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We perform measurements of phase-slip-induced switching current events on different types of
superconducting weak links and systematically study statistical properties of the switching current
distributions. We employ two types of devices in which a weak link is formed either by a super-
conducting nanowire or by a graphene flake subject to proximity effect. We demonstrate that,
independently on the nature of the weak link, higher moments of the distribution take universal
values. In particular, the third moment (skewness) of the distribution is close to −1 both in thermal
and quantum regimes. The fourth moment (kurtosis) also takes a universal value close to 5. The
discovered universality of skewness and kurtosis is confirmed by an analytical model. Our numerical
analysis shows that introduction of extraneous noise into the system leads to significant deviations
from the universal values. We suggest to use the discovered universality of higher moments as a
robust tool for checking against undesirable effects on noise in various types of measurements.
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Introduction.–The field of quantum noise has recently
seen rapid development caused both by its growing signif-
icance in many areas of condensed matter physics as well
as by a constant improvement in the capabilities of high
precision measurements [1]. Perhaps the most intensively
studied question to date is related to the statistics of
charge transport in mesoscopic conductors. In such sys-
tems probability distribution of current fluctuations, the
so-called full counting statistics, was rigorously derived
for various normal and superconducting circuits [2] and
tested in the state-of-the-art measurements of the third
moment (skewness) of current fluctuations [3]. Given
that charge is a quantum mechanical conjugate variable
to the phase, it is of fundamental interest to study corre-
sponding statistics of phase fluctuations. Superconduct-
ing nanowires and related proximity devices offer a nat-
ural platform for this purpose, which we explore in the
present work.

The macroscopic quantum tunneling of the phase
across a current-biased Josephson junction [4] or a super-
conducting nanowire [5–7] is arguably the most profound
and well-known manifestation of quantum fluctuations
at the macroscopic level. This phenomenon is observed
by registering phase slip events [8], which proliferate at
currents close to the critical and drive transitions be-
tween supercurrent-carrying and dissipative branches of
current-voltage characteristics [6, 7, 9, 10]. Macroscopic
quantum tunneling is usually described in the framework
that treats quantum or thermally activated transitions of
the phase between neighboring minima of a tilted wash-
board potential in the presence of a dissipative environ-
ment [11–13]. Complimentary approaches employ an ef-
fective action for BCS superconductors [14–16].

Unlike experiments associated with the charge transfer
where measurements of each moment of the full counting
statistics is beyond current experimental capabilities, ex-
periments on switching current allow one to reconstruct
full distribution of superconducting phase fluctuations
since a single phase slip is sufficient to drive the system
into resistive state [7, 17] by creating a hot spot [18, 19].
Thus there exists a one-to-one correspondence between
phase fluctuations - phase slips - and switching events.

In this Letter we report a systematic study of higher
moments of the switching current distribution as a func-
tion of temperature and other parameters of our devices.
The higher moments under investigation include skew-
ness S that quantifies an asymmetry of the distribution,
and kurtosis K that is a measure of its peakedness (for
definitions see below). We present evidence, both exper-
imental and theoretical, that these higher moments are
in fact universal constants: S ≈ −1 and K ≈ 5. Sur-
prisingly, the observed crossover from a classical escape
mechanism (i.e., the thermal activation) to a quantum
one (i.e., quantum tunneling from a metastable energy
minimum) does not lead to any noticeable changes in
these moments. We evince this universality using two
types of samples, namely graphene junctions under the
proximity effect as well as ultra-thin superconducting
nanowires. Apparent universality of S and K has to
be contrasted with the behavior of the standard devia-
tion of the switching current (the second moment σ) that
exhibits nontrivial temperature dependence: the power-
law [20], σ ∝ T 2/3, in the thermal regime and σ ∝ const
in the quantum regime [7, 9, 10, 17].

Devices.–Nanowire samples were prepared [10, 21] by
depositing carbon nanotubes across a 100 nm wide trench
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on a silicon chip, coated by a film of SiO2 and a film of
SiN. A film of 10-20nm of Mo76Ge24 was sputtered onto
the chip, covering the top SiN surface and the nanotubes
crossing the trench. Thus the suspended segments of
nanotubes were converted into nanowires. Uniform wires
were selected using SEM, and the MoGe film was pat-
terned by photolithography, to define contact pads (elec-
trodes). In such devices the selected nanowire serves as
the only conducting link connecting the superconducting
thin-film electrodes, positioned on the opposite sides of
the trench. Importantly, there is no additional contact re-
sistance between the nanowire and the contact pad since
the wire transforms seamlessly into the pad while both
are made in the same sputtering run.

Graphene flakes were deposited onto SiO2 surface by
mechanical exfoliation [22]. Electron-beam lithography
was utilized to pattern the electrodes into a comb shape.
After the resist was exposed and developed, we deposit,
using thermal evaporation, a 4 nm Pd film (so-called
sticking layer) and a 100 nm Pb film on the top. Lift-
off was performed by placing the sample in an acetone
bath for five minutes, sonicating it for ten seconds every
other minute. The 100nm Pb layer induces superconduc-
tivity in the graphene through the proximity effect. The
samples were measured in a He-3 cryostat. Electromag-
netic noise was filtered from the system using π−filters at
room temperature and a copper powder and silver-paste
radio-frequency noise filters at low temperatures.

A sinusoidal bias current, having an amplitude greater
than the critical current of the device, was applied across
each sample. As the current increased from zero to
its maximum, the voltage across the sample demon-
strated a sudden jump from zero to some large, non-
zero value, indicating the system switched from a su-
perconducting state to a normal, resistive state. The
value of bias current at which the jump took place was
recorded as the switching current. Then the bias cur-
rent returned to zero, and the system once again became
superconducting. This process was repeated N = 104

times (or 5000 in some cases) for each set of parame-
ters. Each measurement gave slightly different value of
the switching current, due to inherent stochasticity of
the phase slips, thus producing switching current distri-
butions. The skewness and kurtosis of each distribution
was calculated from the recorded data by using stan-

dard expressions: S = N−1
N∑
i=1

(Isw,i − 〈Isw〉)3/σ3 and

K = N−1
N∑
i=1

(Isw,i − 〈Isw〉)4/σ4, where each Isw,i repre-

sents an applied bias current at which a switching event
took place, 〈Isw〉 is the mean switching current, and σ is
the standard deviation of the switching distribution.

Experimental results.–We first discuss the effect of tem-
perature on the skewness and kurtosis of the switching
current distributions. We find that in both types of

FIG. 1: (a) standard deviation, (b) mean switching current,
(c) skewness, and (d) kurtosis of the switching current distri-
butions in nanowire samples A, B, C, D, E and F vs tempera-
ture T . The experimental values are represented by symbols.
Simulation curves are shown by solid lines. One point in figure
(c) and two points in figure (d) lie outside the ranges shown.
Fitting parameters used in the simulation are summarized in
Table I of the Supplementary Material [23].
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FIG. 2: (a) standard deviation, (b) mean switching current,
(c) skewness, and (d) kurtosis of the switching current distri-
butions in SGS sample 111s vs temperature at a gate voltages
of 1V, 3V, 5V and -1V. We use the same convention as in the
previous figure. One point in figure (c) lies outside the range
shown. Fitting parameters used in the simulation are sum-
marized in Table II of the Supplementary Material [23]. Data
for SGS sample 105s are shown in [23].

samples – superconducting nanowires (Figs. 1c-1d), and
graphene proximity junctions (Figs. 2c-2d) – the skew-
ness and kurtosis are constant with temperature. Sur-
prisingly, these moments are identical within experimen-
tal uncertainty for the two qualitatively different systems.
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The value of the skewness in both cases is near −1, and
the value of kurtosis is near 5. In nanowire samples, these
moments remain constant even as the system experiences
a crossover from the high temperature regime, at which
phase slips are predominantly caused by thermally acti-
vation, to low temperatures, at which quantum tunneling
of phase slips is responsible for the premature switching.
This crossover is evident in Fig. 1a as the standard devia-
tion changes from the power-law at high temperatures to
a constant value at low temperatures. The classical-to-
quantum crossover temperature is typically in the range
0.6-0.8 K for the studied samples (Fig. 1).

In SGS samples in addition to the temperature de-
pendence we also study the effect of gate voltage Vg on
the skewness and kurtosis. Both moments remain con-
stant within the experimental uncertainty over a wide
range of T and Vg (see Figs. 2c-d and [23]). It should
be noted that, unlike nanowire samples, SGS junctions
do not show crossover to the quantum tunneling domi-
nated regime within experimentally tested temperatures.
However, we do expect that such crossover might occur
at lower temperatures, as recently reported [24].

We also demonstrate numerically [23], that the pres-
ence of extraneous noise leads to a substantial reduction
of the universal moments. This observation provides an
independent tool for assessing the relevance of noise to
the interpretation of experimental data.

Numerical simulations and fitting.– The fitting curves
presented in Figs. 1 and 2 were obtained using the
Arrhenius-type activation formula for the rate of phase
slips (hereafter ~ = kB = 1) [10, 25]

Γ(I, T ) = Ω(I, T )
[
e−U(I,T )/T + e−U(I,T )/Tq

]
, (1)

which accounts for both thermal and quantum escape
processes. Here Ω is the attempt frequency, U is the
energy barrier for a phase slip, T is the base tempera-
ture and Tq is the quantum temperature used to model
the regime of macroscopic quantum tunneling observed
in nanowire samples at low temperatures [26]. For both
systems activation energy has power-law functional de-
pendence on the applied bias current

U(I, T ) =
κIc(T )

e
(1− I/Ic(T ))η. (2)

For SGS devices we took κ =
√

8/3 and η = 3/2 [27, 28]
and used a critical current in the form

Ic(T ) =
64πT

eRN

∞∑
n=0

∆2(L/Ln) exp(−L/Ln)

[ωn +Wn +
√

2(W 2
n + ωnWn)]2

(3)

where RN is the normal state resistance of a junction, ∆
is the superconducting gap in the leads, ωn = (2n+1)πT ,
Wn =

√
∆2 + ω2

n, Ln =
√
D/2ωn. The sum over n was

taken until convergence (roughly 10 terms). Expression
(3) follows from the theory of disordered superconductor-
normal metal-superconductor junctions [29–31]. It has to

be stressed that ballistic theory of the proximity effect in
SGS junctions [32] fails to account for the temperature
and gate voltage dependencies of the critical current for
our devices (see Fig. 2b). This observation is also con-
sistent with the previous reports on the proximity effect
in SGS systems [24, 27, 33–38]. From the normal state
resistance of our samples, we deduce typical mean free
path l ∼ 20nm, which correspond to the diffusion coef-
ficient D ∼ 50cm2/s. Because the mean free path and
the Thouless energy ETh = D/L2 ∼ 80µeV are much
smaller than the junction spacing of L ∼ 300nm and the
energy gap ∆ ∼ 1meV, respectively, our SGS junctions
correspond to a long diffusive junction limit.

For superconducting nanowires there are two known
models for U in Eq. (2). If a wire forms a phase slip
junction (PSJ) then κ =

√
6/2 and η = 5/4 [14, 39–41].

The corresponding expressions for κ and η for the more
thoroughly studied case of a Josephson junction have the
same values as above for the SGS devices. It is worth
noting that qualitatively the two models are very simi-
lar. Following the previous work [42] we model the criti-
cal current of nanowire devices by the phenomenological
Bardeen’s formula [43]

Ic(T ) = Ic(0)(1− T 2/T 2
c )3/2. (4)

Finally, for both SGS and nanowire systems the escape
attempt frequency in Eq. (1) was described by

Ω(I, T ) = Ω0(T )(1− I/Ic(T ))ν (5)

with ν = 1/4 for JJ model, and ν = 5/8 for PSJ model.
Eqns. (1)-(5) were combined to determine the rate of

phase slips. For a given set of parameters this rate was
used to predict the switching distribution as a function
of bias current and then calculate its mean, standard de-
viation, skewness and kurtosis. Such procedure was re-
peated at different temperatures to produce the tempera-
ture dependence of the moments. In the case of SGS sam-
ples the above scheme was also repeated at different gate
voltages. Parameters (Ω0, Ic(0), Tc, Tq) for nanowire
samples and (Ω0, RN , Tc and D) for SGS samples were
then adjusted within the expected range of values until
the predicted switching current and standard deviation
vs temperature curves matched the data. These, along
with the resulting skewness and kurtosis curves were used
as fits to the data and are plotted as solid lines in Figs. 1
and 2 [23, 44].

Analytical model.–In this section we compute skew-
ness and kurtosis by using an approach developed for
the problem of escape from a metastable potential well
subject to a steadily increasing bias field [20, 45]. We
consider a general situation in which the phase slip rate
of the system – either thermal or quantum – can be writ-
ten in terms of the reduced current variable ε = 1− I/Ic
as

Γ(ε) = Aεa+b−1 exp(−Bεb). (6)
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This form is general enough to cover all range of param-
eters relevant for our experiment on both types of de-
vices. The powers a and b depend on whether the escape
is quantum or thermally activated, while parameters A
and B depend on the degree and type of damping (in
particular, we estimate that our SGS junctions are mod-
erately underdamped with the quality factorQ ' 4). The
distribution function for phase slips can be expressed in
terms of the rate as

P (ε) =
1

|ε̇|
Γ(ε) exp

[
− 1

|ε̇|

∫ ∞
ε

Γ(ε′) dε′
]

(7)

where |ε̇| is a constant ramp speed. We are interested in
central moments mn of variable ε i.e. moments defined
around its mean value ε̄:

mn ≡ 〈 (ε− ε̄)n 〉 =

∫ ∞
0

dε (ε− ε̄)n P (ε) (8)

where ε̄ =
∫∞
0
dε ε P (ε). Dispersion, skewness and kur-

tosis can be expressed in terms of central moments. To
this end, it is convenient to introduce a dimensionless
parameter

Z = ln

[
A/|ε̇|
bB1+a/b

]
, (9)

which only weakly depends on the characteristics of the
system in question. For self-consistency of the descrip-
tion this parameter should be large which can be achieved
by tuning the ramp speed |ε̇|.

It is straightforward to show that moments of distri-
bution (7) can be written as an asymptotic power series
in 1/Z � 1 as follows:

〈 εn 〉 = B−n/bZn/b

1 +
∑
j=1

Z−jfj(n, lnZ)

 . (10)

Definition of the expansion coefficients fj are relegated
to the Supplementary Material [23] because of their cum-
bersome form. Within the model fj depend on power
exponents a and b, and very weakly (as a double log-
arithm), on temperature-dependent parameters A and
B, and the ramp speed |ε̇|. This implies that tempera-
ture scaling of both moments 〈 εn 〉 and central moments
〈(ε − ε̄)n〉 is fully dominated by the temperature scaling
of B which is proportional to the height of the phase
slip barrier {〈 εn 〉, 〈(ε− ε̄)n〉} ∝ B−n/b(T ). To determine
proportionality coefficients one needs to use the explicit
form of fj . Up to the order 1/Z first two moments are
given by

ε̄ = Z1/bB−1/b
(

1 +
v/b

Z

)
, (11)

σ2 ≡ m2 = Z2/b−2B−2/b(
π2

6b2
+

1

Zb3
[
aπ2/3 + (1− b)(π2v/3− ψ′′(1))

])
.(12)

We have defined v = (a/b) lnZ + γ, where γ ≈ 0.577 is
the Euler-Masheroni constant, and ψ′′(1) ≈ −2.404 is the
tetragamma function [46]. Despite increasing complexity
of the calculation the leading term in the third and fourth
central moments are given by simple expressions:

m3 = B−3/bZ3/b−3
(
−ψ
′′(1)

b3
+ δ3

)
, (13)

m4 = B−4/bZ4/b−4
(

3π4

20b4
+ δ4

)
. (14)

The correction terms are of the order {δ3, δ4} ∝ Z−1.
For example δ3 = 1

60Zb4 [90aπ2v(v − 1) − 11π4(b − 1) −
180ψ′′(1)(a− v(b− 1))] [23]. We are now in the position
to compute skewness and kurtosis and thus find:

S = −m3/m
3/2
2 = 63/2ψ′′(1)/π3 +O(Z−1), (15)

K = m4/m
2
2 = 27/5 +O(Z−1), (16)

which are central results of this section. Remarkably,
to the leading order in 1/Z � 1, both skewness and
kurtosis are given by universal numbers S ≈ −1.139 and
K ≈ 5.4, which are independent of the parameters of the
system and are the same for both thermal and quantum
phase slips. The magnitude of the correction terms δ3, δ4
is analyzed for different values of the ramp speed and
different models of a weak link in [23].

Conclusion.–We have experimentally demonstrated
the universality of higher moments – skewness and kur-
tosis – of the switching current distribution in supercon-
ducting nanocircuits. Our results are supported both by
analytical modeling and by numerical simulations. We
have also pointed out that the universality of higher mo-
ments is affected by extraneous noise [23] and suggested
to use this observation to detect the presence of unwanted
noise in the data.
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