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‘We propose the use of optical lattice clocks operated with fermionic alkaline-earth-atoms to study
spin-orbit coupling (SOC) in interacting many-body systems. The SOC emerges naturally during
the clock interrogation when atoms are allowed to tunnel and accumulate a phase set by the ratio of
the “magic” lattice wavelength to the clock transition wavelength. We demonstrate how standard
protocols such as Rabi and Ramsey spectroscopy, that take advantage of the sub-Hertz resolution
of state-of-the-art clock lasers, can perform momentum-resolved band tomography and determine
SOC-induced s-wave collisions in nuclear spin polarized fermions. With the use of a second counter-
propagating clock beam, we propose a method to engineer controlled atomic transport and study
how it is modified by p- and s-wave interactions. The proposed spectroscopic probes provide clean
and well-resolved signatures at current clock operating temperatures.

The recent implementation of synthetic gauge fields
and spin-orbit coupling (SOC) in neutral atomic gases
[IH7] is a groundbreaking step towards using these fully-
controllable systems to synthesize and probe novel topo-
logical states of matter. So far optical Raman transi-
tions have been used to couple different internal (e.g. hy-
perfine) states while transferring net momentum to the
atoms. However, in alkali atoms Raman-induced spin-
flips inevitably suffer from heating mechanisms associ-
ated with spontaneous emission. While this issue has
not yet been an impediment for the investigation of non-
interacting processes or mean field effects [4], 5], it could
limit the ability to observe interacting many-body phe-
nomena that manifest at longer timescales. Finding al-
ternative, more resilient methods for generating synthetic
SOC, and probing its interplay with interactions, is thus
highly desirable.

To reduce heating, the use of atoms with richer inter-
nal structure such as alkaline-earth-atoms (AEAs) [3] [7]
or lanthanide atoms such as Dy and Er [8] have been sug-
gested. In addition to long-lived electronic states AEAs
also offer accessible electronic state-dependent trapping
potentials with applications that range from the genera-
tion of synthetic gauge fields [9] and particle number
fractionalization [I0, [II] to quantum information pro-
cessing [12], 13]. So far most of the existing proposals
require complicated experimental set-ups including laser-
assisted tunneling and rectification protocols or have
been targeted to study the non-interacting regime [7].
Here, we demonstrate that SOC emerges naturally in
cold AEA optical lattice clocks (OLCs) [14] that use a
“magic” (state independent) lattice. This is because the
clock laser imprints a phase that varies significantly from
one lattice site to the next as it drives an ultra-narrow
optical transition. Our implementation (1) uses a direct
transition to a long-lived electronic clock state with nat-
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FIG. 1. (Color online) (a) A clock laser along the Z direction
of wavelength A and Rabi frequency §2 interrogates the ' So(g)-
3 Py(e) transition in fermionic alkaline-earth atoms trapped in
an optical lattice with magic wavelength A,,. The transverse
confinement is provided by Gaussian curvature of the lattice
beams with harmonic frequency hv, . Many transverse modes
n are populated at current operating temperatures. (b) The
phase difference ¢ between adjacent sites j and (j+1) induces
SOC when atoms can tunnel with mode-dependent tunnel-
coupling Jn, realizing a synthetic two-leg ladder with flux ¢
per plaquette.

ural lifetime > 102 s [15], and thus heating from spon-
taneous emission is negligible; (2) takes advantage of the
sub-Hz resolution of clock lasers [I6HI9]; and (3) accesses
the regime where the interaction energy per particle, U,
is weak compared to the characteristic trapping energies
[20H25] but comparable to SOC scales determined by J,
the tunneling, and €2, the clock Rabi frequency. This
regime allows us to investigate the interplay of interac-
tions and SOC, to carry out controllable analytic cal-
culations and make concrete predictions and to devise
feasible interaction sensitive probing protocols accessible
and testable in current experiments.

In the first protocol, we demonstrate that momentum-



resolved tomography of chiral band structures can be per-
formed using Rabi spectroscopy in the parameter regime
J ~ Q> U. In the second protocol we show that the
modification of collisional properties by SOC [26] 27] is
manifest in standard Ramsey spectroscopy, focusing on
the parameter regime J 2 U. In the final protocol, con-
trolled and spatially resolved atomic transport [28-35]
is induced by an additional counter-propagating clock
beam that exhibits a controllable phase difference with
respect to the original probe beam. Interaction effects
beyond mean field are shown to modify the dynamics in
the parameter regime 2 > J ~ U. Inelastic collisions in
the excited state impose limitations in the probing time
[24, 25, [36l, B7], however, they can be dynamically ac-
counted for during clock interrogation as demonstrated
in Refs. [20] 24]. We also show that losses can be used as
a resource for state preparation and readout.

Current OLCs interrogate the 1Sy(g)->Py(e) transi-
tion of ensembles of thousands of nuclear spin polarized
fermionic AEASs trapped in a deep 1D optical lattice that
splits the gas in arrays of 2D pancakes [14](see Fig.
The lattice potential uses the magic-wavelength, A, to
generate identical trapping conditions for the two states.
At current operating temperatures, T' ~ pK [20] the pop-
ulation of higher axial bands is negligible (< 5%). On
the other hand, along the transverse directions, where
the confinement is provided wholly by the Gaussian cur-
vature of the optical lattice beams, modes are ther-
mally populated with an average number of mode quanta
(n) ~ 50. To generate SOC coherent tunneling between
lattice sites is required. Our proposal is to superimpose
a running-wave beam on the lattice potential:
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this increases the transverse confinement without signif-
icantly affecting the axial motion [40]. Here, wq is the
beam waist, R the transverse radial coordinate, Z the
axial coordinate, V the axial lattice corrugation, and
Veonst the running-wave induced potential. By increas-
ing Veonst as V is lowered, the transverse confinement

> (Veonst + V), with m the atom
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frequency v ~
mass, is kept constant while the tunneling rate along the
axial direction increases.

Since Vext (R) is discretely translationally invariant
along the axial direction, atoms trapped in the low-

est axial lattice band are governed by the Hamiltonian
HY =37, Hy [
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Throughout, ¢ = ga is the dimensionless product of ax-
ial quasimomentum ¢ and lattice spacing a = A,,/2,
Go,n,q annihilates a fermion in the two-dimensional trans-
verse mode n, quasimomentum ¢, state « = % (for e and
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FIG. 2. (Color online) (a) SOC band structure for 6 = —2.Jo,
Qo = Jo (solid lines) and Qf = 0.05Jo (dashed lines). The
axial depth is V' = 12 recoils, Jo/h = 42 Hz and v, =~ 900
Hz. Colors correspond to state character, with g (e) being
more blue (red). (b) Chiral Bloch vector angle, fgq, in the zz
plane extracted from Rabi spectroscopy using the protocol ex-
plained in the text [41]. The figure shows three temperatures
for the parameters of (a).

9), and g ng = dl,n,q&ad’l,Q’ The energy Eqnq(g) =
al + Eyn — 2Jy, cos(g) has contributions from the mode
dependent tunneling Jy,, the average energy of the trans-
verse mode n, Ey, and the laser detuning §. €, is the
Rabi frequency for mode n. The clock laser with wave-
length A imprints a phase that varies between adjacent
lattice sites by ¢ = A, /.

If ones views the two internal states as a discrete syn-
thetic dimension [42]43], as shown in Fig. |1, H? describes
the motion of a charged particle on a two-leg ladder in a
magnetic field with flux ¢ per lattice plaquette. HP hence
has the interpretation of many copies of those ladders —
one for each transverse mode. By performing a gauge
transformation G4 g+¢n — G+,¢.n; ﬁg becomes diago-
nal in momentum space with the excited state dispersion
shifted by ¢, ¢ — g + ¢. The latter can be then conve-
niently written in terms of spin-1/2 operators acting on
the populated modes
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Where Bnq = (an 07 AE’n (qv ¢) + 5)7 A-En (Qa ¢) =
2Jn [cos (q) — cos (¢ + ¢)], and SZ¥* are spin-1/2 an-
gular momentum operators. The eigenstates are de-
scribed by Bloch vectors pointing in the xzz plane,
with a direction specified by a single angle 6,, =
arctan (m) (Fig. a)). The ¢ dependence of
this angle is a manifestation of chiral spin-momentum
locking, which is directly connected to the topologi-
cal chiral edge modes of the two-dimensional Harper-
Hofstadter model [43], [44].

We first discuss the use of Rabi spectroscopy to probe
the non-interacting chiral band structure of Eq. (3). In
the regime Qg < Jo, there exists a finite window of Js
where the two dispersions cross at two special quasimo-
mentum points ¢}, (Fig.[2(a)). The window, whose width



is 8.Jy | sin §|, is signaled in the carrier linewidth, and thus
when resolved it can be used to determine ¢. At finite
temperature, many transverse modes are populated and
hence the dependence of 2, and J, on n could broaden
the line and in general prevent an accurate determina-
tion of ¢. However, a direct simulation of the Rabi line-
shape using the potential Eq. demonstrates that the
features of the ideal, zero-temperature lineshape are cap-
tured even for a temperature of 3uK [41].

The ability to resolve the g} resonances that appear
across the entire Brillouin zone (BZ) as the detuning is
varied can be used to perform momentum resolved spec-
troscopy and to precisely determine the chiral Bloch vec-
tor angle g, for given values of Qg and 0 from Rabi
oscillations. We propose the use of a three spectroscopic
sequences [4I]. One sequence selectively excites atoms
at g from g to e and induces Rabi oscillations. An-
other filters the dynamics of the excited atoms from the
remaining g atoms and the third is used to “correct” im-
perfections arising from finite temperature. As shown
in Fig. b), this protocol allows us to extract fp, over
the BZ. This method is not restricted to OLCs, requiring
only a stable probe, and complements other techniques
for measuring band structures [45H47] used in degenerate
Fermi gases.

To access the interplay between SOC and interactions
we propose to use Ramsey spectroscopy (Fig. . The
first pulse rotates the Bloch vector, initially pointing
down, by an angle 0, set by the pulse area, and the
second converts the accumulated phase during the dark
time 7 into a g — e population difference measured as
Ramsey fringes. Interactions induce a density-dependent
frequency shift in the fringes.

Interactions between two nuclear spin polarized atoms
depend on the motional and electronic degrees of free-
dom [23]. When the atoms collide they experience s-
wave interactions, characterized by the elastic scatter-
ing length a.y, when their electronic state is antisym-
metric (leg) — |ge))/v/2. They can also collide via p-
wave interactions, described by the corresponding p-
wave elastic scattering volumes b3, b3., and b7, in
the three possible symmetric electronic configurations
l99), lee), (leg) + |ge))/v/2, respectively. In addition to
elastic interactions, atoms can also exhibit inelastic col-
lisions. In 37Sr only the ee type has been observed to
give rise to measurable losses [22} 41] while in 173171 Yb,
both ee and eg losses have been reported [24], 25| [36].

When tunneling is suppressed the differential phase im-
parted by the laser is irrelevant, and as long as €1, is the
same for all modes — a condition well-satisfied in current
OLCs [20] — the collective spin of the atoms within each
lattice site remains fully symmetric after the pulse and
only p-wave collisions occur during the dark time. Mea-
surements under this condition [20} 2T] indeed observed
a frequency shift linearly dependent on the excitation
fraction of atoms, (1 —cos#f;)/2 and fully consistent with
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FIG. 3. (Color online) A clock laser pulse with pulse area
01 imprints a phase difference ¢ between atoms in neighbor-
ing sites. Atom tunneling, Jy, allows for s-wave interactions,
o< Uey, which are signaled as a density shift in Ramsey spec-
troscopy after a second pulse of area 60> is applied.

a p-wave interacting model [23]. If instead tunneling is
allowed during the dark time, atoms become sensitive to
the spatially inhomogeneous spin rotation from the site-
dependent laser phase, which in turn allows for s-wave
collisions after a tunneling event (see Fig. |3). The s-
wave collisions in SOC-coupled spin polarized fermions
can lead to exotic phases of matter including topological
quantum liquids [38] [39].

In the regime of weak interactions compared to tunnel-
ing, we compute the dynamics perturbatively, and find
that SOC manifests itself in the density shift at short
times as [41]
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where Ayy = N(C — x cosby) is the density shift in the
absence of tunneling [20, 23], N the mean atom num-
ber per pancake, (J?)r, the thermally averaged squared
tunneling rate, { = (V9 —U%9) /2, x = (Ve 4+ V99 —
2V9¢) /2, and C' = (Ve —V99) /2, with Ve = b2_, (P,
and U = a.y(S)r,. Here, (P)r, x (Tg)° and (S)r,
Ty 1 correspond to the thermal averages of the p-wave
and s-wave mode overlap coefficients respectively [23],
and Tr is the radial temperature. For the JILA 87Sr
clock operated at T ~ (1 —5)uK and 6; < 7 for 7 ~ 80
ms, Ayg ~ —5Hz. Since SOC introduces contributions
from s-wave interactions, which can be one order of mag-
nitude larger than p-wave at T ~ 1uK, then from Eq.
[4) we expect significant modifications of the density shift.
In the JILA 37Sr clock the ratio of elastic to inelastic p-
wave collision rates has been measured to be ~ 2 under
typical conditions [20} 22| 4], and losses have been com-
pensated during clock operation by dynamically tracking
the population decay during the dark time [20, 2I]. In
Ramsey interrogated SOC systems with dominant s-wave
elastic collisions, inelastic processes are expected to be-
come even less relevant.

The third interrogation protocol we discuss is accom-
plished by generating a sliding superlattice via a pair of
counter-propagating beams close to resonance with the
clock transition and with a global phase difference ()
which can be controlled in time (see Fig. [(a)). The non-
interacting Hamiltonian, written using a Wannier orbital



basis along the lattice direction, is
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As Y (t) is changed, the clock laser standing wave “slides”
with respect to the optical lattice. This allows for the
minimum realization of a topological pump when Y (¢) is
adiabatically varied from 0 — 27 [28,32H35]. In the weak
tunneling limit the quantized nature of particle transport
can be directly linked to spatially isolated tunneling res-
onances [28]. We now show how those resonances can
be spectroscopically measured in OLCs.

Let us first consider the case J, = 6 = 0 and set
¢ = Tr/6, relevant for the %7Sr system. We write
T = (2rs+ATY)/12, with 0 < AT < 27 and s an integer.
Under these conditions, the localized dressed eigenstates
are spin-polarized along £z alternating between neigh-
boring sites except for “defects” at ji(r) = 6r +3 + s
(r an integer) when cos(Y — AY/12 — jg¢) = 0 and the
ground states at jq(r) and jq(r) + 1 point along the same
direction. Since tunneling preserves polarization, it is
suppressed when J, < 2, due to the energy offset ~ 2
between neighboring sites. The one exception is the case
AT = 7 where the defect pair jqu(r) and ju(r) + 1 is
resonantly tunnel-coupled. Quantized transport occurs
when AT is slowly varied across the resonance. Instead
of adiabatic transport we propose to spectroscopically re-
solve the resonance using a Ramsey-type protocol. Here,
atoms initially prepared in g at |§] > Qo are adiabat-
ically transferred to the ground dressed state by slowly
turning off § at T = (2ws + AY,)/12 with AY, # =.
Then Y is quenched so resonant tunneling is allowed,
s - s+ 1 and AT = 7, and the system evolves for a
time 7. Following this evolution tunneling is turned off
and the phase switched back, s4+1 — s and AT — AT,
Those atoms which have tunneled at the resonant sites
are now in an excited state of the local dressed basis.
These excitations can be measured by adiabatically con-
verting the dressed excitations to “bare” e excitations by
adiabatically ramping on ¢ > g; this leads to a mea-
surable excited state population n.(t). In Fig. [fc) we
show these tunneling resonances are clearly observable
even at finite temperature. Moreover, since resonances
are spatially well-separated (every six sites), they can be
resolved with low-resolution imaging.

Interactions modify the transport dynamics in this
pumping protocol. The sliding superlattice simplifies the
treatment of interactions by isolating resonant site pairs
{ja,ja + 1}. We consider the case where at most two
atoms occupy the resonant sites, a condition which can be
achieved by decreasing the atomic density with a large-
volume dipole trap [16]. The two particle states can be
classified in terms of the atoms’ spin polarization along x
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FIG. 4. (a) An additional counter-propagating probing

beam with a differential phase T generates a sliding super-
lattice potential, shown for ¢ = 7m/6, corresponding to an
87Sr OLC. For weak tunneling J < € transport is ener-
getically suppressed except at resonant defect points (cir-
cled). (b) Two-particle interaction sectors classified by the
total polarization M, and spatial symmetry of the dressed
states. An oval (figure-eight) denotes a symmetric (antisym-
metric) spatial wavefunction. (¢) Dynamics of a single parti-
cle at the tunneling resonance for two temperatures (red solid
and blue dashed) and an off-resonant site (black dotted) for
Jo/h = 8Hz, Qo/h = 1kHz, ¢ = 7w/6. (d) Normalized dif-
ferential excitation extracted as explained in the text with
the interaction parameters of Ref. [22]. The M, = 0 compo-
nents (solid lines) involve the s-wave sector, and so display a
strong dependence of contrast on temperature, while the My,
sectors (dashed lines) experience only weaker single-particle
thermal dephasing.

in four sectors: three symmetric ones (triplets) with to-
tal = polarization M, = +1,—1,0 and a M, = 0 singlet.
Within each sector, the dressed states’ interaction param-
eters are given by [41] Vi1 =V = (V994 V42V %9) /4,
Vo = (V99 4 V)/2 and Uy = U (see Fig. [[b)).
Since the p-wave parameters are not SU(2) symmetric,
ie. bee # bgg # beg, the triplet sectors are coupled.
However, in the weakly interacting limit V% < Q, the
triplets are separated by energy gaps ~ ) and coupling
between the sectors can be neglected. The singlet sector
is always decoupled from the triplets.

Within each sector interactions modify the dynamics,
making it sensitive to temperature and density. The
modifications can be extracted by performing measure-
ments of the atom number-normalized excitation fraction
for different densities and then differentiating the high-
density and low-density results [4I]. This procedure re-
moves the single-particle contribution and is particularly
suitable for characterizing the role of interactions in clock
experiments [20] 22]. The normalized differential excita-
tion is shown in Fig. d). For the adiabatic dressed state
preparation, all four manifolds, and hence all interaction
parameters V4 o, Uy, contribute to the dynamics. A fil-
tering protocol that uses the ee losses can be used to sep-
arate the dynamics of the various sectors. For example,
by transferring all atoms to the e state and holding before



the adiabatic ground state preparation, the doubly occu-
pied M, = =1 triplet sectors will be removed and only
the M, = 0 singlet and triplet remain and contribute
(here the ground dressed states have one atom at j; and
ja+1). As shown in Fig. the dynamics of the V4 o and
Uy sectors can be distinguished by the different scaling of
the p- and s-wave interaction parameters with tempera-
ture Tr, Vi o (Tr) ~ const. and Uy (Tr) ~ Tgl [23] (See
Figlld)). By comparing these dynamics to that with-
out the holding time, information about the M, = +1
dynamics can be extracted. In general s-wave interac-
tions, purely elastic for nuclear-spin-polarized Sr, dom-
inate the normalized differential contrast, with p-wave
contributions (including losses) relevant only at hotter
temperatures.

Summary We have described approaches to implement
and probe SOC and its interplay with s- and p- wave in-
teractions in OLCs. These open the unique opportunity
of exploring, for the first time, a controllable interplay of
interactions, spin-orbit coupling, and non-trivial topol-
ogy in regimes where a complete theoretical treatment
can also be performed. While the described protocols
work at the temperatures achievable in current OLCs,
their sensitivity and applicability are expected to signif-
icantly improve when operating the clock in the quan-
tum degenerate regime. Moreover, if nuclear spins are
included, they can open a window for the investigation
of SOC with SU(N)-symmetric collisions [48].
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