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To explain many natural magnetised plasma phenomena, it is crucial to understand how rates
of collisionless magnetic reconnection scale in large magnetohydrodynamic (MHD) scale systems.
Simulations of isolated current sheets concluded such rates are independent of system-size and can
be reproduced by the Hall-MHD model, but neglect sheet formation and coupling to MHD-scales.
Here, it is shown for the problem of flux-rope merging, which includes this formation and coupling,
that Hall-MHD fails to reproduce the kinetic results. The minimum sufficient model must retain
ion kinetic effects, which set the ion diffusion region geometry and give time-averaged rates that
reduce significantly with system-size, leading to different global evolution in large systems.

Magnetic reconnection relaxes stressed magnetic fields,
by changing field-line connectivity in highly conducting
plasmas. The associated energy release is considered im-
portant for many magnetised plasma phenomena in na-
ture [1, 2], but the theoretical question of how reconnec-
tion proceeds fast enough to explain this energy release
in large systems is not fully understood.

Most of the previous simulation studies have addressed
this question by initialising the simulations with isolated
kinetic-scale current sheets, finding that the reconnec-
tion rate in collisionless plasmas is independent of both
the system-size [3–6] and the mechanism that breaks the
frozen-in condition, including specific details of the elec-
tron [7–9] and ion kinetic physics [10, 11] that are not
present in two-fluid models. However, in nature, such
current sheets take a finite time to form, and involve the
interplay between magnetohydrodynamic (MHD) and ki-
netic scale physics. The magnetic island coalescence
problem [12–16] is a simple reconnection test problem
that includes many key features present in real systems:
the build up of magnetic energy, dynamic formation of
the current-sheet, and the on-set and the cessation of re-
connection. Such islands are two-dimensional represen-
tations of magnetic flux-ropes, a fundamental building
block of magnetised plasmas [17–19].

Reconnection during island coalescence is character-
istically bursty, since it is coupled with the global mo-
tions of the islands, and thus it is suitable to consider
the time averaged reconnection rate. A recent fully ki-
netic study [16] found that the average rate scales as
< ER >∝ (λ/di)

−1/2, where di is the ion-skin depth and
λ is the equilibrium current thickness, a proxy for the
system size. However, no explanation for the strong
system-size scaling has been given, and due to the com-
putational difficulty of modelling large islands it has re-
mained unclear how these predictions will compare with

the commonly used two-fluid models, such as Hall-MHD.
Several studies [20, 21] have considered strongly driven
Hall-MHD reconnection and reported significant system-
size dependence, but impose an ad-hoc driving.

In this Letter, it is demonstrated that the Hall-MHD
model fails to reproduce any of the key features from the
equivalent fully-kinetic simulations of island coalescence:
the peak and average reconnection rates, the dependence
on the initial ion to electron temperature ratio Ti0/Te0,
the pile-up strength of the magnetic field, and the global
island motion. In Hall-MHD, reconnection proceeds until
the islands fully coalesce, and the peak and average rates
have a weak dependence on system-size. In contrast, a
hybrid model that retains kinetic ion physics with mass-
less fluid electrons reproduces the broad ion diffusion re-
gion, and the associated reduction of the pile-up magnetic
field and outflow velocity of the fully kinetic model. In
hybrid and fully kinetic, reconnection in large systems is
significantly slower, so that the islands bounce [12, 14]
and have different global evolution to Hall-MHD.

The essential physics responsible for this discrepancy
relates to the anisotropic and agyrotropic nature of the
ion pressure tensor, in which a large contribution is due
to the ion meandering orbits [11, 22, 23] within the weak
magnetic field regions of the reconnection layer. These
orbits give rise to large gradients in the ion pressure ten-
sor, which are not treated correctly in current fluid mod-
els. While the existence of broader ion layers has been
mentioned in the literature [9–11, 24–27], their impor-
tance has been missed due to the extensive use of highly-
extended current sheets for the initial conditions. Here,
it is shown that ion pressure tensor effects play a primary
role in controlling the magnetic field pile-up and outflow
velocity, and thus determine the reconnection rate and
the global evolution of this system. These results have
conceivable implications for real reconnecting systems in
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which coupling of micro to macro-scale physics is impor-
tant, such as the Earth’s magnetosphere.

All of the simulations described are initialised with a
magnetic island equilibrium [28], with similar parameters
to a recent study [16]. The initial magnetic potential is

Az = B0λ ln [cosh (x/λ) + ε cos (y/λ)], (1)

where ε = 0.4 and B0 is the asymptotic field. For a ther-
mal pressure balanced equilibrium, the density profile is

n = nb +
n0

(
1− ε2

)
[cosh (x/λ) + ε cos (y/λ)]

2 , (2)

where nb = 0.2n0 is the background density, n0 is the
central Harris-sheet density enhancement in the limit
ε = 0, and the initial temperatures are constrained as
Ti0 + Te0 = B2

0/ (2µ0n0kB). The ratio of ion to electron
current carrying velocities is set equal to the tempera-
ture ratio Ti0/Te0 to give an exact Vlasov equilibrium
in the fully kinetic case, see e.g. Ref. [29]. The sim-
ulation domain is x ∈ [−πλ, πλ] , y ∈ [−2πλ, 2πλ]. In
this study, the system-size, λ/di, and the initial temper-
ature ratio, Ti0/Te0, are varied. Additional code spe-
cific parameters are: for Hall-MHD [30–32], zero elec-
tron inertia de = 0, resistivity η = 10−5µ0divA0, hyper-
resistivity ηH = 10−4µ0d

3
i vA0, and ion-viscosity µ =

10−2min0divA0; for hybrid ([33], and references therein),
de = 0, η = 10−5µ0divA0, ηH = 10−3µ0d

3
i vA0 and ratio of

ion plasma frequency to gyro-frequency ωpi/Ωci = 2000;
and for fully kinetic Particle-In-Cell (PIC) [34], ratio
of electron frequencies ωpe/Ωce = 2, and mass-ratio
mi/me = 25 (de = di/5). The results discussed are not
sensitive to these choices, e.g. of ηH or ωp{i/e}/Ωc{i/e}.
For all codes, an initial sinusoidal magnetic perturba-
tion of amplitude δB = 0.1B0 is used to start the merg-
ing [16]. A movie showing the evolution of the current
density (colour scale) and magnetic flux during the merg-
ing for the λ = 10di simulation can be found in the sup-
plimentary material.

Figure 1 shows the reconnection rate ER against
global-Alfvén time, t/tA = tvA0/(4πλ), from Hall-MHD,
hybrid and fully kinetic simulations with λ = 5di and
Ti0 = Te0. Here, ER is calculated as in Ref. [16],

ER =
1

vAmBm
∂t [AzX −AzO] , (3)

where AzX/O is Az evaluated at the X/O magnetic null
point, Bm is the maximum initial field between the is-
lands, and vAm = Bm/

√
n0µ0mi.

The peak reconnection rate for the hybrid simulation
(ER = 0.455) is in good agreement with the fully-kinetic
PIC result (0.435), whereas the Hall-MHD run (0.805)
over-estimates the peak rate by ≈ 85%. Additional runs
(not shown) confirm the peak rates do not depend on
electron-scale physics, but the late time rate (t/tA & 1.5,
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FIG. 1. Reconnection rate, ER, against t/tA for Hall-MHD
(red), hybrid (purple) and fully-kinetic PIC (blue) runs with
λ = 5di and Ti0 = Te0.
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FIG. 2. Top: Peak rates (ER) against system-size (λ/di) for
Hall-MHD (red), hybrid (purple) and PIC (blue). Bottom:
Average rates (< ER >) over 1.5τA. The top (bottom) plot
has linear (logarithmic) axes.

which differs between hybrid and PIC codes) does depend
weakly on mi/me in the PIC runs, or ηH for hybrid.

Figure 2 shows the peak rates, ER, and the average
rates, < ER > where <> is the average over 1.5τA (cho-
sen as a secondary island forms in the λ = 5di Hall-MHD
simulation after this time, see below), against system-
size, λ/di. In Hall-MHD, ER flattens earlier (≈ 10di)
than hybrid and PIC runs, so the overestimate of ER

grows to more than a factor of three for λ = 25di. The
average rates in hybrid, < ER >∝ (λ/di)

−0.65, and PIC,
(λ/di)

−0.8, reduce significantly steeper with λ/di than
Hall-MHD, (λ/di)

−0.25. This precise scaling with λ/di
for the PIC runs differs from that reported in Ref. [16],
and we find in general that these scalings depend on the
aspect ratio of the simulation domain, which influences
the dynamical interaction of the islands. Here, this as-
pect ratio is kept constant between all three codes as the
system size is varied.

The differences in the rates have important conse-
quences for the global evolution of the system. Figure 3
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FIG. 3. Normalised O-point separation (Lsep/L0) against
t/tA for Hall-MHD (left), hybrid (middle) and PIC (right)
runs. Shown for each code are system-sizes λ = 5di (blue),
λ = 10di (pink), λ = 15di (gold), and λ = 25di (green).

shows the separation of the O-points, at the centre of
the magnetic islands, normalised by the the initial sep-
aration L0 as a function of t/tA. There are clear dif-
ferences between the Hall-MHD and kinetic ion codes
after the initial ideal phase t & 0.8. For Hall-MHD (left
panel) there is no clear reversal in the O-point separa-
tion, and the islands in these simulations tend to fully
coalesce as they first approach each other. It must be
noted that the λ = 5di run forms a secondary magnetic
island at late time, t ≈ 1.6, which stagnates reconnection
and does cause the islands to bounce. However, since
this bouncing is due to a separate issue, this evolution
is not considered to compare fairly with the other runs.
For hybrid and PIC, there is reversal in the O-point mo-
tion for system-sizes λ ≥ 10di. The islands are unable to
coalesce on the first approach due to the slower reconnec-
tion rates, and so bounce off each other. There is good
agreement between hybrid and PIC, except for the late
time t & 2 behaviour that depends on the electron scale
physics, see above.

Figure 4 shows how the kinetic ion physics affects the
geometry of the ion diffusion region. The z-component
of the ion momentum equation can be expressed as an
ion Ohm’s law in normalised form,

E′z =
di
n

[∂t (nviz) + ∇ · (nviviz)] +
di
n
∇ · Piz + Fcoll,z,

(4)
where E′z = (E + vi ×B) · ẑ is the non-ideal electric

field, Piz = P i · ẑ is due to the ion-pressure tensor, and
Fcoll,z = ηjz−ηH∇2jz is the resistive and hyper-resistive
friction. When the right hand side of Eq. (4) is negligible
the ideal-MHD Ohm’s law is recovered, and the magnetic
field is frozen-in to the ion fluid. However, E′z becomes
non-zero within the ion diffusion region, where the ion
bulk flows decouple from the field. The contributions to

E
z



di

n
Ñ×Piz

-4 -2 0 2 4

-0.2

0.

0.2

0.4

0.6

0.8

E
R

Hall-MHD

Fcoll,z

-4 -2 0 2 4

-0.2

0.

0.2

0.4

0.6

0.8

E
R

Hybrid

di

n
@¶tnviz + Ñ×nvivizD

-4 -2 0 2 4

-0.2

0.

0.2

0.4

0.6

0.8

y�di

E
R

PIC

FIG. 4. E′z (black) across the ion diffusion region (x = 0) for
Hall-MHD (top), hybrid (middle), and PIC (bottom) at peak
ER. Contributions from ion-inertia (blue), pressure tensor
(green), and frictional terms (red). For all λ = 5di, Ti0 = Te0.

E′z (black curves) in cuts across the ion diffusion region
are shown in Fig. 4. For Hall-MHD (top) the thickness
of the ion diffusion region, taken to be the full-width
half-maximum of E′z, is δi = 0.62di. E

′
z is primarily sup-

ported by bulk ion-inertia (blue dotted line), whereas ion
pressure tensor effects (green) and frictional effects (red,
mainly hyper-resistivity) are only significant very close
to the X-point and so do not set the ion diffusion region
thickness. For this Hall-MHD model, Piz = −µ∇viz is a
simple collisional ion-viscosity.

In contrast, the hybrid (middle) and PIC (bottom)
have a broader ion diffusion region (δi ≈ 2.4di, 2.8di
respectively), where the E′z is primarily supported by
gradients in the off-diagonal elements of the ion-pressure
tensor (green). Here, Piz is collisionless and directly cal-
culated from the distribution of ion particle velocities.

Figure 5 (top) shows the agyrotropy AØi, a scalar mea-
sure of the departure of Pi from cylindical symmetry with
respect to the magnetic field (see Appendix A of Ref. [35]
for the full definition), from the hybrid run. In a cut
across the inflow axis (x = 0), there is significant agy-
rotropy AØi = 0.2 that peaks at y = ±1.9di upstream of
the X-point. Also shown (white solid) is the trajectory of
a typical ion test-particle starting at (x, y) = (3.2,−3.76)
with local thermal velocity, and advanced using the elec-
tromagnetic fields of the hybrid run. The ion exhibits
“meandering-type” [7, 11, 22] crossing orbits with rever-
sal points at yr ≈ ±2.2di, before it enters the outflow
region and is magnetised. This distance is in agreement
with both the region of significant inflow agyrotropy and
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FIG. 5. Top: Ion agyrotropy, AØi (colour scale), flux contours
(white, dashed) and ion test-particle orbit (white solid) start-
ing from ‘×’ with thermal velocity. Bottom: Firehose param-
eter 1 + (pi⊥ − pi‖)/(B

2/µ0) (colour scale), flux (white) and
trajectory (black). From hybrid run with λ = 5di, Ti0 = Te0.

the extent of the pressure tensor term in the ion Ohm’s
law (middle panel of Fig. 4). Also of interest is the sig-
nificant agyrotropy AØi ≈ 0.6 along y = 0, suggesting
that non-gyrotropic pressure effects contribute to force-
balance in the exhaust, but it is not as visible for large
λ/di (not shown).

The reversal distance yr and extent of regions with
significant AØi decrease with Ti0, and decrease in pro-
portion to the global system for larger λ/di (not shown).
However, ion kinetic effects remain manifest on global
scales via pressure anisotropy (pi‖/pi⊥ 6= 1). First, a
wedge shaped region with firehose parameter, 1 + (pi⊥−
pi‖)/(B

2/µ0) & 1.3 that is outside of yr between the X
and O-points in Fig. 5, is caused by perpendicular heat-
ing and coincides with the region of flux pile-up. Second,
along y= 0 the exhaust approaches the firehose insta-
bility threshold, 1 + (pi⊥ − pi‖)/(B2/µ0) ≈ 0, reducing
tension in the reconnected field and thus may reduce the
outflows with respect to the inflow Alfvén speed (see be-
low and Ref. [36]). The AØi and firehose parameter in
PIC runs (not shown) agree well with hybrid.

Figure 6 shows the peak rate ER, aspect-ratio δi/wi,
inflow field Bin,i/Bm and outflow velocity vout,i/vAm

from Hall-MHD, hybrid and kinetic runs with λ = 5di.
Since yr decreases with Ti0, the role of kinetic ions is
studied by varying Ti0/Te0 in the hybrid simulations.
Hall-MHD and PIC results are plotted for Ti0/Te0 = 1,
although there is no noticable temperature dependence
in these quantities for Hall-MHD. For Ti0/Te0 = 1,
Hall-MHD fails to reproduce ER, δi/wi, Bin,i/Bm, or
vout,i/vAm of the PIC runs, while hybrid captures all of
these features reasonably well. As Ti0/Te0, and thus yr,
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FIG. 6. Top: Peak rate ER. Middle: Aspect-ratio of the ion
non-ideal region, δi/wi. Bottom: Inflow field, Bin,i/Bm (hol-
low, dashed), and outflow velocity, vout,i/vAm (filled, solid).
Results are from λ = 5di Hall-MHD (Red squares) and fully
kinetic PIC (blue diamonds) with Ti0/Te0 = 1, and hybrid
runs (purple circles) with Ti0/Te0 = 0.04, 0.2, 1, 5.

is reduced in the hybrid runs, it might be expected that
Hall-MHD results are in better agreement. Indeed, δi/wi

and Bin,i/Bm are closer to the Hall-MHD results, and
the contribution to E′z from ion-inertia becomes non-
negligible (not shown). However, Hall-MHD still over-
estimates both ER and vout,i/vAm with respect to the
cold-ion hybrid, presumably as the hybrid ion pressure
tensor does not remain cold or isotropic due to ion heat-
ing within the reconnection layer and outflow.

The magnetic island coalescence problem includes key
features of real reconnecting systems: magnetic field pile-
up, current sheet formation, and coupling between the
MHD and kinetic scales. In this Letter, it is shown the
widely used Hall-MHD fluid model is unable to repro-
duce such features from fully-kinetic PIC simulations.
For this problem, kinetic ions are required to describe
the structure of the ion pressure tensor, broader ion dif-
fusion regions, pile-up magnitude, ion outflow velocity,
and thus the reconnection rates and global behaviour of
the PIC runs. The thickness of the ion diffusion region
agrees with the extent of ion meandering orbits, and is
associated with significant ion pressure agyrotropy and
anisotropy. This physics is missing in Hall-MHD and
work is presently being done to approximate such effects
in more advanced fluid models [37, 38]. The importance
of kinetic ions has been argued previously [26], but for an
isolated current sheet the peak rate was similar to that in
Hall-MHD. We also note that although electron kinetics
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were not crucial for this problem, studies in Harris ge-
ometry have found them important to set the length of
electron layers [36, 39], and can affect global behaviour
through formation of secondary magnetic islands. The
most important consequence of the present study is the
different global evolution of the system between the Hall-
MHD and kinetic ion codes. In Hall-MHD the islands
fully coalesce on first approach, whereas hybrid and PIC
islands with λ ≥ 10di bounce off each other. The impor-
tance of such ion kinetic effects are conceivably generic
to many real reconnecting systems where the coupling
between macro to micro-scale physics is important.
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