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We present results from the evolution of spacetimes that describe the merger of asymptotically
global AdS black holes in 5D with an SO(3) symmetry. Prompt scalar field collapse provides us
with a mechanism for producing distinct trapped regions on the initial slice, associated with black
holes initially at rest. We evolve these black holes towards a merger, and follow the subsequent
ring-down. The boundary stress tensor of the dual CFT is conformally related to a stress tensor in
Minkowski space which inherits an axial symmetry from the bulk SO(3). We compare this boundary
stress tensor to its hydrodynamic counterpart with viscous corrections of up to second order, and
compare the conformally related stress tensor to ideal hydrodynamic simulations in Minkowski space,
initialized at various time slices of the boundary data. Our findings reveal far-from-hydrodynamic
behavior at early times, with a transition to ideal hydrodynamics at late times.

Introduction — At the Relativistic Heavy Ion Collider
(RHIC) and the Large Hadron Collider (LHC), the col-
lision of heavy ions at relativistic speeds results in the
formation of strongly-coupled matter consisting of decon-
fined quarks and gluons. Although the system expands
and cools quite rapidly, experimental signatures indicate
that strong interactions between partons are sufficient
to locally thermalize the system within 10723 seconds
(1 fm/c), creating a state of quantum matter known as
the Quark Gluon Plasma (QGP). The plasma is well de-
scribed by ideal hydrodynamics for a time of several fm/c
before it reaches the QCD phase transition. In view of the
AdS/CFT correspondence [1-3], it has been proposed [4—
9] that this picture of QGP formation may lend itself to a
description in terms of black holes (BH) in asymptotically
anti-de Sitter (AdS) spacetimes. For a recent and com-
prehensive review, see [10]. Head-on BH collisions are
well understood to result in a single remnant BH follow-
ing the formation of an encapsulating apparent horizon.
At sufficiently high boosts, this result remains true for
the head-on collision of other compact objects [11-13].
In the asymptotically AdS non-rotating case, the result-
ing spacetime settles down to the AdS-Schwarzschild so-
lution, whose horizon area is identified with the temper-
ature of the boundary conformal field theory (CFT). The
way this remnant BH settles down could provide impor-
tant details of how a non-equilibrium state in the bound-
ary quantum theory evolves and eventually thermalizes.
A merger of BHs in the bulk provides a dynamical way
of arranging for these non-equilibrium states.

In studies to date, symmetries have been imposed on
the bulk spacetime solution to make the gravitational
problem in AdS more tractable, which in turn imply par-
ticular symmetries on the boundary flow. In [14], collid-
ing shockwaves in AdSs; were studied in 2 + 1 dimen-
sional gravity simulations using a scheme based on char-
acteristic evolution, leading to 1+ 1 boundary dynamics.
In [15], the study focused on 1+ 1 dimensional bulk so-
lutions, making use of an evolution scheme based on the
ADM decomposition of the Einstein field equations. The
boundary flows obtained from these gravity solutions was
compared to the flow one expects from hydrodynamics.
This comparison was taken further in [16], where gravity

data was used as initial data for relativistic hydrodynam-
ics. Recently, significant effort has been put into con-
structing Minkowski flows with dynamics in more than
one boundary spatial coordinate. For instance, in [17]
a Minkowski flow with a fixed but non-trivial transverse
profile was studied using linear gravity corrections in a
2 + 1 dimensional bulk spacetime background.

An important long-term goal of this program is a
holographic description of general heavy-ion collisions
with an arbitrary impact parameter, which requires fully
441 dimensional black hole mergers in the asymptoti-
cally AdSs setting. The main purpose of this paper is
to present the first proof-of-principle simulation of sta-
ble black hole mergers in AdS;. We preserve an SO(3)
symmetry in the bulk so that the flows we construct in
Minkowski space, which can be described by Cartesian
coordinates (t',x1, z2, x3), exhibit dynamics that depend
on z3, /2% + z3, and t’ despite having started from an
effective 2+ 1 bulk evolution. The origin of the enhanced
spatial dependence in our Minkowski flows stems from
the conformal relation between Minkowski space and the
R x S boundary of the global AdSs bulk i.e. the flows
we obtain in Minkowski space are generated by gravita-
tional dynamics in the bulk, along with a piece that is of a
purely conformal origin. This approach was first consid-
ered in [18] for linearized perturbations around the AdS-
Schwarzschild solution, and further clarified in [19, 20].
Simulations of the ring-down of highly distorted BHs in
the fully non-linear regime were obtained in [21]. In that
study, the gravity solutions were found to correspond
to boundary dynamics that is completely described by
second order viscous hydrodynamics. What is novel in
the current work is a move away from the regime were
hydrodynamics dominates from the outset, by starting
with a gravitational slice that contains distinct trapped
regions that move towards a merger. In this way, the
post-collision state of the spacetime arises dynamically,
rather than being put in by hand. In the following, we
work in geometric units where Newton’s constant G and
the speed of light ¢ are set to 1. We also set the AdS
length scale L to 1, particularly when quoting explicit
numerical results for the boundary CFT stress tensor.



Numerical Scheme — The results described here were
obtained using a numerical code first presented in [21]
that simulates asymptotically global AdS spacetimes by
solving the Einstein field equations with a negative cos-
mological constant A5 = —6/L?, using the generalized
harmonic (GH) evolution scheme introduced in [22, 23].
This formalism is based on spacetime coordinates z* that
each satisfies a scalar wave equation Cla* = H*. In
the context of asymptotically AdS spacetimes, demand-
ing that the desired metric asymptotics be preserved
during the bulk evolution necessitates specific relations
amongst the leading-order behavior of the metric g,
and the GH source functions H,,. In terms of the global
boundary coordinates ™ = (t,x,6,¢) and a compact-
ified AdS radial coordinate p, we write the metric as
gmn = Gin> + (1= p*)Gmn, pp = gz;qus + (1 = )G
Gpm = g;iflls + (1 — p*)2Gpm, and the source functions as
Hy = HJ% + (1= p?)3Hy, Hy = H2S + (1 - p?)2H,.
The following set of algebraic relations enforced at the
p = 1 boundary are sufficient to yield stable evolution:
Hylp=1 = ggpm|p:1, H,|p=1 = 2G,p|p=1. In the context
of black hole mergers in AdS, we choose a gauge that spa-
tially interpolates from this boundary gauge to a gauge
in the bulk that is harmonic with respect to pure AdS i.e.
H x = 0. We found that extending the boundary gauge
into the bulk in this way helps to control coordinate sin-
gularities that tend to develop in the post-merger evolu-
tion near the apparent horizon. These are particularly
evident in the lapse function o = —(1/+/—g*), and we
found it helpful in some cases to include lapse-damping
terms. These terms appear in the GH source functions
as k(n, — ny), where £ is a constant, n,dx* = —adt is
the unit normal to slices of constant ¢, and n,dz" en-
codes the choice of lapse-damping. We make the choice
At = (0)"/a + nt log a, first considered in [24].

We use the excision method to excise a proper subset
of each trapped region on the grid. This method removes
the physical singularities associated with black holes from
the computational domain, while taking advantage of
the causal structure of spacetime within trapped re-
gions so that no boundary conditions are placed at the
excision surface. We search for apparent horizons us-
ing the flow method described in [22], keeping track
of several trapped regions simultaneously. To gener-
ate trapped surfaces on the initial time slice, we make
use of a free massless scalar field ¢ dual to a Coulomb
branch excitation of the boundary field theory, with a
spatial profile on the initial time slice in the form of a
Gaussian ¢(p, x) = (1 — p*)*Ag exp(—R(p, x)?/?) with
R(p,x)* = (z(p;x)? — o) /ws® + (y(p,X)* = yo)/wy?,
x(p,x) = pcosy, and y(p,x) = psiny. We choose
Ap sufficiently large and 0 sufficiently small to ensure
that the initial time slice contains trapped regions by
virtue of prompt scalar field collapse. We arrange for two
black holes to start from rest and subsequently collide at
the origin, by choosing a spatial ¢ profile on the initial
time slice that is described by two Gaussians centered at
o = :|:D7 Yo = 0.

Hydrodynamic Comparison — In this section, we
describe two different methods for quantifying the hydro-
dynamic behavior of the boundary stress tensor obtained
from our bulk gravity solutions. The first is an analysis
on R x §3, which involves first verifying that our bound-
ary stress tensor is conserved and conformal for all time,
extracting the energy density and four-velocity, then, us-
ing these ingredients, reconstructing the boundary stress
tensor’s hydrodynamic counterpart order by order in the
velocity gradient expansion. Here, we implement this
method with viscous correction terms of up to second or-
der, calculated in [25, 26]. The second is an analysis on
R3!, which involves mapping the boundary stress tensor
of the global AdS bulk to a conformally related stress
tensor in Minkowski space using the procedure described
in Sec. VI. F of [21]. The time evolution of this stress
tensor is then compared to an ideal 3+1 hydrodynamic
simulation using the relativistic Lattice Boltzmann solver
presented in [27], initialized with data from a Minkowski
time slice of the gravity solution.

In Minkowski space, we restrict our analysis to a com-
parison with ideal hydrodynamics, with the intention of
investigating the effect of viscous corrections in a future
study. To see why this is a reasonable baseline compari-
son, particularly at late times, it is instructive to consider
the solution in the bulk that all our solutions eventually
approach: a static AdS-Schwarzschild BH, the boundary
of which describes a flow on R x S3 with constant en-
ergy density epy g3 and four-velocity uﬁéxsg =(1,0,0,0).
On R3!, this flow is mapped onto a time varying and
spatially dependent energy density eps: = epygs/W?
and four-velocity uls, = (u®,z1t' /W, ot /W, z5t' /W),
where W = /(#')2+ (1 + 23 + 23 + 23 — (¢')2)2/4 and
uw = /T+ (a1 /W)2 + (zot’/W)2 + (x3t'/W)2. This
example is particularly illustrative because it cleanly sep-
arates the contribution of the bulk gravity dynamics from
the dynamics generated by the conformal mapping: for
this solution, the dynamics on R*! is entirely from the
conformal mapping. Although this flow exhibits non-
trivial velocity gradients, it is nevertheless exactly invis-
cid. This follows from the fact that all viscous correc-
tion terms transform homogeneously under the confor-
mal mapping from R x $2, where all these terms vanish
identically. Thus, at late times when our solutions have
begun to approach the AdS-Schwarzschild BH solution,
one expects the dynamics in R?! to be well described by
solutions of the ideal hydrodynamic equations.
BH-BH Collisions — We now perform the analysis
described in the previous section on the full BH-BH bulk
solutions. We choose initial conditions with scalar field
parameters D = 0.5, Ag = 1.25, 6 = 0.025, w, = wy, = 1.
The centers of the two BHs that form via prompt scalar
field collapse are initially separated by a unit compacti-
fied coordinate distance, and the horizon of the remnant
black hole that forms post-collision has a unit areal ra-
dius in units of L. These data can be accessed at [28].
Due to our choice of polar-like coordinates, we found it
necessary to introduce a regulator BH at the origin, side
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FIG. 1: The effect of changing the size of the regulator BH as seen from the z; = z2 = 0 spatial slice of Minkowski space at
t' = 0.32. Here, the mass of the regulator BH is expressed as percentage of the total spacetime mass. Left: The energy density
distribution along x3. Right: The z3-component of three-velocity along xs.
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FIG. 2: Left: Comparison on Rx.S3, showing the normalized mismatch between the boundary stress tensor and its hydrodynamic
counterpart, with viscous corrections of up to second order. Here, |.| denotes an L? norm over x € [0,7]; for more details,
see [21], where a similar analysis was performed on distorted AdSs black holes. Data from the highest resolution run (dashed
black line) is displayed with an estimated uncertainty (grey shaded region). Right: Comparison on R*?', showing the time
evolution of energy density at the origin, with data from the boundary stress tensor of the gravity solution (“GR”) and from
ideal 341 dimensional relativistic hydrodynamics (“Ideal Hydro”). For computational reasons, a small but non-vanishing
viscosity was used in the hydrodynamic simulation. The hydrodynamics is initialized with gravity data at t; = 0.3,0.9,2.1.

stepping the severe restriction on step size imposed by
the Courant-Friedrichs-Lewy (CFL) condition: our sim-
ulations describe triplet BH systems. We engineer this
regulator BH to be small enough that its effect on the
boundary stress tensor becomes negligible, particularly
when its mass is less than 10 percent of the total space-
time mass; cf. Fig. 1. The results of the comparison to
hydrodynamics on R x S for a representative component
of the boundary stress tensor is shown in the first panel
of Fig. 2. At early global times ¢, the solution converges
to behavior that is different from second order viscous
hydrodynamics by up to ~ 20%. At late ¢, the mismatch
between the solution and second order viscous hydrody-
namics is essentially zero to within truncation error.

From an R®! perspective, this BH-BH system consists
of two energy density lumps on the x3-axis, each of which
disperses in all directions. The resulting wave fronts have
a maximum overlap at the origin at about ¢’ ~ 0.5, which
then continue to disperse with energy density falling off
roughly as ~ 1/(¢')* at late times. A spacetime diagram
of the global AdSs bulk that summarizes this solution’s
dynamical horizon is shown in Fig. 3, and various snap-
shots of the energy density in Minkowski space are shown
in Fig 4. The time evolution of energy density egs.1(t')
at the origin is shown in the second panel of Fig. 2, along
with a comparison to ideal hydrodynamic evolution ini-
tialized with gravity data at three different Minkowski
times ¢’. Ideal hydrodynamics initialized at an early time
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FIG. 3: Spacetime diagram of the bulk solution for a BH-BH simulation with a 1.9% mass regulator BH. The vertical is
parametrized by pcosx for p € [0,1] and x € [0, 7], and the horizontal is parametrized by bulk global time ¢. The apparent
horizon (solid black line) bounds each trapped region (grey shaded region). At early times t < 7/16, there are three distinct
trapped regions corresponding to two physical BHs and a regulator BH at the origin. The physical BHs move towards each

other from rest and eventually merge with the regulator BH around ¢ =~

m/16. The resulting post-merger BH rings down and

eventually becomes quiescent at late times ¢ > 7. The Poincaré patch (blue shaded region) is the wedge shaped region that
tapers up towards t = w. The boundary of the Poincaré patch is where we extract all CF'T quantities.
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FIG. 4: Snapshots of the energy density egs.1 in Minkowski space for a BH-BH simulation with a 1.9% mass regulator BH,
linearly rescaled such that all panels attain the same numerical maximum, to emphasize qualitative features of the flow. The
four different panels contain the spatial profile of energy density in the x1 — x3 plane at four different constant ¢’ slices. One
can recover the full spatial dependence of the flow by simply rotating each of these panels about the x3 axis.

slice e.g. t' = 0.3 overshoots the maximum central energy
density of the gravity data, and continues to evolve at late
times to energy densities that are consistently larger than
those extracted directly from gravity. When initialized at
a sufficiently late time e.g. ¢’ = 2.1, the fluid-dynamical
evolution recovers good agreement with the energy den-
sity evolution of the gravity data, implying that the bulk
solution has entered the ideal hydrodynamic regime.

Conclusion — We have presented the first success-
ful numerical simulation of BH mergers in asymptoti-
cally AdSs spacetimes. We extracted the stress tensor
of the dual CFT corresponding to these mergers in the
bulk, finding non-equilibrium behavior at early times and
close-to-equilibrium evolution given by ideal hydrody-
namics at late times. At present, we are still limited
to modest initial separations, and thus boosts, of the BH

collision participants due to the difficulty in finding a
gauge in the bulk that leads to stable post-merger evolu-
tion. We believe that our work constitutes an important
step towards creating “realistic” models of the early, far-
from equilibrium stages following the collision of heavy-
ions. An imminent future effort is to relax the symmetry
in the bulk, to obtain flows that are able to make closer
contact with the flows observed at RHIC and the LHC.
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