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We consider how nonlinear interaction effects can manifest themselves and even be enhanced in
a strongly driven optomechanical system. Using a Keldysh Green’s function approach, we calculate
modifications to the cavity density of states due to both linear and nonlinear optomechanical in-
teractions, showing that strong modifications can arise even for a weak nonlinear interaction. We
show how this quantity can be directly probed in an optomechanically-induced transparency type
experiment. We also show how the enhanced interaction can lead to nonclassical behaviour, as
evidenced by the behaviour of ga correlation functions.

PACS numbers:

Introduction— The field of cavity optomechanics in-
volves understanding and exploiting the quantum in-
teraction between a mechanical resonator and photons
in a driven electromagnetic cavity. It holds immense
promise for both fundamental studies of large-scale quan-
tum phenomena as well as applications to quantum infor-
mation processing and ultra-sensitive detection, and has
seen remarkable progress in the past five years. High-
lights include the use of radiation pressure forces to cool
a mechanical resonator to close to its motional ground
state [1, 2] and experiments where the mechanical motion
causes squeezing of the light leaving the cavity [3, 4].

As remarkable as this progress has been, it has re-
lied on strongly driving the optomechanical cavity to
enhance the basic dispersive coupling between photons
and mechanical position. While the resulting interac-
tion can be made larger than even the dissipative rates
in the system [5-7], it is purely bilinear in photon and
phonon operators. As a result, it cannot convert Gaus-
sian state inputs into non-classical states or give rise
to true photon-photon interactions. Recent theoretical
work has addressed physics of the nonlinear interaction
in weakly driven systems [8, 9]. Unfortunately, one finds
that effects are suppressed by the small parameter g/wy;.

In this paper, we now consider nonlinear interac-
tion effects in an optomechanical system that (unlike
Refs. [8, 9]) is also subject to a strong laser drive; we con-
sider effects of this driving beyond simple linear-response.
We find somewhat surprisingly that one can use the
strong drive to enhance the underlying single-photon in-
teraction. Using non-equilibrium many-body perturba-
tion theory (based on the Keldysh technique (see, e.g.,
[10])), we calculate how these effects modify the cavity
density of states, and hence the cavity’s response to an
additional weak probe laser. This response is exactly
the quantity measured in so-called optomechanically-
induced transparency (OMIT) experiments [6, 11-13].
We find striking modifications of the OMIT spectrum,
effects which can be attributed to the nonlinear interac-
tion causing a hybridization between one and two polari-
ton states (with the polaritons being joint mechanical-

photonic excitations). We also find the possibility of
enhanced polariton-polariton interactions, which lead in
turn to non-classical correlations (as measured by a go
correlation function).

System— The standard Hamiltonian of a driven op-
tomechanical cavity is H = Hy + Haiss, with (h=1)

Hy = wealat+wnb btg (8* + 8) ala+(Vram(t)at+h.c.).
(1)
Here a is the cavity mode (frequency wc, damping rate
%), b is the mechanical mode (frequency wyi, damping
rate ), and ¢ is the optomechanical coupling. Hgiss de-
scribes dissipation of photons and phonons by indepen-
dent baths; a;,(t) is the amplitude of the drive laser.
We consider the standard case of a continuous-wave
drive (i.e. @iy (t) oc et and work in a rotating frame
at the laser frequency wy,. We further make a displace-
ment transformation, writing ¢ = e ~*r? (EL + ci>7 where
a is the classical cavity amplitude induced by the laser
drive. Letting A = WL — wWe, the coherent Hamiltonian
now takes the form H; + Hs with
H = —Ad'd+wub'o+Gd+dHb+0), (2

Hy, = gd'd(b+b). (3)

G = ga is the drive-enhanced many-photon optomechan-
ical coupling; we set g,a > 0 without loss of generality.
The most studied regime of optomechanics is where
a>1and g < k,wy. It is then standard to neglect
the effects of H,. In the absence of any driving, a sim-
ple perturbative estimate suggests that the effects of H,
enter as g2 /wyp, where the factor of wyy corresponds to a
virtual state with one extra (or one less) phonon. This
conclusion can be made more precise by exactly solving
the coherent, undriven system using a polaron transfor-
mation [8, 9]. Thus, in this standard regime, one can ig-
nore fI27 leaving only H 1, which is easily diagonalized as
H, = > oy Esélé,. Here ¢4 _ describe the two normal
modes of the system. As these modes have both photon
and phonon components, we refer to them as polaritons



in what follows. Their energies are:
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For A ~ —wj; and G > k, 7, the polariton energy split-
ting can be resolved experimentally [5-7].

Polariton interactions— Unlike previous work, we wish
to retain the effects of the nonlinear interaction ﬁg, but
also consider the effects of a large drive (and hence a large
many-photon coupling G). To proceed, we will treat the
effects of Hy in perturbation theory. We use a Keldysh
Green’s function (GF) approach which is able to describe
the non-equilibrium nature of the system. The linear
Hamiltonian H 1 along with the dissipative terms in Hdlss
define the free GFs of the system, which describe the
propagation of polaritons in the presence of dissipation.
Written in the polariton basis, the nonlinear interaction
H, gives rise to number-non-conserving interactions,

=Y
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(g;,“c,/a,,ej,éj,,aj,ﬁ + g8 netel epn + h.c.) (5)

where the coefficients gfg/i,, x g [14]. Note normal

ordering f[g in terms of polariton operators introduces

small quadratic and linear terms which modify the diag-
onalized form of H; (see EPAPS for details [14]).

We start by considering how single-particle properties
are modified by the nonlinear interactions; such proper-
ties can be directly probed by weakly driving the cavity
with a second probe laser (i.e. an OMIT experiment [11-
13]) or by measuring the mechanical force susceptibility.
Understanding these properties amounts to calculating
the self-energy [w] of both the polaritons due to H.
We have calculated all self-energy processes to second or-
der in g. Our approach captures both the modification of
spectral properties due to the interaction (i.e. the modifi-
cation of the cavity and mechanical density of states), as
well as modifications of the occupancies of the mechanics
and cavity. While our approach is general, we will focus
on the most interesting case of a high mechanical quality
factor v < wy, a cavity in the resolved sideband regime
wM > K, and a strong cavity drive, G 2 &

Our full second-order self-energy calculation finds that
for most choices of parameters, the polariton self-energies
scale as g?/wy and thus have a negligible effect for
the typical case where g < wy. However, effects are
much more pronounced if one adjusts parameters so that
E,. =2F_. This condition makes the term in Hg which
scatters a + polariton into two — polaritons (and vice-
versa) resonant. It can be achieved for any laser detuning
A in the range (—2wwm, —wn/2) by tuning the amplitude
@iy of the driving laser so that the many-photon optome-
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FIG. 1: Main: + polariton resonance in the cavity density of
states, for various values of the nonlinear interaction strength
g (as indicated), as obtained from Eq. (12) (with the inclusion
of energy shifts from Hy g [14]). For all plots, the laser drive is
at the red sideband A = —wwm, and G = 0.3wnm to ensure the
resonance condition E1 = 2FE_; we also take wni/k = 50, T =
0 and v = 10~*k. The peak splitting signals the hybridization
of a + polariton with two — polaritons. The dashed curve is
the result of a master-equation simulation for g = & [14].
Inset: Full density of states, same parameters, showing the
asymmetry between + and — polariton resonances.

chanical coupling G = Ges, where [23]

| = \/17A2w§4

Gres|A —A(wd + ALY/ (10 _AWM) .

(6)
In this regime, the dominant physics is well described
by the approximation Hy ~ Heg with

ﬁeﬁ

ZE cg+g(c+cc +hc)+ﬁNR,(7)

ﬁNR = Z (5 ¢lés + Z UM/c ca/cg/cg>. (8)

o=%

The second term in Heg corresponds to making a
rotating-wave approximation on the nonlinear interac-
tion H2 in Eq. (5), retaining only the resonant process;
g=g%_ 4 o g is the corresponding interaction strength
(Fig. 2a shows how § varies with A). The terms in
Hy g describe the small (i.e. o g2 /wyr) residual effects of
the non-resonant interaction terms in Eq. (5); we treat
them via straightforward second-order perturbation the-
ory (i.e. a Schrieffer-Wolff transformation). They play no
role in the extreme good-cavity limit wy > & [14].

Green functions for resonant nonlinear interactions—
Focusing on the resonant interaction regime defined by
Eq. (6), and using the simplified Hamiltonian in Eq. (7),
we obtain simple expressions for the retarded GFs of the
system. The retarded photon GF in the displaced, rotat-
ing frame is defined as

Gl = —i [ o (0. d O e, )

— 00



with similar definitions for the polariton retarded GF
GE [w] (0 = £). As usual, pglw] = —Im GF,[w]/7 de-
scribes the cavity density of states; GFj[w] also deter-
mines the reflection coefficient in an OMIT experiment
(see Fig. 2). A standard linear response calculation [14]
shows that the elastic OMIT reflection coefficient is given
by r[wpr] = 1 — ikepGE[wpr], where wy, is the frequency
of the weak probe beam, and kp, is the contribution to
the total cavity x from the coupling to the drive port.

In the limit of interest where x <« F,, there
are no off-diagonal polariton GFs or self-energies [14].
As a result, GEw] will be given as GHw] =
>, (C’UGfU [w] + Do [GE, [-w]] *>, where the change-of-
basis coefficients C,, D, are given in [14]. The Dyson
equations for the polariton retarded GF's are

GP W] = (w—Ey+irg/2—SE W), (10)

where k. is the effective damping rate of the ¢ polariton
[14]. Using the effective Hamiltonian in Eq. (7), a stan-
dard Keldysh calculation yields that to second order in
g, the polariton self-energies take the simple forms:

T A
SR W] = 455 — 1) (11b)

w—(Ey —E_)+i(ky +K-)/2

Here, 71, is the effective thermal occupancy of the o po-
lariton [14]; for § = 0, we have (¢lé,) = n,. We have
taken the limit g/wy — 0, and hence neglected the ef-
fects of the non-resonant terms Hyg in Egs. (11); the
explicit corrections due to these terms are given in the
supplemental information [14].

Egs. (11) are central results of this work. Eq. (11a) de-
scribes the fact that a single 4+ polariton can resonantly
turn into two — polaritons, and describes the hybridiza-
tion between these states that occurs for large enough
g. To see this explicitly, we consider the case of exact
resonance (i.e. E; = 2F_) and write

2K_—K4

1 1—1 T
GRlw = = - ;o (12)
277=ZiW—E++227%+775+

5y = \/292 (142n_) — (26— — ky)? /16. (13)

For § 2 k, we see that the + polariton GF has two
poles, corresponding to the new hybridized eigenstates.
We stress that these eigenstates do not correspond to a
fixed excitation number. Note that unlike the undriven
system [8, 9], the effects of the nonlinear interaction can
be significant even if g < wy;. Also note that the reso-
nant coupling between |+) and | — —) states is enhanced
at finite temperature by a standard stimulated emission
factor (1 + 2n_). The form of this GF and self-energy
are reminiscent to the photon GF for ordinary OMIT,

where a photon can resonantly turn into a phonon [11];
however, that effect does not involve any temperature-
dependent enhancement. ¥__ in Eq. (11b) describes a
process where the propagating — polariton of interest in-
teracts with an already-present — polariton to turn into
a +. As this process requires an existing density of po-
laritons, it is strongly suppressed at low temperatures.

We note that it is possible to use resonance to en-
hance the nonlinear optomechanical interaction without
strong driving, if one instead considers a system where
two cavity modes interact with a single mechanical res-
onator [15-17]; see also Ref. 18 for an alternate scheme
based on two cavity modes. Our approach has the benefit
of only requiring a single cavity mode; further, for drive
detunings near A = —wyy, it also has a natural resistance
against mechanical heating, as mechanical contribution
to the polariton temperature scales as y7i, /K, where iy,
is the mechanical thermal occupancy. While a low tem-
perature is not essential for the density-of-states effects
described above, it is essential for the correlation effects
discussed below. Finally, for superconducting microwave
cavities, the cavity linewidth s has a strong contribu-
tion from two-level fluctuators, and thus improves if one
strongly drives the cavity (as in our scheme).

Red-sideband drive— For a detuning A = —wy, the
polariton resonance occurs when G = 0.3wy;. For this
detuning, both polaritons are almost equal mixtures of
photon and phonon operators. One finds k, = (k+7)/2,
and that the resonant interaction strength g ~ —0.37g.
Because H; does not conserve the number of photons and
phonons, the polaritons are not eigenstates of dtd+bTh; as
a result, even at zero temperature, the effective thermal
occupancies scale as fi, x (G/wy)? < 1 [14]. The inset
of Fig. 1 shows the evolution of the cavity density of
states for these parameters as ¢ is increased from zero.
For g = 0, one sees two symmetric peaks corresponding
to the two polaritons, i.e. the well known normal-mode
splitting [19, 20]. As g increases, these peaks develop a
marked asymmetry. For g ~ &, a clear splitting of the +
peak occurs, corresponding to the resonant hybridization
of one and two polariton states. Fig. 1 also shows results
of a numerical (but non-perturbative) master-equation
simulation [14], showing our analytic approach is reliable
even for moderately strong g.

Large-detuned drives— The resonant-polariton inter-
action is also interesting for drives far from the red-
sideband, where the value of G,s < wy. For a laser
detuning near the minimum possible value A = —2wy
at which resonance is possible (and setting G = Gies),
the polaritons are each either almost entirely phonon or
photon, implying a very small value of § o< gG /wn. How-
ever, as the — polariton is now almost purely phononic,
its small damping rate and potentially large thermal
occupancy enhances the self-energy in Eq. (11a). We
can quantify these effects by considering the value of
palw = E4], which will be suppressed by the hybridiza-
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FIG. 2: a) Behaviour of g, Gres and Ceg as a function of
detuning A of the main laser drive. (b) Schematic of OMIT
experiment, where a weak probe beam at a frequency wp,
(defined in the lab frame) is reflected from the cavity. c):
OMIT reflection coefficient, with A, g given, G = Ghes[A],
Kep/k = 0.25, and remaining parameters identical to Fig. 1.
The dashed curve is the prediction of the linearized theory
(9 = 0,G # 0). (d) Same as (c) but with a larger control
laser detuning A ~ —2wjs. In this regime, the effect of even
a small g < k can be resolved as it yields a very sharp feature.

tion physics described here. One finds in general:

2/m 1

4% (14 2n-)
R4 1+Ceﬂ" a '

RyKk_—

palE+] = Cost (14)
For a detuning A ~ —2wyi, ko =~ v + (8/9)G?k /w3y,
where the second term is the effective optical damping.
As aresult, Cog o (9/k)?(1+2n7_). Even when Ceg < 1,
the small DOS suppression is extremely sharp in fre-
quency (with a width k_ < k), leading to an observable
feature. Further, the feature can be strongly enhanced
by simply increasing the mechanical temperature.

Fig. 2 shows the reflection coefficient |rwp,]|*> that
would be measured in a standard OMIT experiment
for both the case of a control laser detuning near —wy;
(Fig. 2¢) and near —2wy (Fig. 2d). As discussed, the wp,-
dependence of 7 reflects the structure in the cavity DOS.
The dashed curves in each panel are the predictions of the
usual linearized optomechanical Hamiltonian (i.e. g = 0,
G #0). For g ~ k, one sees a clear splitting of the reflec-
tion dip associated with the + polariton resonance. In
contrast, for ¢ < k, one can still see effects of the non-
linear interaction by taking A ~ —2wy, as one obtains
an extremely narrow feature in rwp,]. As an OMIT ex-
periment involves measuring average reflected power (as
opposed to fluctuations), such small, sharp features can
be resolved. The value of g/k = 0.01 used in Fig. 2d
is comparable to the value 0.007 achieved in Ref. [21];
even larger values of g/x have been realized in cold-atom
experiments (e.g. [22]).

Induced Kerr interaction— The nonlinear interaction
in the resonant regime defined by Egs. (6)-(7) leads to
a strongly enhanced two-particle interaction between —

polaritons, mediated by the exchange of a 4+ polari-
ton (Fig. 3). In a weakly-driven optomechanical sys-
tem, Eq. (3) implies that phonons can mediate an effec-
tive photon-photon interaction; however, as the virtual
phonon is off-resonance, this interaction U oc g?/wyr. In
contrast, the resonance condition Fy = 2E_ yields an
induced interaction Uses o< §° /K, an enhancement by a
large factor o< wy/k.

To assess the effects of the polariton-polariton in-
teractions, we weakly drive our system with a second
probe tone, and consider the go correlation functions
gou = (atalaa)/(ata)?, where u = b,d,ci,c_. ga, is
a measure of interaction induced correlations; go < 1 sig-
nifies non-classical correlation. Given the strong interac-
tion experienced by — polaritons when the resonance con-
dition Fy = 2F_is achieved, we expect that if the cavity
is driven at the E'— resonance, g will drop below 1.
This is indeed the result of a numerical, master-equation
based calculation (see Fig. 3 and [14]). An analytic cal-
culation based on a reduced state-space (similar to that
in Ref. [17]) reproduces these results. For a weak probe
drive at the E— frequency, it yields [14]:

1

T4 R (15)

92—
One also finds non-classical correlations for photons and
phonons. Shown in Fig. 3 is the phonon g function g
(for same parameters); it clearly drops below 1. The
double-peak structure of this curve is the result of the
drive inducing correlations between — and + polaritons;
it also occurs in the behaviour of (b'h) (see EPAPS for
more details [14]).

Conclusions— We have presented a systematic ap-
proach for describing nonlinear interaction effects in
a driven optomechanical system, identifying a regime
where a resonance enhances interactions between polari-
tons. We have discussed how this would manifest itself
in a OMIT-style experiment, as well as in g» correlation
functions. The polariton interactions we describe could
be extremely interesting when now considered in lattice
systems, or when considering the propagation of pulses.
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