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It has recently been proposed that dark matter could be a thermal relic of 3 → 2 scatterings
in a strongly coupled hidden sector. We present explicit classes of strongly coupled gauge theories
that admit this behavior. These are QCD-like theories of dynamical chiral symmetry breaking,
where the pions play the role of dark matter. The number-changing 3 → 2 process, which sets
the dark matter relic abundance, arises from the Wess-Zumino-Witten term. The theories give an
explicit relationship between the 3 → 2 annihilation rate and the 2 → 2 self-scattering rate, which
alters predictions for structure formation. This is a simple calculable realization of the strongly-
interacting-massive-particle (SIMP) mechanism.

INTRODUCTION

The majority of the matter content of our universe is
in the form of dark matter (DM). An appealing explana-
tion for its measured abundance is that it is a thermal
relic of the early universe. The most well-studied thermal
scenario is that of a weakly-interacting-massive-particle
(WIMP), whose relic abundance is set by 2 → 2 anni-
hilations, typically into Standard Model (SM) particles.
This mechanism predicts dark matter mass of order the
weak scale for coupling of order the weak coupling.

Ref. [1] proposed a new paradigm for achieving thermal
relic dark matter. The requisite features of the mecha-
nism are the following:

• The dark matter relic abundance is set thermally
by the freeze-out of a 3 → 2 process that reduces
the number of dark matter particles within the dark
sector.

• At the time of freeze-out, dark matter is in thermal
equilibrium with the SM.

This setup, termed the strongly-interacting-massive-
particle (SIMP) mechanism, robustly predicts light dark
matter with mass in the MeV to GeV range, with strong
self-interactions. Annihilations into SM particles are sub-
dominant during freeze-out, but DM scattering off the
SM bath is fast enough to maintain kinetic equilibrium
between the dark and visible sectors. The strongly in-
teracting hidden sector is expected to contribute to DM
self-scattering cross-sections that are relevant for struc-
ture formation.

In what follows, we find explicit strongly coupled re-
alizations for the hidden sector that admit the 3 → 2
process of the SIMP mechanism. Explicit viable realiza-
tions for the mediation mechanism between the dark and

visible sectors exist, and will be presented in detail in a
forthcoming publication [2].

THE SIMPLEST REALIZATION

In Ref. [1], a weakly coupled toy model which incor-
porates the SIMP mechanism and leads to stable dark
matter was presented. Here we present three classes of
strongly coupled gauge theories that realize the SIMP
mechanism. The basic idea is as follows. We use the
well-known 5-point interaction term present in theories of
chiral symmetry breaking, first discovered by Wess and
Zumino [3] and later studied by Witten [4, 5], as the
source of the 3 → 2 interactions. This term in massless
QCD describes the low energy limit of two kaons annihi-
lating into three pions. In a given theory, the existence of
the Wess-Zumino-Witten (WZW) term is dictated by a
topological condition on the symmetry-breaking pattern;
for coset spaces with non-trivial fifth homotopy groups,
the WZW term is non-vanishing. This 5-point interac-
tion then generates the 3→ 2 freeze-out process. In what
follows, we demonstrate this explicitly.

We first consider and review an Sp(Nc) gauge the-
ory with 2Nf Weyl fermions in the fundamental Nc-
dimensional representation (with the number of colors
Nc even). In the massless limit the UV description takes
a simple form

LSIMP = −1

4
F aµνF

µνa + q̄ii6Dqi , i = 1, . . . 2Nf , (1)

which admits a global SU(2Nf ) symmetry among the
Weyl fermions qi. It is believed that this model, for mod-
erately small Nf in the asymptotically free range, leads
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to chiral symmetry breaking with the order parameter

〈qiqj〉 = µ3Jij , (2)

where µ is of mass dimension one and J = iσ2 ⊗ 1Nf

is a 2Nf × 2Nf anti-symmetric matrix that preserves an
Sp(2Nf ) subgroup of the SU(2Nf ) flavor symmetry [5–8].
For Nf ≥ 2, the topological condition is met,

π5(SU(2Nf )/Sp(2Nf )) = Z , Nf ≥ 2 , (3)

and the WZW term is non-vanishing. The coset space
SU(2Nf )/Sp(2Nf ) is a symmetric space and is parame-
terized by Nπ = 2N2

f−Nf−1 pion fields, πa, correspond-
ing to the broken generators T a, with a = 1, . . . Nπ. The
pions furnish a rank-two anti-symmetric tensor represen-
tation of the unbroken Sp(2Nf ), and are stable. Assum-
ing the pions are the lightest states in the theory, dark
matter is comprised of these Nπ pions.

A simple parametrization is found by performing a
transformation on the vacuum and promoting the trans-
formation parameters to fields,

〈qq〉 = µ3J → µ3V JV T ≡ µ3Σ , (4)

where V = exp(iπ/fπ) and fπ is the decay constant.
Since the broken generators obey πJ − JπT = 0 with
π = πaT a and Tr(T aT b) = 2δab, we have

Σ = exp(2iπ/fπ)J . (5)

A minimal realization of the 3 → 2 mechanism is an
Sp(2) ' SU(2) gauge theory with Nf = 2 flavors. Dark
matter is comprised of 5 pions that transform as a 5-plet
under the preserved Sp(4) flavor symmetry. The coset
space of SU(4)/Sp(4) = SO(6)/SO(5) is then topologi-
cally an S5. (See e.g. Refs. [10–21] for lattice work on
low-lying spectra in the minimal Sp(2) with quarks in the
fundamental representation, and Refs. [22–25] for dark-
matter examples.)

The relevant pion Lagrangian receives contributions
from several terms. The canonically normalized kinetic
term yields kinetic and 4-point interactions for the pions,

Lkin =
f2
π

16
Tr ∂µΣ ∂µΣ† (6)

=
1

4
Tr ∂µπ∂

µπ

− 1

6f2
π

Tr
(
π2∂µπ∂µπ − π∂µππ∂µπ

)
+O(π6/f4

π) ,

where in our normalization, Tr(π2) = 2πaπa. The Wess-
Zumino-Witten term [3, 4] yields 5-point pion interac-
tions. It can be written as an integral on the bound-
ary of a five-dimensional disk, identified with our four-
dimensional spacetime,

SWZW =
−iNc
240π2

∫
Tr (Σ†dΣ)5 . (7)

To leading order in pion fields,

LWZW =
2Nc

15π2f5
π

εµνρσTr [π∂µπ∂νπ∂ρπ∂σπ] , (8)

which is responsible for the required 3 → 2 annihilation
process. Finally, an Sp(2Nf )-preserving mass term can
be written for the quarks:

Lmass = −1

2
M ijqiqj + c.c., M ij = mQ J ij . (9)

The pions are then pseudo-Goldstone bosons of the bro-
ken symmetry and acquire a mass, as well as contact
interactions:

∆Leff = −1

2
mQµ

3TrJΣ + c.c. (10)

= −m
2
π

4
Trπ2 +

m2
π

12f2
π

Trπ4 +O(π6/f4
π) ,

where

m2
π = 8

mQµ
3

f2
π

. (11)

Combining all the above we arrive at the relevant pion
Lagrangian,

Lπ = Lkin + ∆Leff + LWZW (12)

=
1

4
Tr ∂µπ∂

µπ − m2
π

4
Trπ2 +

m2
π

12f2
π

Trπ4

− 1

6f2
π

Tr
(
π2∂µπ∂µπ − π∂µππ∂µπ

)
+

2Nc
15π2f5

π

εµνρσTr [π∂µπ∂νπ∂ρπ∂σπ] +O(π6) .

There can also be O(π4) terms with four derivatives
and higher. These contribute to four-pion self-scattering
with a naive-dimensional-analysis [9] suppression of at
least O(m2

π/Λ
2), where Λ = 2πfπ, compared to those we

keep. The O(π5) terms with four derivatives that we use
are the leading 5-point pion interactions of the theory.

The same principle presented above to construct
strongly coupled models, that admit 3 → 2 interac-
tions and realize the SIMP mechanism, is generalizable to
other gauge and flavor symmetries. For instance, one can
consider a generalized QCD-like theory with an SU(Nc)
gauge group and Nf Dirac-fermions in the fundamental
representation. The global flavor symmetry of the theory
is SU(Nf )×SU(Nf ), which upon chiral symmetry break-
ing preserves an SU(Nf ) subgroup. Similarly, an O(Nc)
gauge group with Nf fermions in the vector representa-
tion exhibits an SU(Nf ) flavor symmetry, which breaks
to SO(Nf ) once chiral symmetry breaking occurs. The
topological condition on the coset space in each of these
cases,

π5(SU(Nf )) = Z , Nf ≥ 3 ,

π5(SU(Nf )/SO(Nf )) = Z , Nf ≥ 3 , (13)
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admits the WZW term, Eq. (8), and 3→ 2 pion interac-
tions are present. The relevant pion Lagrangian terms
in each of these cases are readily obtained by replac-
ing J , the Sp(2Nf ) invariant, in Eqs. (2), (4), (5), (9)
and (10), by 1, which is the SU(Nf ) and SO(Nf ) invari-
ant. Additionally, for the SU(Nc) case, the quark bilinear
in Eqs. (2) and (4) is understood as qq̄, with appropriate
modification to the transformation in Eq. (4). Reading
off the pion interactions accordingly, the Lagrangian of
interest remains Eq. (12), with a change of sign in the
relation Eq. (11).

In what follows, we explicitly study the self-
interactions of the pions in the three classes of gauge
theories presented, namely Sp(Nc), SU(Nc) and O(Nc).
These theories yield qualitatively similar results, with
some small quantitative differences described below. An
exception arises due to the fact that, in contrast to the
Sp(Nc) class of models, baryons can exist in the SU(Nc)
and O(Nc) theories. The omission of baryons and other
resonances is justified as long as these states are much
heavier than the pions.

RESULTS

The WZW term in Eq. (8) induces the number-
changing process that is responsible for the freeze-out of
the pions. The Boltzmann equation governing the pion
system is given by [1]

ṅπ + 3Hnπ = −(n3
π − n2

πn
eq
π )〈σv2〉3→2 , (14)

whereH is the Hubble constant, nπ is the total pion num-
ber density, neq

π is their equilibrium number density, and
〈σv2〉3→2 is the thermally averaged 3 → 2 cross section
averaged over initial and final state pions, computed from
the WZW term in Eq. (8). As discussed in Ref. [1], within
the SIMP mechanism, 2 → 2 annihilations into SM par-
ticles may be neglected above. Interactions maintaining
thermal equilibrium with the thermal bath ensure that
the dark matter has the same temperature as the pho-
tons.

In the left panel of Fig. 1 we plot the results of solving
the Boltzmann equation, Eq. (14), yielding the measured
dark matter relic abundance, for an Sp(Nc) gauge group
for several values of Nc and Nf (solid curves). The re-
sults for the other gauge groups are very similar [26].
In our convention, an approximate perturbative limit of
mπ/fπ ∼< 2π (depicted by the horizontal solid line) can
be set, placing a rough upper limit on the mass of the pi-
ons. Note that in the SM, mK/fπ ' 2.7. The upper limit
relaxes as Nc increases and Nf decreases. The reason is
that the thermally averaged cross section at freeze-out
arising from Eq. (8) is

〈σv2〉3→2 =
5
√

5

2π5x2
f

N2
cm

5
π

f10
π

t2

N3
π

, (15)

where xf = mπ/Tf ' 20 with Tf the temperature at
freeze-out. The factor of t2/N3

π is combinatorial and de-
creases with large Nf as 1/Nf [26]. Increasing Nc or
decreasing Nf enables the perturbative limit on mπ/fπ
to be reached for higher values of mπ. For example, for
the simplest case of Nc = Nf = 2, dark matter mass of
mπ ∼< 300 MeV can be reached; for e.g. Nc = 8 and
Nf = 2 chiral perturbation theory is expected to break
down at mπ ∼ 800 MeV.

There are also 4-pion interactions induced by the ki-
netic and mass terms for the fermions, described via
Eqs. (6) and (10). These contribute to the self-scattering
cross section of dark matter, σscatter, which is constrained
by bullet-cluster [27–29] and halo shape [30, 31] con-
straints to obey

σscatter

mDM
. 1 cm2/g , (16)

with mDM the dark matter mass. The self-scattering
cross section, obtained along the solution to the Boltz-
mann equation, is plotted in the dashed curves of the
left panel of Fig. 1 for various values of Nc and Nf for
an Sp(Nc) gauge group. The results are similar for the
other gauge groups [26]. The experimental constraint is
depicted by the horizontal dashed line, and provides a
rough lower bound on the mass of the pions. This lower
bound decreases as Nc increases and Nf decreases. The
reason is that the self-interaction scattering cross section
scales as

σscatter =
m2
π

32πf4
π

a2

N2
π

, (17)

with a2/N2
π nearly constant as Nf varies [26]. For a

given mass mπ, as Nc increases or Nf decreases, a larger
value of fπ solves the Boltzmann equation, which helps
suppress the self-scattering cross section below its con-
strained value. For example, for the minimal case of
Nc = Nf = 2, structure formation dictates pion masses
above mπ ∼> 300 MeV; for Nc = 8 and Nf = 2 the lower
bound is mπ ∼> 150 MeV.

Combined with the upper bound from chiral pertur-
bation theory, a rough range for the mass of the pions
is obtained. For example, as depicted in the left panel
of Fig. 1, the minimal case of two flavors in an Sp(2)
' SU(2) gauge group points to pion dark matter mass of
order ∼ 300 MeV; for Nc = 8 with Nf = 2, the range is
widened to ∼ 150−800 MeV. Similar results are obtained
for the SU(Nc) and O(Nc) gauge groups as well [26]. We
note, however, that the minimal case of Nf = 3 in SU(3)
and O(3) gauge groups exhibits a tension between the
rough upper bound on mπ from perturbativity and the
rough lower bound on mπ stemming from self-scattering
constraints.

A comment is in order regarding higher-derivative cor-
rections. Throughout we have used the 4-point interac-
tion terms stemming from the mass and kinetic terms,
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FIG. 1: Solid curves: The solution to the Boltzmann equation of the 3 → 2 system, yielding the measured dark matter
relic abundance for the pions, mπ/fπ, as a function of the pion mass (left axis). Dashed curves: The self-scattering cross
section along the solution to the Boltzmann equation, σscatter/mπ, as a function of pion mass (right axis). All curves are for
selected values of Nc and Nf , for an Sp(Nc) gauge group with a conserved (left panel) or broken (right panel) Sp(2Nf )
flavor symmetry. The solid horizontal line depicts the perturbative limit of mπ/fπ ∼< 2π, providing a rough upper limit on the
pion mass; the dashed horizontal line depicts the bullet-cluster and halo shape constraints on the self-scattering cross section,
Eq. (16), placing a rough lower limit on the pion mass. Each shaded region depicts the resulting approximate range for mπ for
the corresponding symmetry structure.

Eqs. (6) and (10). As is evident, the theory is pushed to
the strongly interacting regime where mπ is not far from
the effective cutoff, Λ = 2πfπ; here higher-derivative
terms may induce O(1) effects, shifting the lower bound
on the pion mass accordingly. The self-scattering cross
section of Eq. (17) is thus a proxy, which suffices for the
purpose of obtaining a characteristic pion mass range.

Modifications to the presented canonical realization of
the SIMP mechanism are possible. For instance, it is
possible to write a mass term for the confining fermions
that explicitly breaks the flavor symmetry of Sp(2Nf ),
SU(Nf ) or SO(Nf ) in the class of Sp(Nc), SU(Nc) or
O(Nc) gauge theories. If one pion is lighter than the oth-
ers, this pion will be the dark matter. Since the WZW
term, Eq. (8), induces 3 → 2 interactions between five
different flavors of pions, the decay of the other pions
to the lightest one must occur after freeze-out, and their
masses must be close. Considering the 4-pion interac-
tions, there are no self-interaction terms between pions
of the same flavor originating from the kinetic term. In
contrast, the fermion mass term of Eq. (11) does induce
same-flavor self-scattering for the lightest pion. The re-
sulting self-scattering cross section for the dark matter
state, σ′scatter, is suppressed numerically between a fac-
tor of a few to an order of magnitude, depending on the
gauge group, compared to the degenerate-pion case [26].
The rough lower bound on the mass of the dark matter is
then reduced compared to the degenerate-pion scenario,
expanding the allowed dark matter mass window towards

lower masses.

The results for an Sp(Nc) gauge group with a broken
flavor symmetry are depicted in the right panel of Fig. 1
for various values of Nc and Nf . Similar results are ob-
tained for the SU(Nc) and O(Nc) gauge groups [26]. For
instance, in the simplest case of an Sp(2) ' SU(2) gauge
group with 2 flavors, explicit breaking of the Sp(4) flavor
symmetry relaxes the self-scattering cross section con-
straint by an order of magnitude, such that pion masses
in the range ∼ 70−300 MeV are allowed. Similarly, with
a broken flavor symmetry, the QCD-like case of an SU(3)
gauge group with 3 flavors is now viable and points to
pion masses of order mπ ∼ 150− 350 MeV.

DISCUSSION

The two basic features of the SIMP setup — strong
3 → 2 interactions within the dark sector and thermal
equilibrium between the dark and visible sectors — dic-
tate observable signals for this mechanism.

The strong interactions in the dark sector give an un-
avoidable contribution to a 2 → 2 self-scattering cross
section amongst the pions, which is constrained à la
Eq. (16). The failure of N-body simulation to repro-
duce the small scale structure of galactic halos has led
to the ‘core vs. cusp’ and ‘too big to fail’ puzzles (see
e.g. [32–34] for discussion and references). These moti-
vate self-interacting dark matter with a scattering cross
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section of [30, 31, 35, 36](
σscatter

mDM

)
obs

= (0.1− 10) cm2/g . (18)

As is evident from the dashed curves in Fig. 1, the sim-
plest realization of the dark sector presented in this let-
ter automatically yields a contribution of the right size
to this cross section. (For other strongly interacting dark
matter models that can accommodate small scale struc-
ture puzzles, see e.g. [37–48].) Such behavior was an-
ticipated in Ref. [1], though in the absence of explicit
realizations of the strongly coupled sector, only a quali-
tative statement could be made. The explicit realization
of the dark sector presented in this letter now proves this
statement quantitatively. Altered predictions for struc-
ture formation are a signal of the SIMP mechanism.

In addition, the required thermal equilibrium between
the visible and dark sectors dictates non-negligible inter-
actions between the two. As a result, observable signals
are predicted in direct and indirect detection, colliders
and cosmology. In contrast to structure formation dis-
cussed above, here the precise signatures depend on the
mediation mechanism between the visible and dark sec-
tors, and will be explored in detail in future work [2].

We find it intriguing that the resulting mass scales in-
dicated by the SIMP mechanism are surprisingly close to
the QCD scale. This suggests a possible joint dynamical
origin for both the hidden and visible strong scales (see
e.g. [49]). Complete SIMP models of this kind will be
presented in an upcoming publication [2].
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