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While the experimental progress on three dimensional topological insulators is rapid, the devel-
opment of their 2D counterparts has been comparatively slow, despite their technological promise.
The main reason is materials challenges of the to date only realizations of 2D topological insulators,
in semiconductor quantum wells. Here we identify a 2D topological insulator in a material which
does not face similar challenges and which is by now most widely available and well-charaterized:
graphene. For certain commensurate interlayer twists graphene multilayers are insulators with
sizable bandgaps. We show that they are moreover in a topological phase protected by crystal
symmetry. As its fundamental signature, this topological state supports one-dimensional boundary
modes. They form low-dissipation quantum wires that can be defined purely electrostatically.

PACS numbers: 73.22.Pr,73.21.Ac,73.43.-f,72.80.Vp

There are physical systems with properties that de-
pend only on global topology, but not on local details.
Because of their inherent stability against perturbations
systems in such topological phases have attracted much
interest, both from a fundamental and a technological
point of view. The first topological phase realized in
a condensed matter system was the quantum Hall state,
which occurs in two-dimensional (2D) electron gases sub-
ject to a strong magnetic field. Rather recently a new
class of such systems has been discovered: topological in-
sulators (TI) [1–3]. These materials typically have strong
spin-orbit interactions and their topological character in-
vokes time-reversal symmetry. Later, also topological
phases protected by crystal symmetries, such as mirror
symmetry [4–10], have been predicted and observed, so-
called topological crystalline insulators (TCI) [11–13].

The experimental activity in the field so far has fo-
cused on three-dimensional systems, although TIs in two
dimensions enjoy a number of advantages. For exam-
ple, bulk charge carriers that pose a major experimental
challenge for their three-dimensional counterparts can be
eliminated easily by gating. Nevertheless, experimen-
tal progress on 2D TIs to date is hampered by mate-
rials challenges. The only 2D TI realized so far is the
quantum spin Hall (QSH) state [3] induced by spin-orbit
interaction and characterized by pairs of time-reversed
boundary modes, so-called helical edge states. This state
was predicted to occur in graphene [14, 15], HgTe and
InAs/GaSb quantum wells [16, 17], and several other 2D
materials [18–20]. It was observed in milestone experi-
ments on HgTe [21] and later in InAs/GaSb [22]. Sub-
sequent research activity, however, has been limited due
to experimental challenges specific to these material sys-
tems. Graphene does not pose those challenges and it is a
by now most widely available and investigated material.
From this point of view it appears to be the ideal sys-
tem to implement 2D TI states. However, unfortunately
the spin-orbit coupling in graphene is too weak [23, 24]
to observe the QSH phase as originally predicted [14] in
present day experiments. This has motivated much sub-

sequent research on how to drive graphene into a stable
topological phase by many-body interactions [25–28], ra-
diation [29], or enhanced spin-orbit interaction [30–37].

In this Letter we propose an alternate route to in-
ducing topological phases in graphene: utilizing the in-
terlayer coupling in twisted graphene multilayers. For
graphene bilayers with a commensurate interlayer twist
Mele has demonstrated [38] that the interlayer interac-
tion can open sizable spectral gaps when the sublattice
exchange (SE) symmetry is preserved. Here we show
that at low energies the resulting state is a mirror TCI,
a topological phase distinct from the QSH insulator, re-
quiring neither spin-orbit interactions nor time-reversal
symmetry. It is protected by robust gaps, predicted to
reach the order of ten meV [38, 39]. Invoking a crystal
symmetry rather than time-reversal symmetry, the pro-
posed TCI and its edge modes are vulnerable to potential
disorder, different from strong TIs. However, as in strong
TIs, gapless boundary excitations can be observed in any
crystallographic direction. This is in contrast to generic
TCIs that have gapless modes only in high-symmetry di-
rections or planes.

Model : We first consider a graphene bilayer with even
SE symmetry and spinless electrons, as depicted in Fig.
1. The low-energy theory of such a bilayer was derived
by Mele in Ref. [38] and it can be written as

H = v (pSσxτz + pS̄σy) + γeiθlzσzτz lxe
−iθlzσzτz (1)

[54]. Here, p = ∇/i (we set ~ = 1) is the electron mo-
mentum with components pS along the mirror axis S in
Fig. 1 and pS̄ in the direction perpendicular to it. Fur-
thermore, v is the charge carrier velocity in graphene,
and γ and θ parametrize the low-energy interlayer cou-
pling due to lattice commensuration [38]. The Pauli ma-
trices σi act on the pseudospin of graphene, which dis-
tinguishes the two sublattices A and B [40]: electrons
with pseudospin-up reside on sublattice A and those with
pseudospin-down correspondingly on sublattice B. The
Pauli matrices τi act on the “valley spin,” which is up
in band structure valley K and down in valley K’. Also
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the li are Pauli marices and they act on a “layer spin,”
with spin-up on the top layer and layer spin-down on the
lower one. We disregard the electron spin for now.

FIG. 1: (color online). SE-even graphene bilayer with an
interlayer twist angle of 38.213◦. The structure has C2-
symmetry on S. For clarity the top layer atoms are depicted
smaller than those in the lower layer.

Symmeries and Topological Classification:

The first ingredient to the symmetry that protects [11]
the topological phase proposed here isM, a C2 symmetry
at the axis S in Fig. 1. From a strictly 2D viewpoint,M
is a combined mirror and interlayer symmetry: mirror
reflection on S and simultaneous layer interchange leaves
an SE-even graphene bilayer unchanged. In the above
notation the symmetry M has the form

M = Mlxσx, (2)

where M denotes mirror reflection on S of the spatial
coordinates: M (rS , rS̄) = (rS ,−rS̄), cf. Fig. 1.

The second ingredient is a chiral symmetry

Σ̃ = lzσz, (3)

which is due to the particle-hole symmetry of the low-
energy theory of the system. One readily checks that one
has indeed {H, Σ̃} = 0 for the H of Eq. (1). We show
below that in the space of Hamiltonians h that have the
combined chiral and reflection symmetry

Σ = Σ̃M, (4)

that is {h,Σ} = 0, the above Hamiltonian H indeed is
topologically nontrivial. Within the classification scheme

of Ref. [41], the SE-even graphene bilayer thus is an MZ-
mirror TCI of class BDI. When time-reversal symmetry
is broken by extra, Σ-symmetric terms it is of class AIII.

Topological Invariant: The topological arguments be-
low are formulated for lattice models, building on their
periodicity in momentum space. For the purposes of that
discussion we therefore analyze a lattice model that has
the same low-energy Hamiltonian Eq. (1) as an SE-even
graphene bilayer, but that has in addition an exact chi-
ral symmetry Σ̃ (not only one at low energies): a tight-
binding model of a commensurately rotated graphene bi-
layer as typically assumed [42], but with interlayer hop-
ping only between equal sublattices (A-to-A and B-to-B).
As shown below, the SE-even graphene bilayer inherits
its topological properties from that model.

The nontrivial topology of this lattice model is char-
acterized by the integer invariant [41, 43]

N1 =
1

4πi

∫
sBZ

dpS tr ΣH−1∂pSH

∣∣∣∣
pS̄=0

. (5)

Here, ∂α denotes the partial derivative with respect to
α and the trace tr runs over all sites of the supercell
defined by the lattice commensuration. Symmetry un-
der translations by supercell lattice vectors is assumed
and pS , pS̄ are the Bloch momentum eigenvalues in the
specified directions. The integration in Eq. (5) is along
the line pS̄ = 0 of mirror symmetric momenta. It cov-
ers one period in the Brillouin zone of the supercell
(sBZ). An explicit calculation shows that in our model
N1 = 2 sgn(γ sin 2θ), where sgnx is the sign of x (cf.
supplementary material A). The integer nature of the
above invariant is born out by an extension of our model
to SE-even graphene multi-layers. For a 2N -layer as
defined in supplementary material A and with an ap-
propriately generalized chiral symmetry one then finds
N1 = 2Nsgn(γ sin 2θ).

Index Theorem and Boundary Modes: The fundamen-
tal signature of topological phases are ungapped modes
at boundaries between topologically distinct regions. For
the mirror TCI of class BDI in two dimensions there is
an index theorem [43–45] that relates nΣ, the sum over
the Σ-eigenvalues of all boundary modes at momentum

pS̄ = 0, to the difference between the invariants N
(l)
1 and

N
(r)
1 left and right of a boundary, respectively:

nΣ = N
(r)
1 −N (l)

1 . (6)

It implies a lower bound |N (r)
1 −N (l)

1 | on the number of
boundary modes between regions with differing topolog-
ical invariants [55].

In particular at edges, the boundary to the topologi-
cally trivial vacuum state with N1 = 0, such modes can
appear. This occurs when an edge respects the symmetry
M, that is for edges perpendicular to S. According the
index theorem Eq. (6) there are at least two boundary
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FIG. 2: (color online). Spectrum of a 60 unit cells wide ribbon
implementing the lattice model described in the main text at
an interlayer rotation angle of 38.213◦. Here, the edges are
perpendicular to the axis S in Fig. 1, so as to preserve M-
symmetry. Two degenerate pairs of edge modes are demon-
strated, one pair per edge. In the zoom into the low-energy
region shown in the inset the two pairs of modes are depicted
with an (artificial) energy offset. Momentum is measured in
units of 1/a, the inverse lattice constant of graphene.

modes at such an edge. These gapless modes are clearly
observed in the spectrum of anM-symmetric ribbon that
implements the above bilayer lattice model, cf. Fig. 2.

The line pS̄ = 0 cuts through the K-points of graphene
and the topological charge of Eq. (5) is concentrated
around those points (cf. supplementary material A). The
low-energy theory Eq. (1) thus inherits its topological
properties from the above lattice model. Consequently,
also SE-even bilayer graphene at low energies, which is
described by Eq. (1), has the invariant N1 and the pre-
dicted boundary modes. Outside the low-energy regime
described by Eq. (1), the pseudo spin off-diagonal inter-
layer coupling in SE-even bilayer graphene (A - to - B
and B - to - A) may break the chiral symmetry Σ̃. The
topological modes then disappear. This may happen in
the presence of short wavelength perturbations such as
abrupt edges. The zero modes in Fig. 2 thus become
gapped upon inclusion of off-diagonal interlayer hopping.

Gapless boundary modes in SE-even bilayer graphene
can be observed in systems with smoothly space-
dependent parameters. For example, a sign change of N1

with accompanying boundary modes could in principle be
induced by the threading of half a magnetic flux quantum
through a tube in the gap between the two layers. We
demonstrate the predicted four boundary modes per flux
tube in Fig. 3 for a ribbon with two such tubes. To avoid
additional edge modes here periodic boundary conditions
are applied. While the main panel of Fig. 3 is made for
our above, exactly Σ̃-symmetric model, the inset shows
the spectrum of the same ribbon when pseudo spin off-
diagonal interlayer hopping is included, as in SE-even
bilayer graphene. The same eight boundary modes are

FIG. 3: (color online). Spectrum of a ribbon of the same
width as in Fig. 2, but in the perpendicular crystallographic
direction. Periodic boundary conditions are applied and two
flux tubes parallel to S, each inducing a sign change in the
interlayer coupling γ, are inserted. The flux tubes (gray cylin-
ders in the lattice cartoon picture of the lower panel) break
M-symmetry on the lattice scale, yet four topological bound-
ary modes per flux tube are observed (momentum is mea-
sured relative to the K-points; states from both K-points are
shown). Inset (right): Zoom into the low-energy region with
an (artificial) energy offset for different modes. Inset (left):
The same spectrum for a ribbon with additional pseudospin
off-diagonal interlayer hopping (A - to - B and B - to - A), as
in bilayer graphene. The same boundary modes are observed.

found, confirming that the low-energy theory of SE-even
bilayer graphene indeed inherits its topological structure
from the above model.

Because of its rotational invariance, the low-energy
Hamiltonian Eq. (1) has a topological invariant N1 not
only in the presence of mirror symmetry on S, but also for
any other mirror axis (with appropriately rotated chiral
symmetry Σ′ and line of integration through momentum
space). Interestingly, one therefore expects that topo-
logically protected gapless modes can appear along any
crystallographic direction, not just in high-symmetry di-
rections as in generic TCIs. In the ribbon of Fig. 3 the
inserted flux tubes are parallel to S and they thus break
M-symmetry on the lattice scale. Nevertheless, eight
gapless modes are observed, a first confirmation of this
unusual property. We have verified this for flux tubes in a
number of other crystallographic directions, all of which
exhibit the predicted zero modes. Two more examples
are demonstrated in Fig. 4, which shows the spectra of
ribbons with flux tubes at angles 23.4◦ and 8.7◦ with
respect to S. The direction of the inserted flux tubes
relative to the lattice and the evolution of the observed
zero modes with increasing interlayer coupling are shown
in Figs. 6 and 7 of supplementary material A.
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FIG. 4: Spectra as in Fig. 3 for a ribbon with flux tubes at
angles 23.4◦ (a) and 8.7◦ (b) with S. Due to the rotational
invariance of Eq. (1) zero modes are again observed, although
the flux tubes break M on the lattice scale.

The same boundary modes can also be observed in an
experimentally much more accessible set-up: an SE-even
graphene bilayer subject to an electric potential V , which
is constant along a line l, but confined to within a small
distance w � v/∆ from l. Here, ∆ = 2γ sin 2θ is the
spectral gap of the Hamiltonian (1). The potential V has
mirror symmetry on lines S̃ perpendicular to l and due
to its rotation symmetry the Hamiltonian can be brought
into the form of Eq. (1) with rS and rS̄ replaced by the
coordinates rS̃ and r ¯̃S

parallel and perpendicular to S̃,
respectively. We then eliminate V by the transformation

U(rS̃) = e−iφ(rS̃)σxτz , (7)

where φ(rS̃) =
∫ rS̃
−∞ dr′

S̃
V (r′

S̃
), at the expense of a modi-

fied interlayer coupling term in the transformed Hamilto-
nian U†HU . One finds that if the total phase φ(∞) that
electrons acquire in the potential V is an integer multiple
of π/2 then far from l the interlayer Hamiltonian after the
transformation still has the form of Eq. (1). However, if
φ(∞) is an odd integer multiple of π/2 then in the trans-
formed Hamiltonian the sign of θ to the left of l differs
from the one to the right of l. Consequently N1 changes
sign across l and at least four boundary modes appear ac-
cording to Eq. (6). Close to l, where V is nonzero, there is
an extra term ∆ sin(2φ)ΣM/2 in the transformed Hamil-
tonian, which breaks the chiral symmetry Σ. However,
while the maximum of that perturbation is of the order
of the gap ∆, at w � v/∆ it is appreciable only in a
region narrow on the scale of the spatial extent of the
boundary modes. Therefore the resulting perturbation
of the boundary mode energies is small compared to ∆
and in the limit w∆/v → 0 these modes are still gapless.
In Fig. 5 we demonstrate these modes numerically.

Graphene multilayers with interlayer twist occur natu-
rally when grown on certain substrates [46, 47], or can be
manufactured by stacking graphene single-layers [48]. To
observe the predicted effects the twist angle needs not to
be exactly commensurate, but only near a commensura-
tion [49], e.g. within ' 0.1◦ degrees of 38.213◦ [56]. Ex-
traordinary control of the twist angles between graphene
layers has already been demonstrated in experiments [50],
bringing the predicted physics into experimental reach.
The described line potential can be created by a pair of

FIG. 5: (color online). Spectrum of the same ribbon as shown
in Fig. 3, but with the flux tubes replaced by two line poten-
tials, generated by pairs of oppositely charged wires (brown
and green cylinders in the lattice cartoon of the lower panel).

of oppositely charged wires, such as carbon nanotubes,
at distance of order w from one another and the sample.

We point out that the TCI phase discussed here is
distinct from so-called marginal topological states, such
as in biased Bernal stacked graphene bilayers [51, 52].
The topological winding numbers in the latter states are
nonzero only in either of the two band structure valleys
separately. When adding up the contributions from both
valleys they cancel. In the TCI phase considered here,
however, they add up to a nonzero integer. In contrast
with the state of Ref. [52], the TCI phase discussed here
therefore is robust against Σ-preserving intervalley scat-
tering, as demonstrated in supplementary material B.
There it moreover is shown that the predicted topological
state is robust against the intrinsic spin-orbit coupling of
graphene and an interlayer bias.

Conclusion: Our discussion identifies a 2D TCI in a
most widely available material system: graphene multi-
layers. Interestingly and atypically for TCIs, topological
boundary modes can be induced in arbitrary spatial di-
rections. From an experimental point of view, graphene
does not pose the challenges of previous implementations
of 2D TIs in semiconductor heterostructures. It moreover
is accessible to a number of powerful experimental probes
not available for such heterostructures, such as scanning
tunneling microscopy and angle resolved photoemission
spectroscopy. It can therefore be hoped that this pro-
posal will significantly advance the development of 2D
TIs with their exciting applications.
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