
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Thermal Light Cannot Be Represented as a Statistical
Mixture of Single Pulses

Aurélia Chenu, Agata M. Brańczyk, Gregory D. Scholes, and J. E. Sipe
Phys. Rev. Lett. 114, 213601 — Published 29 May 2015

DOI: 10.1103/PhysRevLett.114.213601

http://dx.doi.org/10.1103/PhysRevLett.114.213601


Thermal light cannot be represented as a statistical mixture of single pulses
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We ask whether or not thermal light can be represented as a mixture of single broadband coherent
pulses. We find that it cannot. Such a mixture is simply not rich enough to mimic thermal light;
indeed, it cannot even reproduce the first-order correlation function. We show that it is possible
to construct a modified mixture of single coherent pulses that does yield the correct first-order
correlation function at equal space points. However, as we then demonstrate, such a mixture cannot
reproduce the second-order correlation function.
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Absorption of light by molecules can initiate funda-
mental photo-induced processes including photochemical
reactions, photocatalysis, and solar energy conversion.
While the photo-initiated dynamics can be resolved by
using short laser pulses to populate and probe excited-
state populations [1–4], the use of these techniques raises
the question of whether or not the ultrafast pulses em-
ployed – which are significantly different from natural
thermal light – lead to behaviour specific to those ultra-
fast pulses. In particular, some researchers have recently
questioned whether dynamics initiated by sunlight ex-
citation might be different from those detected in fem-
tosecond laser experiments performed on light-harvesting
complexes [5–9]. This has opened a debate on how photo-
excitation by natural light should be understood. For
example, can sunlight be viewed as “a series of random
ultrashort spikes with a duration as short as the band-
width allows” [4]? Our work is inspired by femtosecond
laser experiments, but rather than considering the rel-
evance of these experiments to natural-light excitation,
we focus on the relationship between sunlight and laser
light.

Light from the sun indeed has an ultra-short coherence
time of approximately 1.3 fs [10]; it has a spectrum close
to that of black-body radiation at approximately 5777 K
[11], characterized by thermal photon-number statistics
[12]. In this paper we ask whether or not thermal light
can be understood as a mixture of single broadband co-
herent pulses.

We find that it cannot. The first clue is given by
considering a widely used class of pulses, where each
pulse is defined by a linear phase relationship between
its composing modes. The density matrix of a mixture
of such pulses cannot represent thermal equilibrium, for
any mixture of these individual pulses would exhibit off-
diagonal elements in the density matrix when written in
a spectral-Fock basis, whereas the density matrix repre-
senting thermal equilibrium is diagonal; see the Supple-

mental Material.

More generally, while the state of thermal light is rep-
resented by a density operator ρth with unit trace, we
demonstrate that no unit-trace density operator ρmix

consisting of a mixture of single pulses can equal ρth.
Such a mixture cannot even give the correct result for
the first-order correlation function. Nonetheless, it is
possible to construct a trace-improper mixture ρimp that
does yield a first-order correlation function at equal space
points that matches that of thermal light. This has ap-
parently not been demonstrated yet; we do it here.

To begin we build our pulses by quantizing the elec-
tromagnetic field in an infinite volume, with annihilation
(creation) operators akλ (a†kλ), where the wave vector
k ranges continuously and the helicity λ is positive or
negative; these operators satisfy the commutation rela-

tions
[
akλ, a

†
k′λ′

]
= δ(k− k′)δλλ′ . A pulse is character-

ized by its nominal position ro, a (complex) amplitude
αros, a spectral distribution fros;kλ – normalized so that∑
λ

∫
dk |fros;kλ|

2
= 1, with dk = dkxdkydkz – and

other parameters that we label collectively by s. From
the spectral distribution we construct a creation operator

a†ros =
∑
λ

∫
dk fros;kλa

†
kλ,

with
[
aros, a

†
ros

]
= 1, and the pulse is described by the

quantum state

|αrosfros〉 ≡ eαrosa
†
ros
−α∗rosaros |vac〉 ,

where |vac〉 is the vacuum state and αros is a complex
number; 〈αrosfros|αrosfros〉 = 1. For the positive fre-
quency part of the (Heisenberg) electric field operator,

E(+)(r, t) = i
∑
λ

∫
dk

√
~ωk

16π3ε0
ekλe

ik·re−iωktakλ, (1)
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where ωk = c |k| and ekλ are the polarization vectors, we
have the expectation value

E(ros)(r, t) ≡ 〈αrosfros|E(+)(r, t)|αrosfros〉

given by (1) with the operator akλ replaced
by the complex number αrosfros;kλ. The state
|αrosfros〉 is “coherent” in the sense that it
factorizes correlation functions according to
G(n)(ros)(r1t1 . . . rntn; rn+1tn+1 . . . r2nt2n) =∏
j

(
E(ros)(rj , tj)

)∗ E(ros)(rj+n, tj+n) for all orders
of n [13]; here we use the superscript (ros) on G to
identify the state |αrosfros〉, which is the quantum
description of what might be called a “classical” pulse
[13]. In particular, for such a state we have

G
(1)(ros)
ij (rt; r′t′) ≡ 〈αrosfros|E

(−)
i (r, t)E

(+)
j (r′, t′)|αrosfros〉

=
(
E(ros)
i (r, t)

)∗ (
E(ros)
j (r′, t′)

)
,

where subscripts on field labels indicate Cartesian com-

ponents, e.g. E
(+)
j (r, t) = E(+)(r, t) · ̂.

We consider families of pulses such that for fixed pa-
rameters s the pulses only differ by their nominal posi-
tions ro. For such families of pulses we have

fros;kλ = K(s,kλ) e−ik·ro , (2)

and the associated E(ros)(r, t) depends on r and ro only
through its dependence on (r− ro); we will give partic-
ular examples of K(s,kλ) below. We assume that each
member of the family is well localized in space at some

initial time, G
(1)(ros)
ij (r0; r0) → 0 as |r− ro| → ∞, and

that the integral ofG
(1)(ros)
ij (r0; r0) over all space is finite.

Then for fixed r the integral over all ro of G
(1)(ros)
ij (r0; r0)

will also be finite. It will be convenient below to work
with a volume Ω centered at the origin,1 and we define

µi(r,s,Ω) ≡
∫

Ω

G
(1)(ros)
ii (r0; r0) dro. (3)

Since each G
(1)(ros)
ii (r0; r0) is real and positive, µi(r, s,Ω)

will be finite and positive for all r and Ω, increasing as Ω
increases and with a well-defined limit µi(r, s,∞); here
and except when explicitly mentioned otherwise we as-
sume the amplitudes αros and parameters s used to char-
acterize the pulses are held fixed and independent of Ω.

To attempt to describe thermal light in a volume Ω by
a mixture of single pulses, we would write

ρmix =

∫
ds

∫
Ω

dro
p(s)

Ω
|αrosfros〉 〈αrosfros| , (4)

1 Note that Ω is different from the quantization volume that is
always taken infinite in this Letter

where pulses are included with equal density about each
central position ro in the volume, and p(s) ≥ 0 with∫

ds p(s) = 1, (5)

where here and in (4) the variables constituting s are to
be integrated or summed over as required; the condition
(5) guarantees that Tr(ρmix) = 1. Because correlation
functions describe the interaction of light with matter,
they form a practical tool to compare different radiation
states [13]. For thermal light filling all space [10, 12]

G
(1)th
ij (rt; r(t+ τ)) = Tr

(
ρthE

(−)
i (r, t)E

(+)
j (r, t+ τ)

)
= δij

∫ ∞
0

~ck3

6π2ε0

e−ickτ

eβ~ck − 1
dk, (6)

and while near the edge of the volume Ω we would not
expect (4) to give a correct representation of thermal
equilibrium, we would demand that it does so near the
origin.

We now prove that we cannot choose the pulses so that
ρmix = ρth as Ω→∞. For

G
(1)mix
ii (00;00) = Tr

(
ρmixE

(−)
i (0, 0)E

(+)
i (0, 0)

)
=

∫
ds

∫
Ω

dro
p(s)

Ω
G

(1)(ros)
ii (00;00)

=
1

Ω

∫
ds p(s)µi(0,s,Ω) ,

and since G
(1)mix
ii (00;00) is clearly finite for any Ω, the

integral of p(s)µi(0,s,Ω) over s must be finite for any
Ω. As p(s)µi(0,s,Ω) > 0 for all s and is an increasing
function of Ω with a well-defined limit p(s)µi(0,s,∞) as

Ω → ∞, we see that G
(1)mix
ii (00;00) → 0 as Ω → ∞.

But from (6) it is clear that G
(1)th
ii (00;00) 6= 0. Thus

we cannot represent thermal equilibrium by a unit-trace
density operator describing a mixture of single pulses.
Such a mixture is simply not rich enough to describe
thermal light.

The proof would fail if we allowed the amplitudes of the
pulses to change as Ω changed. In fact, we will see below
that we can mimic the first-order correlation function
of thermal light at equal-space points by that of unit-
trace mixture of single pulses if we allow the square of
the amplitudes of the pulses to scale as Ω. While such a
scaling could be entertained for finite Ω, the pulses would
acquire infinite energy as Ω → ∞. If we return to our
assumption of fixed amplitudes and properties regardless

of Ω, the scaling of G
(1)mix
ij (00;00) as 1/Ω suggests a

different strategy, i.e., the consideration of trace-improper
density operators, of the form

ρimp =

∫
ds

∫
Ω

dro p̄(s) |αrosfros〉 〈αrosfros| , (7)
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where p̄(s) ≥ 0 and ∫
ds p̄(s) =

1

V
,

where V is a constant with units of a volume [Ω]. The
probability distribution p̄ has units of [Ω−1V −1

s ], where
Vs is the volume of the integration space of the parame-
ters s. Importantly, Tr(ρimp) = Ω/V scales as Ω, and so
certainly ρimp 6= ρth, since Tr(ρth) = 1, independent of
the volume. Yet one might hope that the trace-improper
mixture could lead to a correct representation of some of
the properties of thermal light, if p̄(s) and the spectral
functions fros and amplitudes αros are chosen correctly.
We next show that this is possible for the first-order cor-
relation function (6). Here we let the volume Ω→∞ in
(7) at the start, and show that with a correct choice of
p̄(s), fros, and αros we can find

G
(1)imp
ij (rt; r(t+ τ)) ≡ Tr

(
ρimpE

(−)
i (r, t)E

(+)
j (r, t+ τ)

)
=

∫
ds

∫
dro p̄(s)

(
E(ros)
i (r, t)

)∗
E(ros)
j (r, t+ τ) ,

where the integral of ro now ranges over all space, such
that

G
(1)imp
ij (rt; r(t+ τ)) = G

(1)th
ij (rt; r(t+ τ)). (8)

As a first example we take s to include a central wave
vector ko = kom̂ of the pulse, with the unit vector m̂
identifying the main polarization direction, and a unit
vector n̂ that characterizes the polarization as described
below; thus s = {ko, m̂, n̂}, Vs has units of inverse vol-
ume, and p̄(s) is dimensionless. We characterize pulses
of this type by

K(s,kλ) = N L(k,ko) (e∗kλ) · (k× n̂),

(recall Eq. 2) whereN is a normalization constant chosen
so the normalization of fros;kλ is satisfied, and L(k,ko)
is a real function. The expectation value of E(+)(r) ≡
E(+)(r, 0) in the state |αrosfros〉 is given by

E(ros)(r) = iNαros

∫
dk

√
~ωk

16π3ε0
(k× n̂)L(k,ko)eik·(r−ro) .

This allows the representation of very general forms of
pulses in free space; E(ros)(r) will typically be centered
at ro, and its polarization is characterized by having no
component in the n̂ direction, n̂· E(ros)(r) = 0. In spec-
ifying p̄(s) we assume a uniform distribution over pulse
directions m̂; for a given m̂ only n̂ perpendicular to m̂ are
chosen, but the distribution over such n̂ is also uniform.
Choosing a fixed direction in the plane perpendicular to
m̂ for each m̂, and denoting the angle that n̂ makes from
this direction by Ψ, we have∫

ds p̄(s)→
∫ ∞

0

dko p(ko)

∫
dm̂

∫ 2π

0

dΨ,

where the remaining dependence p(ko) is on the magni-
tude of the central wave vector of the pulse, ko = |ko|.

For any proposed L(k,ko) our task is then to see if
p(ko) can be chosen so that our condition (8) is guar-
anteed. We begin by considering pulses of a Gaussian
form;

L(k,ko) = e−
|k−ko|2

2σ2 . (9)

For thermal radiation at T = 5777 K we find that the
condition (8) can be guaranteed only if σ is chosen so that
the pulse has a bandwidth on the order of THz or smaller,
describing pulses that are on the order of picoseconds in
length or longer [15]. Interestingly, no physical solution
can be found for femtosecond pulses with a bandwidth
as broad as the thermal spectrum. The problem is that
the Gaussian shape (9) differs too much from the shape
required to guarantee that the norm of the integrand of
(6) is reproduced. Thus the only way that we can sat-
isfy (8) is to choose σ so small that, compared with the
thermal spectrum, L(k,ko) is essentially proportional to
a Dirac delta function; then p(ko) itself is relied on to
capture the shape of that integrand.

To satisfy (8) with broadband pulses we can work in-
stead with a set of parameters s that includes only a
nominal direction of propagation of the pulse m̂, as well
as a polarization vector n̂ as before, s = {m̂, n̂}. Note
now that Vs is dimensionless whereas p̄(s) has dimension
of Ω−1. We take our pulses (2) to be specified by

K(s,kλ) = N l(k) υ(k̂ · m̂) (e∗kλ) · (k× n̂), (10)

where the function υ(x) is chosen to characterize the
spread in the direction of wave vectors in the pulse and
should be peaked at x = 1 for m̂ to indicate the nom-
inal direction of propagation of the pulse; the function
l(k) is now relied on to help capture the shape of the
norm of the integrand of (6). For p̄(s) we assume that
the m̂ are distributed isotropically and, for each m̂, all
n̂ perpendicular to m̂ are equally distributed,∫

ds p̄(s)→ p

∫
dm̂

∫ 2π

0

dΨ,

where p is now a constant with units of [Ω−1], dm̂ indi-
cates an integration over solid angle, and Ψ denotes the
angle n̂ makes from a fixed direction in the plane perpen-
dicular to m̂. Such a trace-improper mixture can lead to
(8) by choosing

l(k) =
1

k
√
eβ~ck − 1

and p|α|2 =
4ζ(3)

π4(βc~)3
, (11)

where ζ is the Riemann-zeta function [15]. By comparing
(6) and (11), it is clear that the bandwidth of the pulse
helps capture that of the thermal radiation.

The requirement of a fixed product p|α|2 illustrates
that the need for improper behavior as Ω → ∞ can be



4

FIG. 1: Normalized second-order correlation function for
thermal light as a function of the distance Rı̂. Note that it is
non-zero for all values of R. Inset: Schematic depicting two
detectors (e.g. atoms with a broad absorption band) within
(a) the field of a localized pulse and (b) thermal radiation. As
the distance between the two atoms increases, the probability
that both absorb a photon from any localized pulse tends to
zero.

met either by the trace or by the pulses. In the example
of a density operator ρimp we have been considering, any
finite p will lead to an infinite trace for Ω → ∞. Al-
ternately, we could repeat the derivation sketched here
insisting on a density operator of unit trace; then we
would find that p would vanish as Ω→∞, and the con-
dition (11) would demand that |α|2 diverge in that limit.
The latter option would only make physical sense for a
finite volume of observation Ω; we put it aside for now,
but return to it again below.

The preceding two examples show that although a
trace-improper mixture of single pulses is not described
by the same density operator as thermal light, such
a mixture can be constructed to reproduce the first-
order correlation function of thermal light. As we look
at higher-order correlation functions we will necessarily
find that such a mixture fails to reproduce the prop-
erties of thermal light, since ρimp 6= ρth. But can
such a mixture capture the second-order correlation func-

tion? This is defined by G
(2)
i1i2i3i4

(r1t1r2t2; r3t3r4t4) =

〈E(−)
i1

(r1t1)E
(−)
i2

(r2t2)E
(+)
i3

(r3t3)E
(+)
i4

(r4t4)〉. Choosing
all times identical along with r1 = r4 and r2 = r3,
this expression represents two simultaneous absorption
events at positions r1 and r2 respectively [13]. For ther-
mal light at T = 5777 K, the second-order correlation

function G
(2)th
iiii (Rt0t;0tRt) (no sum over i) is shown in

Fig. 1 [18] as a function of the distance R ≡ r2 − r1 we
imagine separating two broadband detectors; we take the
direction of R to lie along the Cartesian axis i. Impor-
tantly, beyond a distance that corresponds to the coher-
ence length, i.e. of about 0.39 µm for T = 5777 K, the
second-order correlation function is independent of both

the distance R and the orientation of that vector with
respect to the Cartesian axis i,

G
(2)th
iiii (Rt0t;0tRt) −→

R→∞

(
π2

90ε0β4(~c)3

)2

. (12)

Clearly, in the presence of thermal light there is a non-
zero probability of simultaneous broadband detection
events occurring regardless of the distance between the
two detectors.

We have not been able to evaluate the second-order
correlation function for ρimp analytically. However, since
each member of our family of pulses is localized in space,
each individual pulse is not able to simultaneously excite
two detectors if they are well separated. Although our
mixture is trace-improper, it is composed of an incoher-
ent mixture of individual, localized pulses (cf. Eq. 7).
Therefore the total probability should equal the sum of
the individual realizations, and we expect our argument
to apply to the mixture as well. Hence such a mixture
can never capture the result (12).

Returning to a finite observation volume Ω and the
use of a unit-trace density operator representing a mix-
ture of single pulses with |αros|2 proportional to Ω, from
the arguments above we see that such a density opera-
tor would have no chance of describing the second-order
correlation function properly if the observation volume
were significantly larger than the size of the pulses. For
if it were, the chance of any pulse in the mixture exciting
two detectors at different ends of the observation volume
would be negligible. Now at T = 5777 K the size of the
pulses (10) is about 0.4 µm [15], as might be expected
from the characteristic length scale of Fig. 1. Hence even
if we employed a unit-trace mixture of single pulses with
the square of their amplitudes proportional to the obser-
vation volume, for observation volumes larger than a few
cubic microns such mixtures would necessarily describe
the second-order correlation function incorrectly.

In summary, we have shown that no mixture of single
coherent pulses can represent thermal radiation. Allow-
ing the mixture to be trace-improper, or allowing the
square of the amplitudes of the pulses to scale with the
observation volume, we can reproduce the first-order cor-
relation function of thermal light at equal space points.
If Gaussian pulses are used, pulses with a surprisingly
narrow bandwidth are required. Alternately, broadband
pulses with a lineshape mirroring the thermal spectrum
can be used. The mixtures are schematically represented
in Fig. 2. Nonetheless, these mixtures, and indeed any
(proper or improper) mixture of well-localized pulses, fail
to reproduce even the second-order correlation function
of thermal light. The difficulties suggest that one should
look instead for a representation of thermal light as mix-
ture of sets of pulses, where each set contains more than
one pulse.

We are grateful to P. Brumer, B. Sanders, A. Steinberg
and H. Wiseman for interesting and fruitful discussions.
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FIG. 2: Schematics illustrating the richness of thermal light as a tensor product over an infinity of modes. The green “+”
indicates an incoherent sum; the red “⊗” a direct product. (a) Thermal light is built from a tensor product of mixed states,
each composed by a mixture of monochromatic coherent states (represented by continuous waves in the insets) with various
amplitudes and phases. (b;c) The trace-improper mixture of single pulses with (b) Gaussian or (c) thermal lineshape can only
reproduce the first-order correlation function (see details in the text).
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