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We study a mixture of spin-1 bosonic and spin-1/2 fermionic cold atoms, e.g., 87Rb and °Li,
confined in a triangular optical lattice. With fermions at 3/4 filling, Fermi surface nesting leads
to spontaneous formation of various spin textures of bosons in the ground state, such as collinear,
coplanar and even non-coplanar spin orders. The phase diagram is mapped out with varying boson
tunneling and Bose-Fermi interactions. Most significantly, in one non-coplanar state the mixture
is found to exhibit a spontaneous quantum Hall effect in fermions and crystalline superfluidity in

bosons, both driven by interaction.

PACS numbers: 37.10.Jk,03.75.Mn,67.85.Pq,11.30.Qc

Introduction.  Searching for topological states of
quantum matter, such as quantum Hall states and
topological insulators, is one of the most important
directions in ultracold atoms. To achieve such novel
states in a charge neutral system, external manipulations
to synthesize effective gauge fields [1] have been
carried out, for example, by rotating the system [2],
using Raman laser field coupling schemes [3-11], or
shaking the lattice [12-15]. At present the realization
of topological states has remained an experimental
challenge. An alternative route is to have fermions
move in a spontaneous spin texture background, which
can be stabilized by Ruderman-Kittel-Kasuya-Yosida
(RKKY) interactions in classical Kondo lattice models
(CKLM) [16-21]. For example, a triple-Q magnetic
ordering is favored in a triangular lattice at 3/4 Fermi
filling and it leads to a quantum Hall effect [19,
20]. However, what atomic systems can support such
mechanism is an open question.

In this Letter, we show that topologically nontrivial
spin textures and a quantum Hall effect can be naturally
realized in an atomic mixture of spin-1 bosons and spin-
1/2 fermions, e.g., 8"Rb and SLi, loaded into a two-
dimensional triangular optical lattice. Spin-1 bosonic
8TRb atoms with a ferromagnetic interaction [22, 23]
provide large local moments, i.e., effective classical spins,
when they are condensed. Interspecies spin-changing
collisions between Rb and Li atoms give rise to a spin-
exchange interaction, which plays the role of a Kondo
coupling. Performing a self-consistent mean field study
for the ground state of the system at 3/4 Fermi filling, we
find various topologically distinct spin textures such as
collinear, coplanar and non-coplanar. While the RKKY
mechanism is thus confirmed to play an important
role, the spinor Bose-Fermi mixture model actually
contains important ingredients beyond the description

of CKLM. Two key ones are the number fluctuation of
bosons and Bose-Fermi density interactions, which are
responsible for the following richer quantum phenomena
beyond the scope of CKLM. Due to effective gauge
fields in the non-coplanar state, bosons are predicted
to condense at a finite momentum leading to chiral
superfluidity. = The novel chirality of bosons is not
only interesting by itself but also provides experimental
fingerprints for the emergence of gauge fields in time-of-
flight measurements. Moreover, several spin texture and
even ferromagnetic states are accompanied by density
wave (DW) orders which are attributed to Bose-Fermi
density interactions [24].

Spinor Bose-Fermi mizture. Consider a mixture of
spin-1 bosonic and spin-1/2 fermionic cold atoms. There
will be the usual density and spin interactions between
two particles in the same species [25, 26]. The crucial new
ingredient is the interaction between the species of bosons
and fermions, which is described by the contact pseudo-

potential Vpr(ry —r2) = (91/2751/2 +93/2753/2) d(ry —
ry), where gr., = 27h%ap,, /My, ar,., is the s-wave
scattering length in the channel of total spin Fi.t, 75Fmt
is the corresponding projection operator, and my is the
reduced mass. Based on the identity 2SF = ’pg/g —2751/2

[25], where S and F are the one-particle vector spin for
spin-1/2 and spin-1 atoms, respectively. The Bose-Fermi
contact interaction can be rewritten as

Vos(ri —ra) = (Qdfs @ Ip + gsS - F) d(ry —rz), (1)

where gq = (g1/2 + 293/2)/3 and gs = (293/2 — 291/2)/3
are the density-density interaction and spin-exchange
interaction strengths, respectively. Here, Ig (f r) is the
identity operator for the fermion (boson).

With the spinor Bose-Fermi mixture loaded into a
triangular optical lattice [27], the system is approxi-



mately described by a tight-binding model Hamiltonian
H = H, + Hf + Hbf, where
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Here, (i, j) denotes the summation over nearest-neighbor
sites and o =1, ] and a = 41,0, —1 denote spin states of
fermionic and bosonic atoms, respectively. ¢;, (G0 ) is the
annihilation operator for fermions (bosons) with spin o
(). ﬁf, _Z Nfio = U@Ig@w(ﬁbzzz M0 =

Yoa bl O[bz «) 1s the number of fermions (bosons) at site i.

The spin operator S; (F Z) has three components S =
ZUU’ é'ir,cr(SV)UU’éi,U’ (‘FZV = Zaa’ b'ir,a(FV)OlO/b@O/) with
v = z,y,z, where S, (F,) is the v component of the
spin-1/2 (spin-1) operator. Uy, Uy, and Uy represent
on-site density interaction strengths, and J;, and Jpy are
the spin-exchange interaction energies. The exchange
interaction J, < 0 favors a state with fully polarized
bosonic spins [22, 23]. Such a ferromagnetic interaction
is considered in this work. Considering a mixture of 8’Rb
and SLi atoms, the s-wave scattering length for fermions,
6Li, vanishes due to an accidental cancellation at low
magnetic field [28, 29]. Thus, Uy is set to 0 in our theory.

Magnetic ordering of bosonic superfluids. Here,
our theory assumes bosons form a ferromagnetic
minicondensate on each lattice site. Such a treatment
is well justified when considering the system to be
a stack of triangular lattice layers, with a relatively
stronger tunneling for bosons than for fermions between
nearest layers [30]. In the ground state, the system is
uniform among different layers. Since bosons locally
form a fully polarized ferromagnetic condensation due
to interaction effects, the effective model to describe
its magnetic moment is a large spin model, in which
quantum fluctuations are expected to be suppressed [31].
This permits a valid mean-field treatment of bosons.

For spin-1/2 fermions, at 3/4 filling (meaning
(1/2Np) > (fyi) = 3/4 with Ny, is the number of sites),
the corresponding Fermi surface as shown in Fig. 1(b)
is nested, with three nesting vectors Q; = (—27/a,0),

o = (7/a,\/3r/a) and Q3 = (7/a,—/37/a), where
a is the lattice constant. Combined with Bose-Fermi
density and spin-exchange interactions, the perfect Fermi
surface nesting gives rise to ordering instabilities towards
formation of commensurate DWs and spin density waves
(SDWs) whose unit cells would involve four sublattice
sites, shown in Fig. 1 [19, 20, 24].
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FIG. 1: (Color online) (a) Schematic picture of a triangular
optical lattice and the four-sublattice magnetic ordering. (b)
The Brillouin zone of the triangular lattice (solid hexagon)
and the Fermi surface (dashed hexagon) at 3/4 filling.
Three nesting wave vectors are Q1 = (—27/a,0), Q2 =
(r/a,v/37/a) and Qs = (w/a,—V/37/a), where a is the
lattice constant. (c) The spin configuration of various
magnetic orderings of the spin-1 Bose-Einstein condensate,
where arrows denote the direction of four spin vectors (F;)
(1 = 1,2,3,4): (I) all-out structure chiral spin order; (II)
“umbrella” structure spin order; (III) stripe-cant spin order;
(IV) ferromagnetic order; (V) coexistence of DW and 90°
coplanar spin order; (VI) coexistence of DW and collinear
spin order; and (VII) coexistence of DW and ferromagnetic
order.

From the dominant instabilities, we assume in
numerics that spin-1 bosons form a magnetic ordering
where the density ny,; = (fp,;) and the spin vector <FZ)
are periodic under translations of the enlarged unit cell
with four sublattices as shown in Fig. 1(a). Within
the superfluid phase, we take mean-field approximations
for bosons, where the bosonic annihilation operator
l;i,a is replaced by its mean value ¢;,. Both the
intraspecies ferromagnetic interaction of bosons and the
interspecies spin-exchange interaction favor a state of
boson condensation with spins fully polarized locally.
The corresponding condensate wavefunction is ¢; =

nbﬂ-eifi (i, where

(o= (eii“"i cos?(0;/2),sinb; //2, e sinz(ei/2))T . (3)

It yields the spin moment (13‘1> = nyf;, where f; =
(sin B; cos p;, sin 0; sin @;, cos 6;). In our calculation, we
allow for a finite-momentum condensation by introducing
a parametrization of the phase, {§;, = q - r; + éi, where
nonzero q describes the finite momentum and éi is
periodic across different enlarged unit cells.
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FIG. 2: (Color online) Zero temperature phase diagram of
spinor Bose-Fermi mixtures in a triangular lattice at 3/4
filling for fermions as functions of ¢, and Uyy. Here, Uy + Jp =
3.6ty (Uy >0 > Jp), Juy = 0.4ty , iy = 2 is the averaged
number of bosons per site.

With the spin configuration of bosons determined by
a fixed condensate wavefunction ¢;, the dynamics of
fermions is governed by an effective Hamil‘coniam:]EAI;?Ef =
5 Y iy O o Cio+ i Ung (i) ivg i+ Jog (Fi)-Si]. The
total energy cost is given by E[¢;] = Ep[¢i] + Ef[o],
where Ej, = —t, Z(m‘),a B} P + 2 [Ubnpi(nps — 1) +
Jo(nj ; — 2np,4)]/2 describes the energy of the condensate
and Ey is the many-body ground state energy of fermions
at 3/4 filling with respect to ﬁ;ﬁ (in our numerics to
calculate E, we discretize the first Brillouin zone into
72 x 72 points). The variational energy functional E|[¢;]
is then minimized by the simulated annealing method to
obtain the ground state.

Fig. 2 summarizes the ground-state phase diagram for
a fixed Jpy as functions of ¢, and Upy. The averaged
number of bosons per site is chosen as n, = 2. In the
limit of Upy = 0 and ¢, = 0, the system is described
by a classical Kondo lattice model [19, 20], where chiral
magnetic orders in the ground state are known to occur
even with an infinitesimal Kondo coupling J; ¢, due to
Fermi surface nesting. Away from this limit, nonzero
boson tunneling and Bose-Fermi density interaction
change the ground-state magnetic ordering significantly.
The former favors a uniform condensate wavefunction
to lower the kinetic energy and will thus suppress
spin textures. The latter could induce spatially non-
uniform density distributions of bosons. Indeed as boson
tunneling is increased, our numerics finds a sequence of
states with decreasing spin twists. The corresponding
schematic spin configurations are illustrated in Fig. 1(c).
As the Bose-Fermi density interaction is increased, we
find that three states denoted by phases (V), (VI), and
(VII) are accompanied by DWs.

(1) Non-coplanar magnetic ordering. Numer-
ically, we found two non-coplanar magnetic ordered
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FIG. 3: (Color online) The spectrum of the Hamiltonian I;I}‘H
describing a single fermion moving in a fixed bosonic spin
texture background in a strip geometry for different phases
at t, = 0.2 x 107%¢; and (a) phase (I), Uy = 1.5ts, (b)
phase (V), Uyy = 2.351ty, and (c) phase (VI), Uy = 2.75¢5.
Here, red dash-dot lines denote the edge states.

phases denoted by (I) and (II). They are characterized
by a nonzero local spin chirality, which is defined as
Xijk = fi - f5 x £, on three different lattice sites ¢, j,
and k.

Phase (I) shows the same triple-Q chiral magnetic
ordering found in the Kondo lattice model [19, 20]. The
boson number density is uniform with n;,; = n, and

fi = (11 cos(Q1 - 13),m2cos(Qz - 1;), M3 cos(Q3 - 13)) , (4)

where |n1| = |n2| = |n3] = 1/+/3. The spin chirality is
uniform with Y123 = Y243 = +4/(3v/3) which means that
fermions experience an effective uniform magnetic flux.

Via coupling to spin textures, fermions are gapped and
spontaneously form a quantum Hall insulator leading
to quantized Hall conductivity [19]. To elucidate this
behavior, we investigate edge states in a strip geometry,
where periodic boundary condition is assumed in the
z-direction. For a finite length in the y-direction, the
spectrum for single-particle Hamiltonian H4® in this strip
geometry are plotted in Fig. 3(a). It clearly shows that
there are topological edge states in the gap connecting
the upper and lower bulk states.

Phase (II) shows a uniform boson density distribution
and a non-coplanar magnetic ordering, where four spin
vectors (F;) form a umbrella structure as illustrated in
Fig. 1(c). The local spin chirality is staggered with a zero
summation on the whole lattice and its absolute value is
uniform.

(2) Coplanar magnetic ordering. Numerically,
we find two coplanar phases denoted by (III) and (V).
Within phase (III), bosons are uniformly distributed
in every site and four spin vectors form a stripe-cant
structure as shown in Fig. 1(c). Phase (V) shows a
90° coplanar magnetic ordering accompanied by a DW,



where a pair of antiparallel spin vectors have a larger
magnitude than another pair of antiparallel spin vectors.

(3) Collinear magnetic ordering. The remaining
three phases (IV), (VI), and (VII) show collinear
magnetic orderings on bosons. More specifically, phase
(IV) and phase (VII) demonstrate a ferromagnetic spin
ordering, where all spins of bosons are polarized along
the same direction. For the phase (VI), in a four-
sublattice unit cell three smaller spin vectors with a
same magnitude are polarized along opposite direction
of the fourth spin vector with a larger magnitude. This
magnetic ordering is similar to the SDW of electronic
systems driven by thermal fluctuations, which was
discussed in Ref. [32].

Chiral bosonic superfluid. Due to the Bose-Fermi
interactions, Fermi surface nesting of fermions not only
induces spontaneous spin textures of bosons, but also
changes the bosonic superfluidity. The reason is that
the spin-gauge symmetry of the ferromagnetic spin-
1 Bose-Einstein condensate implies that spatial spin
configurations can generate mass circulations [25, 26],
which is manifested in the spatially dependent &;.
find that bosons condense at zero momentum with q =
0 for phases: (II), (III), (IV), (V), (VI), and (VII).
The only exception is found in the phase (I), where
bosons condense at a finite momentum with q # 0.
To understand this feature more clearly, we cons1der
an effective Hamiltonian ﬁsp = Z<Z ) iy, ZJd d for
spin-1 bosons with fixed spin directions as that given
by Eq. (4). Here, dj creates a spin-1 boson at site 4
with the spin state (; and #,;; = tbgjg,- describes the
tunneling of bosons in such a spin state. For instance,we
choose m1 = 12 = nm3 = 1/4/3, resulting in {p; =
7/4,0; = arccos(1/v3)}, {p2 = —7w/4,00 = m — 0,7},
{(pg = 37T/4,93 = T — 6‘1}, and {904 = —37‘1’/4,94 = 6‘1}
Diagonalizing the Hamiltonian, we find that the lowest
energy band shown in Fig. 4(a) has band minima at K =
(27/3a,0) and K’ = (—27/3a,0). The corresponding
eigenstates have equal populations on each site. These
two features are underlying reasons for finite-momentum
condensation and uniform density distribution of bosons
in the phase (I). Take q = K as an example, the
spatial variation of ; is illustrated in Fig. 4(b). As q
is nonzero, bosons condense at a finite momentum, thus
time-reversal and parity symmetries are broken.

Ezxperimental realization and detection. The model of
Eq. (2) can be realized by loading a mixture of spin-
1/2 SLi and spin-1 8"Rb atoms [33] in the same spin-
independent triangular optical lattice. For instance, we
choose laser fields at wavelength A = 1064nm. The
single photon recoil energy E, and polarizability a()\)
for 8"Rb (6Li) atoms are h x 2.0 kHz (h x 29.2 kHz)
and 689.9a% (270.8a%) where ap is the Bohr radius
and h is the Planck constant [34, 35]. Tuning the
field intensity, we should be able to create a deep
optical lattice for Rb atoms to have small enough t,
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FIG. 4: (Color online) (a) The lowest energy band of the
Hamiltonian [f[gp with eigen-energy denoted by ex. (b)
Illustration of the spatially varying phase (§;) of condensate
wavefunction for the state (I). The symbols, O, O, A, V,
<& and D, represent different phase angles, 0, 7/3, 2w/3, 7,
4m/3 and 57/3, respectively. One unit cell of &; is denoted
by the dashed rhombus. (c¢) Time-of-fight pictures for three
spin states Mpr = 1 (left), 0 (middle) and —1 (right) expected
from the experiment for the state shown in (b) as a signal of
the finite-momentum-condensate phase. Here, outer hexagon
indicates the first Brillouin zone of the triangular lattice and
the inner hexagon denotes the first Brillouin zone for the
ordered state with an enlarged unit cell with four sublattices.

comparing to t; to reach phases (I)-(IV). Changing
the laser frequency can further enhance this capability
to reverse the relative amplitude of interspecies lattice
potential [35]. As in experiments only the interspecies
s-wave triplet scattering length (~ 20 ap) between 8"Rb
and °Li has been measured [33], the parameters in our
model, Uyy and Jyr, cannot be determined. Whether
Bose-Fermi density interaction are strong enough to
induce DWs requires future experimental developments.

In a harmonic trap potential, four phases (I, V, VI,
VII), which have a charge gap in fermions, are expected
to occupy a finite spatial range as analogous to formation
of Mott insulator shells observed in lattice Bose gases.
For other phases which do not have a charge gap, they
could be in principle sensitive to the trap. To detect
various bosonic magnetic ordering, we suggest to use
the spin-resolved optical Bragg scattering technique [36].
The chiral bosonic magnetic ordering can be identified
from triple-Q peaks in spin structure functions. Its
phase boundary can be easily probed in time-of-flight
measurements because it is the unique state showing non-
zero momentum condensation, as illustrated in Fig. 4(c).
Based on previous studies on Kondo lattice models [37],
we expect that the optimal transition temperature for
the chiral magnetic ordering in a Bose-Fermi mixture can



reach around (0.01,0.1) ¢;. Rigorous calculations are left
for future study.

Conclusion. We have studied the ground state of
a mixture of spin-1 bosons and spin-1/2 fermions in
a triangular optical lattice. This spinor Bose-Fermi
mixture is found to support interesting magnetic orders,
such as non-coplanar, coplanar, and collinear spin orders.
Most significantly, there is a triple-Q chiral magnetic
ordered state, featuring a spontaneous quantum Hall
effect in fermions and chiral crystalline superfluidity
in bosons. It survives at a finite Bose-Fermi density
interaction and a very small bosonic tunneling. The
remarkable features we have found for bosons are
beyond the physics contained in CKLM, and provide
experimental observables for the underlying symmetry
breaking in time-of-flight measurements. Quantum and
thermal fluctuation effects on top of the static spin
textures could give rise to dynamical gauge fields [38-40],
which is open for future study.

Acknowledgement. X.L. would like to thank helpful
discussions with A. Rahmani. This work is supported
by AFOSR (FA9550-12-1-0079), ARO (W911NF-11-
1-0230), DARPA OLE Program through ARO, The
Pittsburgh Foundation, and the Charles E. Kaufman
Foundation (Z.F.X., W.V.L.). X.L. acknowledges
support by JQI-NSF-PFC and ARO-Atomtronics-MURI.
Work at Innsbruck is supported by the SFB FOQUS
of the Austrian Science Fund, and ERC Synergy Grant
UQUAM.

[1] J. Dalibard, F. Gerbier, G. Juzelitinas, and P. Ohberg,
Rev. Mod. Phys. 83, 1523 (2011).

[2] N. R. Cooper, Advances in Physics, 57, 539 (2008).

[3] M. Aidelsburger, M. Atala, S. Nascimbeéne, S. Trotzky,
Y.-A. Chen, and I. Bloch, Phys. Rev. Lett. 107, 255301
(2011).

[4] K. Jiménez-Garcfa, L. J. LeBlanc, R. A. Williams, M. C.
Beeler, A. R. Perry, and I. B. Spielman, Phys. Rev. Lett.
108, 225303 (2012).

[5] M. Aidelsburger, M. Atala, M. Lohse, J. T. Barreiro,
B. Paredes, and I. Bloch, Phys. Rev. Lett. 111, 185301
(2013).

[6] H. Miyake, G. A. Siviloglou, C. J. Kennedy, W. C.
Burton, and W. Ketterle, Phys. Rev. Lett. 111, 185302
(2013).

[7] M. Aidelsburger, M. Lohse, C. Schweizer, M. Atala, J.
T. Barreiro, S. Nascimbene, N. R. Cooper, 1. Bloch, and
N. Goldman, Nature Physics 11, 162 (2015).

[8] Y.-J. Lin, K. Jimnez-Garca, and 1. B. Spielman, Nature
(London) 471, 83 (2011).

[9] J.-Y. Zhang et al., Phys. Rev. Lett. 109, 115301 (2012).

[10] P. Wang, Z.-Q. Yu, Z. Fu, J. Miao, L. Huang, S. Chai, H.
Zhai, and J. Zhang, Phys. Rev. Lett. 109, 095301 (2012).

[11] L. W. Cheuk, A. T. Sommer, Z. Hadzibabic, T. Yefsah,
W. S. Bakr, and M. W. Zwierlein, Phys. Rev. Lett. 109,
095302 (2012).

[12] J. Struck, C. Olschléger, R. Le Targat, P. Soltan-Panahi,
A. Eckardt, M. Lewenstein, P. Windpassinger, and K.
Sengstock, Science 333, 996 (2011).

[13] J. Struck, C. Olschlager, M. Weinberg, P. Hauke, J.
Simonet, A. Eckardt, M. Lewenstein, K. Sengstock, and
P. Windpassinger, Phys. Rev. Lett. 108, 225304 (2012).

[14] P. Hauke, O. Tieleman, A. Celi, C. Olschléger, J.
Simonet, J. Struck, M. Weinberg, P. Windpassinger, K.
Sengstock, M. Lewenstein, and A. Eckardt, Phys. Rev.
Lett. 109, 145301 (2012).

[15] C. V. Parker, L. C. Ha, and C. Chin, Nature Physics 9,
769 (2013).

[16] K. Ohgushi, S. Murakami, and N. Nagaosa, Phys. Rev.
B 62, R6065 (2000).

[17] Y. Taguchi, Y. Oohara, H. Yoshizawa, N. Nagaosa, and
Y. Tokura, Science 291, 2573 (2001).

[18] R. Shindou and N. Nagaosa, Phys. Rev. Lett. 87 116801

(2001).

[19] I. Martin and C. D. Batista, Phys. Rev. Lett. 101, 156402
(2008).

[20] Y. Akagi and Y. Motome, J. Phys. Soc. Jpn. 79, 083711
(2010).

[21] Y. Akagi, M. Udagawa, and Y. Motome, Phys. Rev. Lett.
108, 096401 (2012).

[22] T.-L. Ho, Phys. Rev. Lett. 81, 742 (1998).

[23] T. Ohmi and K. Machida, J. Phys. Soc. Jpn. 67, 1822
(1998).

[24] P. P. Orth, D. L. Bergman, and K. Le Hur, Phys. Rev.
A 80, 023624 (2009).

[25] D. M. Stamper-Kurn and M. Ueda, Rev. Mod. Phys. 85,
1191 (2013).

[26] Y. Kawaguchi and M. Ueda, Physics Reports 520, 253
(2012).

[27] C. Becker, P. Soltan-Panahi, J. Kronjager, S. Dorscher,
K. Bongs, and K. Sengstock, New Journal of Physics 12,
065025 (2010).

[28] M. Houbiers, H. T. C. Stoof, W. I. McAlexander, and R.
G. Hulet, Phys. Rev. A 57, R1497 (1998).

[29] K. M. O’Hara, M. E. Gehm, S. R. Granade, S. Bali, and
J. E. Thomas, Phys. Rev. Lett. 85, 2092 (2000).

[30] See the supplemental material.

[31] M. Manson, Phys. Rev. B 12, 400 (1975).

[32] G.-W. Chern and C. D. Batista, Phys. Rev. Lett. 109,
156801 (2012).

[33] C. Silber, S. Giinther, C. Marzok, B. Deh, Ph.W.
Courteille, and C. Zimmermann, Phys. Rev. Lett. 95,
170408 (2005).

[34] S. De and I. B. Spielman, Appl. Phys. B 114, 527 (2014).

[35] M. S. Safronova, B. Arora, and C. W. Clark, Phys. Rev.
A 73, 022505 (2006).

[36] T. A. Corcovilos, S. K. Baur, J. M. Hitchcock, E. J.
Mueller, and R. G. Hulet, Phys. Rev. A 81, 013415
(2010).

[37] Y. Kato, I. Martin, and C. D. Batista, Phys. Rev. Lett.
105, 266405 (2010).

[38] D. Banerjee, M. Dalmonte, M. Miiller, E. Rico, P.
Stebler, U.-J. Wiese, and P. Zoller, Phys. Rev. Lett. 109,
175302 (2012).

[39] E. Zohar, J. 1. Cirac, and B. Reznik, Phys. Rev. Lett.
109, 125302 (2012).

[40] L. Tagliacozzo, A. Celi, A. Zamora, and M. Lewenstein,
Annals of Phyics 330, 160 (2013).



