CN'H as T — T.: see also Fig. 1(b).

A natural extension of the CCGs is to follow Naya [24]
and “decorate” each bond of a given lattice with an extra
site; indeed, as established long ago [25], this approach
can be greatly extended. Then the bond sites or, more
generally, secondary cells of such a decorated CCG may
entail an arbitrary number of particles, cell volumes, en-
ergy levels, external fields, etc., while exact solubility is
retained [25]. Likewise, the secondary parameters may
vary independently or, more generally, be coupled to the
occupancy of the primary cells. All the needed infor-
mation is then contained in appropriate decorating fac-
tors, U ,,, U, _, and ¥__, which embody sums over the
Boltzmann factors of the secondary cells [25]. See Fig. 2
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FIG. 3: Decorating factors for the S*D water model [27], with
‘H’ indicating the formation of a hydrogen bond with a lower
energy but a free volume increase of v4.

for the simplest case in which the free volumes, etc., are
the same for primary and secondary cells while attractive
interactions of magnitude g are assumed.

In general, for simple occupancy, the transformation
in terms of the decorating factors yields [21]

2h =+ %0560 + In [S()l\l/j_/_?_/l)oSoo‘Ifc_/E], (9)

AK = Beog+In[V W _ /0% ], (10)

f=—[SooW*3wt )W) + 1eBeg —h,  (11)

which indicates that extra contributions arise from ¥, 4,
U, _, and ¥__; from these relations, in addition to
“pressure mixing”, i.e., jo # 0, one can derive nonva-
nishing expressions for j; and /3 in (2).

Naturally it is not necessary to decorate every bond
or to decorate each one in the same way! Thus one may
readily construct layered or anisotropic models. Further-
more, the various decorating factors entering a given pri-
mary cell can be chosen to couple in special ways: e.g.,
as used for Ising antiferromagnets exactly soluble in an
arbitrary magnetic field [26].

Another valuable extension of the decoration approach
is to introduce energy-volume coupling. As illustrated
in Fig. 3, this may not need “occupiable” secondary
cells! Rather, by introducing appropriate decorating fac-
tors, one can solve in the critical region (and in general)
what may be called “S®D” models [27], devised specif-
ically to handle the anomalous thermodynamic proper-
ties of water (and DO) [28] by recognizing the role of
hydrogen bonds in generating expanded and lower en-
ergy, transient ice-like structures in the fluid. To formu-
late the model one envisages [27] that each HoO molecule
may take ¢ distinct “orientations”, or “configurations”,
or, less specifically, microstates. When adjacent primary



cells —squares in Fig. 3— are both occupied, one postu-
lates that g of the ¢ joint orientations (or microstates)
form a hydrogen bond. Further, such a bond will be
awarded an energy lower by de and gain a free volume
greater by vy. Despite their depiction in Fig. 3, it is also
clear that the “secondary cells” serve only to identify the
bond!

From the decorating factors in Fig. 3 one finds, using
(9)-(11) with n =1 and v; = 91 = v in (5),

Jo = hepevy 0TI (g — 14 PbR) (1)

while j; o vy but Iy vanishes [21]. Evidently, then, Yang-
Yang anomalies and nonzero R, can arise even when
single particles may explore only a fized free volume, vy,
provided the interaction energy of particles is sensitive to
free-volume changes. Since ¢ > 1 the result (12) means
j2 > 0 so that, by (3), only negative values of R, can ap-
pear. One may conclude that correlation of lower energy
with increased free volume will yield R, < 0.

Conversely, to generate positive values of 9R,, one may
simply change the sign of v, (which also serves to corre-
late energy with volume). However, to maintain positive
free volumes for all particles —and thus a proper ideal -
gas limit at low densities— one may argue that each pri-
mary cell receives inputs from ¢ bonds while each bond
can, in essence, share its reduced free volume between
its two (neighboring) primary cells. Thus one must re-
quire |vy| < 2vp/c; nevertheless, (12) remains valid for
j2. However, the same bound, R, < i, as found for
CCGyp models, is still valid. To generate simple models
that allow larger values of S, — as found experimentally
for propane [2, 3]— remains an open task.

A natural further question is: “How about ‘Compress-
ible Cell Models’ with continuously compressible cells?”
Such models may be constructed along the lines set out
following Eq. (4); but rather than introducing n discrete
‘compressed cells’ one may contemplate a distribution.
Then the sum in Eq. (5) is replaced by an integral, say,
over a normalized Gaussian distribution; the width of the
Gaussian sets the scale of allowed local volume fluctua-
tions. Recall, again, that it is these fluctuations in local
volume that —as now clear from the CCG models— lie
at the root of Yang-Yang anomalies.

On the other hand, when it comes to off-lattice or
continuum systems one must rely on careful simulations
[6, 10]. These have taught us that decreasing the width
of the attractive well (e.g., in a hard-core square-well
fluid) increases the asymmetry of coexistence curves to
which the Y-Y anomalies contribute. Coulombic interac-
tions (in studies of the RPM, i.e., “restrictive primitive
model,” electrolyte) have a similar effect. But a concrete
benefit of our (in effect) exactly soluble (even if some-
what artificial) CCG models is that such trends can be
tested individually, analitically, and quantitatively —as
we sketched above for the S*D model [27]. Thus one may

contemplate studies of anisotropic interactions, particu-
lar many-body forces, etc., and hope to gauge explicitly
the degree to which the Y-Y anomalies respond.

M.E.F. acknowledges pleasant interactions with Pablo
Debenedetti in summer 2000 who pointed out Ref. [27].
Support from the National Science Foundation at that
stage (under Grant CHE 99-81772) is acknowledged.
Later work by Thomas Willis [18] is much appreciated.
Research by C.A.C. has been supported by the Span-
ish Ministries of Education (Grant PR2006-0449) and of
Economy and Competitiveness (Grant FIS2011-29614).

[1] C.N. Yang and C.P. Yang, Phys. Rev. Lett. 13, 303
(1964).

[2] M.E. Fisher and G. Orkoulas, Phys. Rev. Lett. 85, 696
(2000).

[3] G. Orkoulas, M.E. Fisher, and C. Ustiin, J. Chem. Phys.
113, 7530 (2000).

[4] See also A. Kostrowicka-Wylzalkowska et al., J. Chem.
Phys. 116, 4202 (2002); M.A. Anisimov, F. Zhong, and
M. Barmatz, J. Low Temp. Phys. 137, 579 (2004); N.G.
Polikhronidi et al., J. Supercrit. Fluids 43, 1 (2007).

[5] H. Hao, F. Zhong and M. Barmatz (2008, private com-
munication) found R, ~ 0.30 for *He. Extensive obser-
vations for various other molecular fluids have since been
made by I.M. Abdulagatov and coworkers; e.g., R, was
found to be about —0.252 for HoO but +0.258 for D>O.

[6] Y.C. Kim, Phys. Rev. E 71, 051501 (2005).

[7] Y.C. Kim, M.E. Fisher, and G. Orkoulas, Phys. Rev. E
67, 061506 (2003).

[8] See, e.g., J.J. Rehr and N.D. Mermin, Phys. Rev. A 8,
472 (1973) and references therein.

[9] M.A. Anisimov and J. Wang, Phys. Rev. Lett. 97,
025703, (2006); J. Wang and M.A. Anisimov, Phys. Rev.
E 75, 051107, (2007); V.L. Kulinskii and N.P. Malomuzh,
Physica A 388, 621 (2009).

[10] See Y.C. Kim and M.E. Fisher, Chem. Phys. Lett. 414,
185 (2005); L.-Y. Li et al., J. Chem. Phys. 136, 214508
(2012); L.-Y. Li et al, J. Chem. Phys. 141, 054905
(2014).

[11] V.C. Weiss and W. Schréer, J. Stat. Mech. P04020
(2008).

[12] M.A. Anisimov, Phys. Rev. Lett. 98, 035702 (2007); C.E.
Bertrand and M.A. Anisimov, Phys. Rev. Lett. 104,
205702, (2010).

[13] C.A. Cerdeirina, M.A. Anisimov, and J.V. Sengers,
Chem. Phys. Lett. 424, 414 (2006); J. Wang et al., Phys.
Rev. E 77, 031127 (2008); G. Pérez-Sdnchez et al., J.
Chem. Phys. 132, 154502 (2010).

[14] P. Losada-Pérez, G. Pérez-Sanchez, C.A. Cerdeirifia,
and J. Thoen, Phys. Rev. E 81, 041121 (2010); C.E.
Bertrand, J.V. Sengers, and M.A. Anisimov, J. Phys.
Chem. B 115, 14000 (2011).

[15] P. Losada-Pérez, C. Glorieux, and J. Thoen, J. Chem.
Phys. 136, 144502 (2012).

[16] T.-X. Yin et al., J. Chem. Phys. 138, 024504 (2013).

[17] Pressure mixing was originally noted in one-dimensional
cluster interaction models [M.E. Fisher and B.U. Felder-
hof, Ann. Phys. (N.Y.) 58, 217 (1970), Secs. 8, 9] which



were, however, viewed as “peculiar” [8].

[18] Brief reports have been presented: by the last two au-
thors at the 82nd and 83nd Stat. Mech. Conf., Rutgers
Univ., 11 Dec. 1999, 8 May 2000; at the K. Pitzer Memo-
rial Symposium, U. C. Berkeley, 12 Jan. 2000; a poster
by R.T. Willis and M.E. Fisher at “Thermo-2005” Mid-
Atlantic Meeting, Univ. of Maryland, 29 April 2005; by
all three authors at 15th Congress on Stat. Phys., Univ.
of Salamanca, 28 March 2008, and a poster at the 7th
Liquid Matter Conf., Lund, 29 June 2008.

[19] We owe this picture to B. Widom (private comment).

[20] See E.A. Guggenheim, Thermodynamics, 2nd Edn.
(North Holland, Amsterdam, 1950) Sec. 2.08 and R.A.
Sack, Mol. Phys. 2, 8 (1959).

[21] Details will be published elsewhere.

[22] See, e.g., A.J. Liu and M.E. Fisher, Physica A 156, 35

(1989), who give 3D Ising model numerical expressions.

[23] Such behavior can also be realized with particles of fized
size, core volume w, and form if the cells change shape
[21].

[24] S. Naya, Prog. Theoret. Phys. Japan 11, 53, (1954).

[25] M.E. Fisher, Phys. Rev. 113, 969, (1959).

[26] M.E. Fisher, Proc. Roy. Soc. A 254, 66; 256, 502 (1960).

[27] S. Sastry, P.G. Debenedetti, F. Sciortino, and H.E. Stan-
ley, Phys. Rev. E 53, 6144 (1996). In this article the
model is reduced to an SLgas but analysed by mean-field
theory away from criticality.

[28] O. Mishima and H.E. Stanley, Nature 396, 329 (1998);
C.A. Angell, Ann. Rev. Phys. Chem. 34, 593 (1983);
P.G. Debenedetti, J. Phys.: Condens. Matter 15, R1669
(2003).



