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Nicolis and Piazza have recently pointed out the existehblmbu—Goldstone-like excitations in relativistic
systems at finite density, whose gamieactlydetermined by the chemical potential and the symmetry atégeb
We show that the phenomenon is much more general than aigdignd demonstrate the presence of such
modes in a number of systems from (anti)ferromagnets in etagfield to superfluid phases of quantum chro-
modynamics. Furthermore, we prove a counting rule for thesgsive Nambu—Goldstone bosons and construct
a low-energy effective Lagrangian that captures their dyina.
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Introduction—Trying to understand collective behavior of fied by the Hamiltoniar{ with an internal symmetry group
matter in nonlinear many-body systems is a challenge com&. In order to describe states with finite charge density, it
mon to many areas of physics. At long distances and lows customary to introduce a chemical potenfiaby H =
temperatures, excitations with vanishing or small gap &nas ‘H — u@Q, whereQ is one of the generators 6f. The vacuum
dominate the dynamics. The concept of spontaneous syn) is defined as the eigenstate Af with the lowest eigen-
metry breaking has been crucial for its understanding, asalue. Without loss of generality, we can taviq0> = 0.
it unambiguously predicts existence of gapless excitation Since the generatof€g; of the Lie groupG commute with the
the Nambu—Goldstone bosons (NGBs)—such as phonons ¢tamiltonian?, they are all time-independent in the Heisen-
magnons. For nearly five decades, however, their corredierg picturedefinedby ,
counting and dispersion relations eluded consistent under
standing. Recently, f[he present authors d_eveloped a uqified Qi(t) = /da: ¢ Mt=iP a0 () —iHt+iPa, (1)
framework to determine the number and dispersion relations

11211 i I =Y
Of NGBs [1,12], including their redundancies [3]. wherej? () are the corresponding local charge densities.

Cases where exact statements can be made about gappegyhen spontaneously broken, generators of the symmetry
modes are rare though. Kohn's theorem states that a gas gfoup( of the full Hamiltoniar? give rise to standard mass-
charged particles with Galilean invariance, when exposedt |ess NGBs. On the other hand, the observation made by Nico-
uniform magnetic field, sustains a collective mode withtfie ¢ |is and Piazza guarantees existence of pseudo-NGBs, dreate
clotron gapl[4]. Moreover, some soliton solutions to noeéin  py spontaneously broken generators that do not commute with
equations saturate Bogomol'nyi-Prasad-Sommerfield b&undQ' whose masses can be compuggelctlyby group theory.
allowing their energies to be determined based on symmetry By the standard Cartan decomposition, explicitly broken

alone [5], albeit with limited applicability to observabdgs-  generators can be split into paigs. ,—the roots—such that
tems. NGBs perturbed by explicit symmetry breaking effects

acquire small gaps and are usually called pseudo-NGBs [6]. Q,Qis] = £¢Q10, (2)
Yet their gaps in general can be computed only approximately

Recently, Nicolis and Piazzal[7] pointed out that the gapé’VhereQi" are some complex linear combinations of explic-

t—
of pseudo-NGBs can be determined in special circumstancegl.r{ glrglaiggteipyira?rioﬂré@i& )) 0 %)Fﬁ |.0§e\t/vL;1?crr]10i\g :g;ﬁs
Considering Lorentz-invariant syst turbed only b U = +ot)s J—a LI -
Onsidering Lorentz-nvariant systems perturbed only by & stly time-independent. Using Ed. (1), inserting a coetgl

chemical potential whose charge operator is spontaneous| :
broken, they showed that the masses of some pseudo-NG gt Of e|gens_tate|$z,p> of momentumP and e_nergw, and
carrying out integration over space, we obtain

can be computed exactly and are free of radiative correstion
We will call such statesnassive NGB{mMNGBSs). In the _ —i[En(0)—paolt| /1] 20 9
present Letter, we show that MNGBs appear in a much broader Ao = Z € {0175 (0)], 0}

class of systems; the theory need not be Lorentz-invaigant, , 3
L . i[Ey (0)+pugslt -0 2
the chemical potential operator spontaneously broken. We -> e 1(0]524(0)|n, 0)]".
provide a counting rule for the number of MNGBs and con- n
struct an effective Lagrangian description for them. Provided thatug, > 0, time-independence of the left-hand

General argument—Consider a many-body system speci- side andE,, (0) > 0 require(0|;°,(0)|n,0) = 0 for eachn.



If X is zero, implying(0[;9., (0)|n, 0) = 0 for eachn as well,  prevent the explicitly broken generators from acquiring ex

Qor = Qo + Qs andQ,; = —i(Q4, — Q) cannotbe  pectation values. Yet;1iq,(0|Q++(0) = (0|[1Q, Q+,]|0) =
spontaneously broken. Namely, there is no local fie(d) (0][Q+5,H]|0) = 0 thanks to?|0) = 0, so that(0|Q+.|0)

such that0|[Qsr.1(t), (0)]|0) # 0. must vanish for any nonzerg,. If we arrange the genera-
On the other hand, if, # 0, Q,r andQ, are broken tors asQ; = (Qir, Q11,- -+, Qmr, Q1 Q1s-- s Qi &)
spontaneously and there must be a siai@) with mass wherem = (dim G —dim G‘)/Q, the matrixp becomes block-
~ diagonalp = diag(2im A1, . . ., 2iTa\m, p), T2 being the sec-
H|n,0) = En(0)[n, 0) = pgo|n, 0) (4)  ond Pauli matrix. Thusk (rank p—rank 5) counts the number

o o ) of nonzeroA,’s. Assuming that there is at most one mNGB
such that0],(0)|n, 0) # 0 and(0[52,(0)|n,0) = 0. This o each pair 0fQ..,, this proves our counting rulgl(7). This
is the mNQB qssoma@ with the pa}&.g. ~assumption is natural if we can identify the mNGB state with

Our derivation clarifies several points on mNGBs. First, ) |0y in a suitable large-volume limit.
the assumptions of the underlying dynamics being Lorentz- | the following, we provide examples of mMNGBs, demon-
invariant and) being spontaneously broken [7] can clearly bestrating the validity of Eq.[{7) in physically interestingss
dropped. Also\, always plays the role of the order param- 1o ms [11].
eter for chargeg), g,;. Finally, (0152, (0)[n,0) = 0 for all Ferromagnet—The Hamiltonian of a ferromagnet enjoys
n meansQ)i,|0) = 0, while if A, is nonzero)_,|0) # 0. the internalG = O(3) symmetry group of spin rotations. In
This obsgrvatlon leads to a S|mp_ler,~ albeit less rigorous, U he ground state, individual spins are aligned, breakiig th
derstanding of MNGBs. EQ.I(2) giV€R, Q0] = F119:Q+s  symmetry down to it€)(2) subgroup. The two broken gen-
which implies that)_,|0) has energy.q,. As there cannot  grators give rise to a single type-B NGB with a quadratic dis-
be a state with energy lower than the vacudim, |0) has to  hersjon relation at low momentum—the magnidn [2, 8].
vanish. Our argument is reminiscent of Kohn's theorem [4],  consider now switching on a uniform magnetic fiddori-
allowing for a unified comprehension of the two phenomena.enteq in the:-direction. This amounts to breaking the sym-

Number of mNGBs-For a proper understanding of the metry explicitly toGG = O(2) by adding to the Hamiltonian
low-energy dynamics of the system, it is important to know_, "Bg " (,, B > 0), where S is the total spin operator
the number and dispersion relations of NGBs. Denoting the\nq ,  is the magnetic moment. This term can be viewed
broken generators @ as@,, the former is given by [1./2], as a chemical potential = y,,, B for the generato€) = S.,.

Giventhat]S,, Si+| = £S5+ whereSy = S, £S5, S- must

1 . L .
NNGB = Na + NB, nNa =npge —rankp, ng= §rankﬁ’ excite a mNGB of gap, which is just the magnon with en-
(5)  ergy lifted by the magnetic field [12]. The operatgr an-
wherengg is the number of broken generators and nihilates the ground state. Both of these assertions ase eas

to understand from the fact that the vacuum corresponds to
the state with maximum spin in the direction of the magnetic
field, and the magnon to an excitation caused by flipping one
of the spins. Note that the counting rulé (7) predicts the cor

Q being the spatial volume. The type-A and B NGBs gener- . —
9 P yp 9 rect number of MNGBSs, that ismnes = 252 = 1. Also, the

ally have linear and quadratic dispersions and correspond tgeneratorQ in this example is not spontaneously broken, in
type-I and Il in the Nielsen-Chadha theorem [8], even thoughL o<t 1o the assumption made in Ref. [7]

this is not always the case [9]. Each type-B NGB is described s niterromagnet—In the absence of a magnetic field, as-
by a .canon|cally~conjugate pair of broken gener.atggsand sume the spins are oriented alternately along:theis; G =

Qp with nonzerop,;,, hence two broken symmetries count as () 3y s hroken to0 (2) just like in a ferromagnet. In this case
Qne_degree c_)f_freedom, whereas type-ANGBs are St"’md""llo'?ﬁere are two type-A NGBs, one for each broken generator.
like in the original Nambu—Goldstone theorem. Applying a magnetic field along theaxis leads to an insta-

Here we address the question of counting the mNGRBs [1O]bility as the NGBs attempt to acquire masses — +/i,, B
Namely, we show that their number is given by "

fas = =i Jim_(0[1Qu Q1]10), ©)

The ground state rearranges with alternating spins pantin
1 in an orthogonal direction instead, say alongthaxis. Then
mNGB = 5 (rank p — rank ), 7 Q= S. is a spontaneously broken generator which commutes
with H and creates a gapless type-A NGB. On the other hand,
where the matrix is defined analogously to E4.](6) for all the pair of generatorS,, S, is explicitly broken, creating a
generators of7 instead of justG. To that end, we have to mNGB with gapu.. The magnetic field induces a small mag-
further specify the structure of the Lie algebra. First,ust netization along the-axis, and hence,, = (0|[S;, S,]|0) #
choose the maximal number of mutually commuting generad. Consequentlypmncs = # = 1, consistent with Eq[{7).
tors of G, including Q itself, to form the Cartan subalgebra. Such mNGBs have been discussed before in the context of the
By a proper choice of the vacuu), we can ensure that these electron spin resonance phenomenon [13].
Cartan generators are the only generator§ ¢hat can have Relativistic Bose-Einstein condensatiemds an explicit
a nonzero vacuum expectation value [1]. This alone does naxample wherg £ 0, consider a theory of a complex scalar



3

doubletg with a globalG = SU(2) x U(1) symmetry, tial breaks this explicitly toG = U(1)r, x U(1)g. Pion
_ fyu 2 1 2 condensate now develops at any nonzero chemical potential,

L = Dud'DE$ = M7¢'6 — NST0)", ® breakingG spontaneously t&/(1). Thus, there is one type-
where Do¢ = (9o — iu)¢. This model features a relativis- A NGB in the spectrum. Moreover, given the commuta-
tic Bose-Einstein condensation (BEC) phase/or M, in tors [V, R+] = +Ry and[Vs, L+] = 4Ly, we find that
which the symmetry is spontaneously broken f6@)" sub-  (0|V3|0) = —2i(0|[R1, R]|0) = —2i(0|[L1, L»]|0) # 0, as
group. The three broken generators produce two NGBs, ong result of which there aré;° = 2 mNGBs according to
type-A and one type-B [14], consistent with Eg. (5), since on Eq. (7). This is consistent with explicit calculations; k-
of the SU(2) charges develops nonzero density in the groundional mMNGB has the quantum numbers of theneson.
state, henceank p = 2. The presence of MNGBSs has also been noted in the diquark

The type-B NGB in this model has an “antiparticle”, car- BEC phase of two-color QCD. In case of two quark flavors,
rying opposite charge. Its mass equajsand does not re- these are the three pions, with the mass equal to the baryon
ceive radiative corrections [15]. To see why, note that wherthemical potential, as observed in analytic calculati@is |
w = 0, the Lagrangian enjoys an extended internal symmetry22] as well as on the lattice [23]. An additional mMNGB again
G = S0(4) =~ SU(2)L x SU(2)r. This is most easily seen appears in the limit of massless quarks. Similar conclission
by defining a2 x 2 matrix® = (¢, i2¢"), which transforms  can be reached for an arbitrary even number of flavors [21].
underG as® — UL @UFT{. Denote the generators@fasL and Effective Lagrangian formalism-The effects of the chem-
R, respectively; they are both given by a half of the Pauli ma-cal potential can be captured by a low-energy effectivelfiel
trices. TheSU(2) rotations of the doublet now correspond theory (EFT). Assume first that at= 0, the symmetry group
to SU(2),; the U(1) phase transformations are generated byG is broken spontaneously to its subgratdp Insofar agu is
2R3. The remaining two generators t/(2)r are explicity ~ much smaller than the scale of this breaking, it can be tdeate
broken by the chemical potential In the BEC phase, the as a perturbation. One constructs an EFT based on the coset
condensate can be chosen@®|0) ~ 1 so that they are also spaceG/H [12,124] and introduceg as a constant temporal
broken spontaneously. Since tiie. generators oSU(2)g gauge field|[25]; no additional free parameters are invalved
satisfy the commutation relatid@R3, R+] = +2R., Eq. [3)  Assuming spatial translational and rotational invariartbe
implies thatR_ creates a mNGB with magg:, in agreement lowest-order terms in the effective Lagrangian read [12]
with the explicit calculation. Indeednmnes = % = 1. o
This example obviously admits a generalization to a large Lot =co(m)7 + e;(m)p' + 5gab(w)th“thb
class of relativistic linear sigma models with chemical po- 1 9)
tential [16,17], the key ingredient being an extended dloba — Egab(w)Vw“ -Vt
symmetry when the chemical potential is set to zero.

QCD-like theories—Quantum ChromoDynamics (QCD) Heren® (a = 1,...,dim G/H) are NG fields, whilgja ()
with two degenerate quark flavors possesses an approximaaddg.,(m) are bothG-invariant metrics on the coset. Under
globalSU(2)1, x SU(2)r chiral symmetry. A nonzero quark an infinitesimal symmetry transformation defined by a set of
mass breaks this explicitly to th@& = SU(2)y subgroup gen- parameters’ (i = 1,...,dim G), the coset fields change as
erated byl = R + L. The chiral condensate in the QCD 67 = €'h{(w), whereh{(r) are the KiIIing vectors of the
vacuum breaks the symmetry spontaneously in the same waljietrics. The covariant derivative I3; 7" = — p'hi(m).
resulting in three pseudo-NGBs in the spectrum: the pions. ~ EXplicit expressions can be obtained US'”Q the formalism

Nonzero chemical potential, for V5 breaks the exact Of Ref. [26]. Denoting now the broken group generatorias
symmetryG further to itsG = U(1); subgroup, generated and the unbroken generatorsas we represent the coset el-
by V5. While the mass of the neutral pion is insensitive toement byl (r) = ¢'"*™" and define the Maurer-Cartan form
1, the masses of the charged pions becamet 1. Conse-  aSw,(m) = Tyw} (1) = —iU () "' 32U (x). Then [27],
quently, oncey > m,, the positively charged pion undergoes . J ;

BEC, breaking the residu&él symmetry spontaneously [18]. 9ab(m) = gea(0)wg(mwy (), es(m) = vf(m)e; (0), (10)
Therefore, the spectrum in the pion BEC phase exhibits one  h%(m)wb(7) = 12(1), ca(r) = —wi (7)ei(0),

true, type-A NGB. However, the ground state has a nonzero ,

|sosp|n den5|ty<()|V3|()> = —Z<O|[V1,V2]|O> and Eq. [I_'V) im- Whel’el/ ( ) is defined b)/TJ ( ) = U( )_1T U( ) For
plies that there is also one mNGB. Such a state has indegnsistency with thé&-invariance of the action, the effective
been found using effective field theory [19] as well as vari-couplingse;(0) and g.;(0) must sat|sfyfj e;(0) = 0 and
ous model approaches [17,20] and can be identified with th¢; g.,(0) + fcbgac( ) =0, Wheref’“ are the structure con-
neutral pion in the superfluid medium. As opposed to thesstants ofG. Slmllar expressions hoId fgr. Using Eq. [(T10D),
approximate calculations, the result of Ref. [7] nevedbsl the effective Lagrangianis now completely fixed by the value
ensures that its mass is exactly equaktoThis follows from  of ¢,,(0) andg,;(0), encoding decay constants of the NGBs,
the commutation relatiofVs, Vi] = £V. and ofe; (0), expressing charge densities in the ground state.

In the limit of massless quarks, the full symmetry be- With the effective Lagrangian at hand, one first has to deter-
comesG = SU(2)L x SU(2)g; isospin chemical poten- mine the ground state triggered by the chemical potentiel; t
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