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We derive a relativistic chiral kinetic equation with manifest Lorentz covariance from Wigner
functions of spin-1/2 massless fermions in a constant background electromagnetic field. It contains
vorticity terms and a 4-dimensional Euclidean Berry monopole which gives axial anomaly. By inte-
grating out the zero-th component of the 4-momentum p, we reproduce the previous 3-dimensional
results derived from the Hamiltonian approach, together with the newly derived vorticity terms.
The phase space continuity equation has an anomalous source term proportional to the product

of electric and magnetic fields (F,,F°? ~ E,B°).

This provides a unified interpretation of the

chiral magnetic and vortical effects, chiral anomaly, Berry curvature, and the Berry monopole in

the framework of Wigner functions.

PACS numbers: 25.75.Nq, 12.38.Mh, 13.88.+¢

Introduction. — The Berry phase is a topological
phase factor acquired by an eigen-energy state when it
undergoes adiabatic evolution along a loop in parameter
space [1]. It is in close analogy to the Aharonov-Bohm
phase when a charged particle moves in a loop enclos-
ing a magnetic flux, while the Berry curvature is like
the magnetic field. The integral of the Berry curvature
over a closed surface can be quantized as integers known
as Chern-Simons numbers, which is similar to the Dirac
magnetic monopole and has deep connection with the
quantum Hall effect. The Berry phase is a beautiful, sim-
ple and universal structure in quantum physics and has
many interesting applications, for a recent review of the
Berry phase in condensed matter physics, see e.g. Ref.
2.

Recently it has been found that features of the Berry
phase due to a 3-dimensional momentum monopole
emerge in a chiral kinetic equation without manifest
Lorentz covariance |3, 4]. A semi-classical kinetic equa-
tion has also been derived in an electron system with
Berry curvature [5]. Chiral anomaly is an important
quantum effect which is absent at the classical level. It
is manifested in the chiral magnetic and vortical effect
(CME and CVE) [6]] as electric currents induced by
magnetic field and vorticity. Such effects and related top-
ics have been investigated within a variety of approaches,
such as AdS/CFT correspondence [9-13], relativistic hy-
drodynamics [14-18], and quantum field theory [7, [19-
25].

In this paper we will derive a new chiral kinetic equa-

tion with manifest Lorentz covariance from the Wigner
function [26]. Such an equation can provide semi-classical
description of quantum transport phenomena. We will
show that such a chiral kinetic equation incorporates fea-
tures of the Berry curvature and 4-dimensional Euclidean
monopole. These results reveal the inherent connection
between the Berry phase and gauge invariant Wigner
functions. One advantage of our approach is that the
vorticity effect in the chiral kinetic equation can be de-
rived straightforwardly which, apparently, is not the case
in other approaches. We also show that the previous non-
covariant kinetic equation [3, 4] is equivalent to our co-
variant one in the case of zero vorticity after we integrate
over the zero-th momentum pgy. The relativistic chiral ki-
netic equation in our approach is quite general and valid
not only for Fermi liquid as in Ref. [3, [4] but for any
relativistic fermionic system. The phase space continu-
ity or Liouville’s theorem can be shown to be broken by
an anomalous term proportional to the product of elec-
tric and magnetic fields. So the phase space measure is
not conserved. It is modified by a factor related to the
Berry curvature. We will also show that the conserva-
tion law of the right- and left-hand currents is broken by
anomalous terms, which can be given by the flux of a
4-dimensional monopole in Euclidean momentum space.
Therefore we provide a unified interpretation of a variety
of properties such as CME/CVE, chiral anomaly, Berry
curvature and 4-d Euclidean monopole in the framework
of Wigner functions. We will use the metric convention
g" = diag(1,—-1,-1,-1).



Equation of motion with Berry curvature in 3-
dimension. — We will follow an example in Ref. 3] to
illustrate the concept of Berry curvature. We consider a
Hamiltonian H' = o - p for spin-1/2 fermions in addition
to the normal part H(p,x), where o are Pauli matrices.
Under an adiabatic evolution, the path-integral action
for fermions with positive helicity is

5= /dt(x-p+X~A(X) —p-a(p) - Hp,x), (1)

where A(x) is the electromagnetic vector potential and
a(p) is the vector potential in momentum space resulting
from diagonalizing H' in path integral. We can generalize
the coordinate variables by combining p and x, &, =
(p,x) with a =1,2,--- ,6. The action can be cast into a
compact form,

5= / A0 ()60 — H(E)). ()

where 7, = [a(p), —p — A(x)]. The equations of motion
are

b = —3225) (3)

where Yop = 0076 (§) — 074 (€) is given by

0 Q3 —Q -1 0 0
—Q3 0 1 0 -1 0
e - 0 0 0 -1
h/ab]_ 1 0 0 0 —Bs B, ) (4)
0 1 0 Bj 0 —-B;
0 0 1 —-By B 0

where @ = V, x a(p) is the Berry curvature and B =
V x A(x) is the 3-dimensional magnetic field. The deter-
minant of [v,5] is det[yas] = (1+€2-B)2. We see that the
invariant phase space volume becomes +/det[yq]d®>xd>p,
where y/det[vs] = |1 + € - B] indicates the change of
phase space volume with time [27].

The Wigner function approach — In an alternative
quantum kinetic theory approach, the classical phase-
space distribution f(z,p) is replaced by the Wigner func-
tion W (z, p) in space-time x and 4-momentum p, defined
as the ensemble average of the Wigner operator [28-30]
for spin-1/2 fermions,

A~ 4 ; -
Wag :/(3734e_lp'ywﬂ(ier)U(%x—)¢a($—)= (5)

where 1, and 15/3 are Dirac spinor fields, x4 = =z + %y
are two space-time points centered at x with space-time
separation y, and the gauge link U,

Ulz,,z_) = "R Jol dZMA;L(Z), (6)

ensures the gauge invariance of Wag. Here @ is the elec-
tromagnetic charge of the fermions, and A, is the elec-
tromagnetic vector potential. To simplify the quantum

kinetic equation under a background field we consider
a massless and collisionless fermionic system in a con-
stant external electromagnetic field F),, in the lab frame.
The Wigner function for spin-1/2 fermions is a matrix
in Dirac space and satisfies the quantum kinetic equa-
tion [28-30], v, (p" + £V*)W (z,p) = 0, where v*’s are
Dirac matrices and V¥ = 9 — QF",0;. The Wigner
function can be decomposed in terms of 16 independent
generators of the Clifford algebra whose coeflicients are
scalar, pseudo-scalar, vector, axial vector and tensor re-
spectively. The vector #},(z, p) and axial-vector <7, (z,p)
component of the Wigner function can be determined by
the quantum kinetic equations (i.e. Egs. (5-8) of Ref.
[26]) to the first order of space-time derivative d, and
the field strength F),,:

87,
d(u - p)

1
Fr = p“&(pQ)ZO + ipu[u“w” —u’wh 5(p2)
—Qpu[u"B” —u”B"] Zyd' (p°)
“"QE#APUUAP;)EUZO(S/(I)Q), (7)

where & = (’7/,&(27), ZQ = (VQ,A()), Z_O = (AQ,‘/O), with
the first order solutions Vp and Ay given by

[%7 AO] = Z 6‘(81}, 'p) [(fs,R + fs,L)v (fS,R - fS,L)] )
s==+1
fx = L (= RI), ()

(271’)3 es(u'p*#x)/T + 17

where R(L) denotes the right (left)-handed fermions and
urr = p £ ps. We have used notations E, = ufFy,,
B, = (1/2)espput F¥P and w, = (1/2)€umpou”0Pu’,
which depend on x only via the fluid velocity u(z). We
use Z¢" to denote the zero-th order term p*é(p?)Zp in
Eq. (@) and 27" for the first order terms.

The vector and axial-vector current and the energy-
momentum tensor can be derived from ¥* and &/* in
Eq. (@) by integrating over momentum: j* = [d*p¥*,
jt = [d'pa/”, and TH = %fd‘lp(p‘“//” + p?¥*). The
current j* contains two parts proportional to magnetic
field and vorticity, known as the CME and CVE [6-8, [14],
respectively. So both effects are contained in the Wigner
function [26]. These currents and T#¥ are shown to obey

conservation equations [26]: 9,j* = 0, 0,7t = —%E-B,
and 0, TH = QF"?j,.
Lorenz covariant chiral kinetic equation. — Now we

try to derive a new form of Lorentz covariant chiral ki-
netic equation in 4-dimensions from Eq. (6) of Ref. [26],
ie. V,Z* =0, which holds for the zero-th and first or-
der Wigner function 2" and 2/ separately. The zero-th
order equation V, 2" = 0 can be rewritten as,

V.2 = (0 — QFLO,)[p"(p°) Zo)
= (P [p'DE — QP Fudu)Zo = 0.  (9)

Here Z; is the phase space distribution function and
given in Eq. (8. Eq. (@) is a Vlasov-like equation, from



which we can extract dz?/dr = p”/mg and dp"/dr =
Qp* Fu,/mo, where T is a world-line parameter, mg is a
quantity with mass dimension (but not the fermion mass
since we are considering massless fermions) which can
be scaled away by collision terms, and Qp*F),, /mq is a
general Lorentz force.

Now we rewrite the first order equation V, 27" = 0in a
way that only terms of spatial and momentum derivatives
of Zy are kept,

V2 = Qi(p*)[(u-b)B" — (b- Byu"
—|—e“”pau,,prg]8#ZO

+00) [ + )0

20 (p-w) (b)) 9,20
~Q%(*)(E - BV 3 Zo

+Q30?) (e B

1
_2

+ <@ wp,F ’7] OZy=0. (10)

where b = —p° /p?. The first two terms are proportional
to Oy Zy and the last two terms are proportional to 92 Z.
We will show that §(p?)b? is a 4-dimensional monopole
in Euclidean momentum space. Combining Eq. (@) and
(@), we obtain the Lorentz covariant chiral kinetic equa-
tion

%v (V4 /M) =0
S 50 [‘“ ey ap] Fan =0, (11)

where the upper/lower sign corresponds to the right /left-
hand distribution, and dx?/dr and dp®/dr are given by

ocidi = p7£Q[(u-b)B” — (b B)u” + " uabs B,
T
+ Bw" +w(p-u)b-u) —2u’(p-w)(b- u)} ,
d (ol
mot— = ~Qp,F*F QX(E- B)Y

I ———

Here we have used notations

1
friL = §(V0 + Ap) = Z O(su-p)fsr/L- (13)
s==+1
Using the spatial and momentum divergences,
N
Oy |:d—7'6(p )] =0,
dp o 2 D[, 2
0 | 500" = FQUE- B0, (1)

we obtain
dx® dp®
0 [ S50 g+ 02 [ 567)| i

— FQX(E - B)oL 6(p)) fryw- (15)

It is interesting to see that §(p?)dx? /dr is conserved but
§(p*)dp® /dr is not. We can combine Eq. ([I5) with the
chiral kinetic equation (II]) to obtain the Liouville equa-
tion or the phase space continuity equation,

00 | 5250 ) + 02 | 25067 |
= FQXE - BYOLY 50 i

In deriving Eqgs. ([IHIG), we have used the conditions
uow? = ud,B” =0, duwt =0, 9,B" = 2w - E),
Hu? = e M wy, eopnﬁu,,aaEg =0, uoputw’B? =0,
PP = —26{1‘5/], oPb® = —2/p?, and 92[6(p?)] =
20,6(p?). We see in Eq. ([[6) the breaking of continu-
ity for the phase space density by an anomalous term
proportional to E - B.

The vector currents for right- and left-hand fermions

can be given by integration over 4-momentum from
dz? /dT as

(16)

dz°
e — d4 5 2
JR/L / po(p°)——fr/L

1 -0 e
= 07, (17)
where j7 and j¢ are given in Eqgs. (17-18) of Ref. [26].

The energy-momentum tensor can also be obtained from

dx? /dr,
o dx? dzr
TP — d4
/ p( o dT)

which gives Eq. (19) of Ref. |26]. Note that the vorticity
terms in Eqs. ([III2) are necessary for the presence of
the CVE in j%/L and T7°.

Chiral kinetic equation in 3-dimensions. — We can
obtain the chiral kinetic equation in 3-dimensions by in-
tegration over py for the Lorentz covariant chiral kinetic

equation (I as,

(18)

dz? . dp?
[ amst) |40z i+ L sgu| <0, (19
T dr
which amounts to calculating the following integrals

p'n,
I = / Apod () 25 F (z.p).

with n = 0,1,2. We use the ie prescription

1 1 1



to evaluate the integrals by enclosing the pole pg = |p|—ie
in the lower half-plane of py, where € is a small positive
number. Then we can derive the chiral kinetic equation
in 3-dimensions from Eq. (I9),

dx

dt dp
gatfR/L to Vxfr/L + o Vofr/L =0, (21)

where dt/dr, dx/dr and dp/dr are given by

Z—t = 1+QQ-B£4|p|(Q- w),

-

X Q- OBLQEX Q)+ w,
dr p|
dp _ . 2

- = QE+pxB)+Q*(E B)Q

FQP|(E-w)Q2£3Q(Q2-w)(p-E)p, (22)

with p = p/|p| and the 3-dimensional Berry curvature
Q = p/(2|p|?) 3, 4]. Turning off the w terms in Eq.
@2), we reproduce Eqgs. (14-15) in Ref. |4]. Note that
the w terms in the chiral kinetic equation in 3-dimensions
come naturally from the Lorentz covariant chiral kinetic
equation in 4-dimensions.

Anomaly and 4-dimensional Berry monopole. — From
Egs. (), the anomalous conservation law of the left- and
right-hand current can be derived from 0,j* = 0 and

_ 9L p.B,

272

8Mjg =
Q?

On the other hand, we can understand the chiral anomaly
in Eq. (23) from the perspective of a 4-dimensional Berry
monopole. To this end, we act 9, on Eq. (1), use Egs.
(@6 and carry out the integral in Euclidean space,

0505, = FQX(E - B) / dApOP [ 55 fr 1

100

1
= FQ*(E-B)=Im dpod®p
™ — 100
p? 1
<08 [ e
1 [ 7
= iQ2(E'B)—/ dpad®pdP” p—f Ir/L
T J-—co PE
Q2
= +—(F-B). 24
47T2( ) (24)

We have used 7d(x) = —Im[1/(z+1i€)] and taken analytic
continuation py = ipy and p? = —p%. Note that in the
second equality of Eq. ([24) the poles in Minkowski space
are pg = £+/|p|? — ie = £|p|F e, in order to avoid these
poles in Wick rotation the integral limit of pg should
be [—ioco,i00] which corresponds to [—oo, 00| for the py
integral. We have also used

Or® (p% /o) = 2726 (p,). (25)

Although for pg # 0, we have 927 (p% /p};) = 0, but the
integral is non-vanishing, since

/ d'pd?s (v3/ph) = f 0S5 095 vy = 20%. (26)

Note that the n-volume of n-sphere or the hyper-surface
area of (n+1)-ball with radius R is given by S, =
27+ D/2/T((n 4+ 1)/2)]R™.  So we see that &(p?)b°
plays the role of the Berry curvature of a 4-dimensional
monopole in Euclidean momentum space, where the sin-
gular point of the monopole is located at pp = 0. This
is related to the 3-dimensional case by simply imposing
the on-shell condition [ dpod(p?)b” = (0, £2/2).

In fact, Eq.(@) has encoded the Berry phase already.
When a plus helicity fermion moves under a weak exter-
nal electromagnetic field, its momentum changes adiabat-
ically from k to k’. The Wigner function could develope
a nontrivial Berry phase related to the matrix element
<k + 0k trWFyO‘ k> oc uf (K" )u(k) ~ €% where we have
uf(k)u(k) = 1 and a® = iul(k)0fu(k) = (a,a). The
curvature w® = 9%a® — 85 a® yields a Berry magnetic
field ¥ = *Q* but no Berry electric field (w” = 0).
Thus, the 3-dimensional a and €2 are naturally embedded
in the 4-dimensional result.

In summary, we have shown that the Berry curvature
and a 4-dimensional monopole in Euclidean momentum
space emerge in a new chiral kinetic equation with mani-
fest Lorentz covariance. The chiral anomaly can be inter-
preted as the flux of this 4-dimensional monopole. There
are vorticity terms in this chiral kinetic equation which
are necessary for the presence of the chiral vortical ef-
fect. The 3-dimensional chiral kinetic equation can be
obtained from the Lorentz covariant one by integration
over the zero-th component of the 4-momentum. It con-
tains vorticity terms in addition to what is previously
derived in the Hamiltonian approach. The phase space
continuity equation has an anomalous source term pro-
portional to the product of electric and magnetic fields.
Our approach to the chiral kinetic equation is quite gen-
eral and valid for relativistic fermionic systems.

Note added: During the completion of this work, we
learned that Son and Yamamoto were also working on
the similar topic [31].
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