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We study the multi-channel Kondo impurity dynamics realized in a mesoscopic superconducting
island connected to metallic leads. The effective “impurity spin” is non-locally realized by Majorana
bound states and strongly coupled to lead electrons by non-Fermi liquid correlations. We explore the
spin dynamics and its observable ramifications near the low-temperature fixed point. The topological
protection of the system raises the perspective to observe multi-channel Kondo impurity dynamics
in experimentally realistic environments.
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Introduction.—The coupling of a local quantum de-
gree of freedom (“impurity”) to an ideal Fermi gas can
generate strong correlations which ultimately may push
the system outside the realm of the Fermi liquid. The
best known realization of this phenomenon is the multi-
channel Kondo effect in the overscreened regime M > 2S,
where the impurity is a local spin-S degree of free-
dom and the Fermi gas is realized as a set of M one-
dimensional conduction channels. The multi-channel
Kondo effect has been the subject of a huge body of theo-
retical studies, and the non-perturbative mechanisms be-
hind the formation of its non-Fermi liquid fixed points are
by now well understood [1–7]. At the same time, the ex-
perimental realization of this seemingly rather basic sys-
tem is met with severe difficulties [8], since anisotropies
in the couplings between impurity and different chan-
nels are relevant perturbations [1]. As a consequence, a
delicate fine tuning of coupling constants is required, a
condition few if any realizations of the system are able to
meet. For the same reason, the highly entangled effective
degrees of freedom predicted to form at strong coupling
[2–5] have so far remained beyond experimental access.

The recently proposed “topological” Kondo effect [9]
promises a rather more robust realization of non-Fermi
liquid correlations. In this system, schematically indi-
cated in Fig. 1, the “impurity” is formed by the Mtot

Majorana end states of spin-orbit coupled quantum wires
in proximity to a finite piece of s-wave superconducting
material [14–16] — a setup realizable by current device
technology [18–23]. The mutual coupling hij between
Majorana bound states i, j = 1, . . . ,Mtot is often signif-
icant and can be tuned by external gates; in the spin
analogy, it plays the role of an effective Zeeman field.
Tunnel coupling M ≤ Mtot Majoranas to normal leads,
see Fig. 1, generates an effective Kondo setup, where the
“reality” of the compound Majorana states implies that
SO(M) rather than the more conventional SU(2) (but
see Refs. [24, 25]) plays the role of the symmetry group.
Importantly, the non-Fermi liquid Kondo fixed point of

such a device is self-stabilizing: Regardless of disparities
in the lead-to-Majorana tunnel couplings or other sources
of channel anisotropy, it will be approached at low tem-
peratures. Signatures of this flow in, e.g., the power-law
scaling of conductance coefficients have been the subject
of Refs. [9, 11–13].

However, arguably the most striking manifestation of
quantum criticality in the multi-channel Kondo effect is
the formation of a massively entangled effective degree of
freedom governing the system at strong coupling. In this
Letter, we argue that mesoscopic Majorana devices offer,
for the first time, a perspective to probe and manipulate
such type of quantum degrees of freedom within a chal-
lenging yet realistic experimental setup. The readout ob-
servables in this context are various transport coefficients
and “spin” expectation values, while the “knobs” to ma-
nipulate the non-Fermi liquid impurity are the Zeeman
field coefficients mentioned above. Our main findings are
summarized as follows: (i) We show that the Zeeman field
strongly affects the conductance coefficients, Gjk, as well
as the “magnetization”, i.e., the expectation value of the
Majorana spin components. On intermediate tempera-
ture scales, both observables can be accessed by pertur-
bation theory around the fixed point. We also propose
a scheme to experimentally probe the magnetization in
terms of a protocol involving a joint tuning of the Zee-
man field and the tunnel couplings to the leads. (ii) We
show that the Majorana spin has nonvanishing M -point
(M/2-point) correlation functions for odd (even) M , and
how these imply the existence of nonlinear susceptibilities
and frequency mixing. In the conventional two-channel
SU(2) Kondo model, such effects are absent. (iii) For
very low temperatures, the Zeeman field destabilizes the
Kondo fixed point. Specifically, a field with just one com-
ponent drives a crossover between two Kondo fixed points
with M →M − 2, which will manifest itself in a definite
change of, e.g., the temperature dependence of transport
coefficients.

Generally speaking, the macroscopic realization of our
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Figure 1. (Color online) Schematic setup leading to the topo-
logical Kondo effect. A floating superconducting island (cen-
ter square) with charging energy Ec supports a helical crossed
nanowire [10]; alternative realizations using several nanowires
are also possible. At the terminal points of the wires, Majo-
rana fermions γj (the circles) are present [14–16], M of which
are coupled to external leads (here M = 3). Direct tunnel
couplings hjk between the Majoranas act like a Zeeman field
on this “Majorana impurity spin”. The upper part illustrates
the optional coupling to a single-electron box via flux-tunable
tunnel amplitudes. This provides a way [17] to read out the
effective “magnetization” ∼ i 〈γjγk〉.

“impurity” in terms of long-range entangled Majoranas
should make the system more accessible than a “real”
spin or other microscopic few-level systems. It is also
worth pointing out that all phenomena listed above es-
sentially rely on the “Zeeman” coefficients hij , i.e., on
couplings generally considered obstructive to the obser-
vation of Majoranas. In the present context, the depen-
dence of observables on these quantities is a defining el-
ement of the theory, and it stands to reason that the
observation of any of the effects (i)-(iii) would provide
compelling evidence for Majorana fermions.

Model.— We consider a setup as shown schematically
in Fig. 1. The set of M Majorana fermions tunnel con-
nected to leads is described by operators γj = γ†j subject
to the Clifford algebra {γj , γk} = 2δjk [14–16]. The {γj}
compose a spinor representation of the SO(M) group,
and the M(M − 1)/2 different products iγjγk define the
components of the Majorana spin. The Hamiltonian de-
scribing the system at energy scales below the island
charging energy, Ec, is [9, 11–13]

H = −i
M∑
j=1

ˆ ∞
−∞

dx ψ†j (x)∂xψj(x) (1)

+
∑
j 6=k

λjkγjγkψ
†
k(0)ψj(0) + i

∑
j 6=k

hjkγjγk,

where ψj(x) is an effectively spinless right-moving
fermion field describing the jth lead; unfolding from

x < 0 to the full line is understood, with x = 0 at the
tunnel contact. (We set the Fermi velocity v = 1 and use
units with ~ = kB = 1.) The symmetric matrix of “ex-
change couplings” is given by λjk ≈ tjtk/Ec > 0, with
lead-Majorana tunnel couplings tj , while the direct cou-
plings hjk = −hkj between Majoranas act like Zeeman
fields. Concerning the remaining Mtot −M Majoranas
on the island which are not coupled to leads, we assume
that these have no direct tunnel couplings with the γj
[26]. For hjk = 0 and on energy scales below the Kondo
temperature

TK ' Ec exp

(
− π

(M − 2)λ̄

)
, (2)

with average exchange coupling λ̄, the model (1) scales
to the topological Kondo fixed point [9]. In contrast
to conventional multi-channel Kondo systems [1–7, 27],
anisotropy in the λjk is an irrelevant perturbation near
the fixed point, which in turn corresponds to an SO2(M)
Wess-Zumino-Novikov-Witten boundary conformal field
theory (BCFT) [5, 28]. While the ensuing physics can be
discussed within the framework of the Affleck-Ludwig [5]
BCFT approach (adapted to the SO2(M) case), it also
admits a more direct bosonization description.

Abelian bosonization.—In terms of bosonization, the
lead Hamiltonian in Eq. (1) is represented as Hlead =
1

8π

∑
j

´
dx[(∂xθj)

2 + (∂xϕj)
2], where θj and ϕj are dual

bosonic fields [6, 29] defined for x < 0, with boundary
condition ϕj(0) = (∂xθj)(0) = 0 at the tunnel contact. In
addition to the γj , the exchange coupling term in Eq. (1)
involves the lead electron operators at x = 0, which are
represented by ψj(0) = i√

a
Γje

iθj(0)/2 [30, 31] with the

short-distance length a. The Klein factors Γj = Γ†j es-
tablish anticommutation relations between electrons on
different leads [29], {Γj ,Γk} = 2δjk and {Γj , γk} = 0,
and can be represented as auxiliary Majorana fermions
[11–13]. Redefining λjk → aλjk, the exchange term then
becomes HK =

∑
j 6=k λjkγjΓjγkΓke

−i[θk(0)−θj(0)]/2.
Combining physical Majoranas and Klein factors to

the “hybrid” fermion operators dj = (γj + iΓj)/2, both
types of Majorana fermions enter only through the prod-
ucts pjpk of the parities of the hybrid fermions shared

between them, pj = iγjΓj = 2d†jdj − 1 = ±1. As par-
ity products commute, they can be simultaneously di-
agonalized, pjpk = ±1. At first sight, the pj them-
selves seem to generate good quantum numbers. How-
ever, the total fermion parity also has to be conserved,
Ptot ∼

∏Mtot

j=1 γj = ±1. This parity constraint holds
when no above-gap quasiparticles are accessible, and re-
flects the fixed total electron number on the island within
the topological Kondo regime. Since {pj , Ptot} = 0,
the parity constraint is violated by individual pj oper-
ators. Similar constraints on compound Majorana sys-
tems have been discussed recently [32–34], and must be
taken into account on top of the Clifford algebra. Here
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we have M − 1 independent conserved parity products,
e.g., pjpM = ±1, such that we arrive at a purely bosonic
problem for given collection {pjpk}.

Kondo fixed point.—For hjk = 0, the renormalization
group (RG) flow of the λjk proceeds towards an isotropic
strong-coupling fixed point. The effect of this becomes
transparent after an orthogonal rotation of the boson
fields, θ = (θ1, . . . , θM ) and ϕ = (ϕ1, . . . , ϕM ). Using
the unit vector v0 = 1√

M
(1, . . . , 1), we decompose them

to θ0 = v0 ·θ and ϕ0 = v0 ·ϕ, with the remaining M − 1
components θ̃j and ϕ̃j , respectively, along the directions
orthogonal to v0. This rotation decouples the (θ0, ϕ0)
sector, and the exchange term becomes

HK = −
∑
j 6=k

λjkpjpk exp

(
i

2
(wk −wj) · θ̃(0)

)
. (3)

The M vectors wj are of dimension M−1, with wj ·wl =
δjl−1/M , and span the field space orthogonal to the zero
modes. For each set {pjpk}, Eq. (3) defines a boundary
potential with minima forming a hyper-triangular lattice
[30, 31, 35, 36]. Near the λjk → ∞ fixed point, θ̃(0)
tends to be pinned to one of these {pjpk}-dependent min-
ima. The weak-coupling Neumann boundary conditions
of θ are thus dynamically replaced by Dirichlet condi-
tions for θ̃ near the Kondo limit. For hjk = 0, the lead-
ing perturbations are due to operators preserving {pjpk}
while tunneling θ̃(0) between adjacent minima [11, 12].
These perturbations are RG irrelevant, of scaling dimen-
sion ∆irr = 1 + M−2

M > 1, consistent with a stable fixed
point. ∆irr also coincides with that of the first descen-
dant of the adjoint primary, which we identify as the
leading perturbation of the SO2(M) BCFT. Near this
fixed point, the high-energy cutoff scale of the theory is
then set by the Kondo temperature TK in Eq. (2).

Majorana spin at strong coupling.—The Zeeman term
generates RG relevant perturbations which destabilize
the SO(M) Kondo fixed point. In terms of symmetries,
this is because the Zeeman field breaks an emergent time-
reversal invariance of Eq. (1). In terms of bosonization,
the reason is that γjγk does not commute with all possi-
ble products pmpn. This implies that additional tunnel-
ing processes can take place, where θ̃(0) connects minima
belonging to different {pjpk} sectors. For short enough
tunneling “distance”, such a process becomes RG rele-
vant. The corresponding scaling operator Sjk conjugate
to hjk can be inferred from symmetry arguments. In par-
ticular, Sjk should (i) conserve all pmpn products com-

muting with γjγk, (ii) respect the θ̃ Dirichlet conditions,
(iii) should have the same SO(M) rotational properties
as the Zeeman perturbation, (iv) commute with Ptot, (v)
conserve charge, and (vi) be a local operator acting at the
“impurity” position. Conditions (i) to (vi) determine [37]
the bosonized representation of the Majorana spin near

the Kondo fixed point: Sjk ∼ S(+)
jk +S(−)

jk consists of the

“bare” operator dressed by bosonic phase factors,

S(±)
jk = iγjγk cos

(
1

2
(wj ±wk) · ϕ̃(0)

)
. (4)

Depending on the sign, the operators in Eq. (4) have di-
mension ∆+ = 1 − 2

M (relevant) or ∆− = 1 (marginal),
identical to those of the adjoint primary and the descen-
dant of the identity, respectively. We have thus identified
these operators as the leading time-reversal symmetry
breaking perturbations of the SO2(M) BCFT. For small
hjk, it suffices to keep only the RG relevant operator in
the Zeeman term. This still represents a weak perturba-
tion around the Kondo fixed point on intermediate energy
scales, Th � E � TK , with TK in Eq. (2). Dimensional
scaling yields the Zeeman scale

Th = TK(h̄/TK)M/2, h̄ = max |hjk| . (5)

On energy scales below Th, the Zeeman field drives the
system away from the Kondo fixed point and nonpertur-
bative methods are needed.

Charge transport.—The currents Ij flowing through
the jth lead and the respective chemical potentials µj
define the conductance tensor Gjk = −e ∂Ij∂µk

. Using
the above bosonization approach, perturbation theory
in the Zeeman field yields the linear conductances for
Th � T � TK ,

Gjk
2e2/h

= Qjk −
sin(2π/M)

M

(
Th
T

)4/M ∑
l 6=m

h2
lm

h̄2
(6)

× (Qjl +Qjm)(Qlk +Qmk) +O(h4
jk),

with Qjk = wj · wk = δjk − 1/M . It is instructive to
analyze the diagonal term, Gjj , for just one non-zero
Zeeman component, say h12. Taking j 6= 1, 2, such that
γj is not Zeeman-coupled to other Majoranas, Eq. (6)
predicts a reduction with respect to the h12 = 0 result,

Gjj = 2e2

h
M−1
M . This reduction can be intuitively un-

derstood by noting that for T � Th, the Zeeman field
effectively removes the two Majoranas γ1 and γ2 from
the low-energy sector, and thereby drives the system to
a new fixed point with M → M − 2. For T � Th (and
M > 4), the conductance should therefore approach the

smaller value Gjj = 2e2

h
M−3
M−2 . This scenario has also

been found by exact Bethe ansatz calculations [38]. The
temperature dependence of the above conductance coef-
ficient is illustrated in Fig. 2.

Multi-point correlations.—Let us now address the cor-
relation functions of the Majorana spin components
at the Kondo fixed point. Two-point correlations are

always diagonal and given by 〈TτS(+)
jk (τ)S(+)

jk (0)〉 '
|TKτ |−2+4/M , where Tτ denotes imaginary time order-
ing. In fact, this correlator directly implies Eq. (6) for
the conductance tensor. However, the Majorana spin
also exhibits remarkable multi-point correlations. For
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Figure 2. (Color online) Schematic sketch of the tem-
perature (T ) dependence of the linear conductance coef-
ficient Gjj , with j 6= 1, 2, for M > 4 and a Zeeman
field with h12 6= 0. For T � Th, the conductance ap-

proaches 2e2

h
M−3
M−2

, as appropriate for the SO(M − 2) fixed
point. For Th � T � TK , on the other hand, it is
the SO(M) fixed point that governs the conductance, with

Gjj ' 2e2

h

(
M−1
M
− c1(Th/T )4/M − c2(T/TK)2−4/M

)
, where

c1,2 is of order unity.

clarity, we first consider the case M = 3, where the
three Majorana spin components define a vector with

Sj =
∑
kl εjklS

(+)
kl . Within a Coulomb gas interpreta-

tion for the bosonized expression of the Sj , see Eq. (4),
“neutral” phase combinations are required for the exis-
tence of multi-point correlators [39]. This leads to the
three-point correlator,

〈Tτ [Sj(τ1)Sk(τ2)Sl(τ3)]〉 ' εjkl
TK(τ12τ13τ23)1/3

, (7)

where τjk = τj − τk with all TK |τjk| � 1, and τ1/3 =
sgn(τ)|τ |1/3. Equation (7) is consistent with the SO(3)
group structure and BCFT fusion rules [5, 28], and has
observable consequences in the “spin response” to the
Zeeman field vector h with hj =

∑
kl εjklhkl. In fact,

perturbation theory in h entails from Eq. (7) the effective
action contribution

Seff ∼
ˆ
dt1dt2dt3

h(t1) · [h(t2)× h(t3)]

TK(t12t13t23)1/3
, (8)

where we switch to real time, τ → it, and allow
for a time-dependent Zeeman field. Taking h(t) =
(h1 cos[ω1t], h2 cos[ω2t], 0), the action (8) implies nonlin-
ear frequency mixing, i.e., a finite magnetization 〈S3(t)〉
that oscillates in time with frequencies ω1±ω2. Similarly,
for h(t) = (0, 0, h3 cos[ωt]) with ω � Th, the above action
predicts that an oscillatory “transverse” spin correlation
function is generated (t1 > t2),

〈S1(t1)S2(t2)〉 ∼ h3 cos[ω(t1 + t2)]F [ω(t1 − t2)], (9)

F (y) = (y/2)−1/6[Y−1/6(y) + J1/6(y)],

with the Bessel functions Yν and Jν . Since F (y � 1) '
y−2/3 cos(y − π/3), the envelope of the oscillatory corre-
lations in Eq. (9) has the slow algebraic long-time tail

∼ (t1− t2)−2/3. Finally, we note that similar multi-point
correlations appear also for M > 3. For odd M , the
Coulomb gas neutrality condition allows for M -point cor-
relations, while the M/2-point correlator may survive for
even M [37].

Experiment.—How can the above predictions be tested
experimentally? Our predictions for the conductance
should be readily observable in charge transport once
the Kondo regime T � TK has been reached; similar ex-
periments (but away from the Kondo regime) have been
carried out previously [18, 20, 22]. While the observa-
tion of the magnetization components is less straightfor-
ward, the presence of definite multi-point correlations (7)
makes them particularly interesting observables. For a
single nanowire with M = 2 Majoranas, several read-
out schemes have been proposed before in the context
of topological quantum computing [14–16, 40], by em-
ploying, e.g., a nearby quantum dot [17] or a flux qubit
[41]. Building on these ideas, we here propose to probe
the “magnetization”, ∼ i 〈γjγk〉, via the occupation of
the qubit state associated to the non-local fermion c =
(γj + iγk)/2. The readout of this state might proceed
in three steps: (i) Switch off all Zeeman couplings and
decouple all leads, e.g., by ramping up gates indicated
by vertical bars in Fig. 1, and reduce the charging gap of
the island, e.g., by the gate voltage. (ii) Tunnel couple
the end states j, k to a single-electron box. (iii) The oc-
cupation of the c fermion state may now be probed [17]
by detecting the charge state of the single-electron box
as function of its charging energy and of a magnetic flux
threading the system, see Fig. 1.

To conclude, we have studied the dynamics of the ef-
fective quantum impurity spin formed by the spatially
separated Majorana fermions in a topological Kondo de-
vice as shown in Fig. 1. This highly unconventional spin
exhibits rich and observable dynamics characterized by
nonvanishing multi-point correlations and nonperturba-
tive crossovers between different non-Fermi liquid Kondo
fixed points. We hope that the effects predicted here can
soon be observed experimentally.
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