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We study the nature of the= 5/2 quantum Hall state in wide quantum wells under the mixingle€tonic
subbands and Landau levels. A general method is introducadalyze the Moore-Read Pfaffian state and its
particle-hole conjugate, the anti-Pfaffian, under peddsbundary conditions in a “quartered” Brillouin zone
scheme containing both even and odd numbers of electronexd@yining the rotational quantum numbers on
the torus, we show spontaneous breaking of the particle-gyohmetry can be observed in finite-size systems.
In the presence of electronic-subband and Landau-levehmithe particle-hole symmetry is broken in such a
way that the anti-Pfaffian is unambiguously favored, andbegs more robust in the vicinity of a transition to
the compressible phase, in agreement with recent expetsmen

PACS numbers: 63.22.-m, 87.10.-e,63.20.Pw

The quantized Hall state at the = 5/2 Landau level probes, while not definitive in all regards, are consisteitt w
(LL) filling factor [1] has been the subject of significant re- the non-Abelian statistics, and have provided additional i
cent interest due to a strong suspicion, with consideralge s sights into the nature of the ground state. In particulae, th
port from the numerical calculations [2-5], thatitis déised  discovery of the counter-propagating mode [29] is constste
by the Moore-Read “Pfaffian” (Pf) state [6]. This incom- only with APf.

pressible quantum fluid, which is a prototype state for non- At the same time, other experiments have probed the sta-
Abelian exchange statistics [6, 7], is found in the viciny  pijlity of » = 5/2 by driving the transitions from the incom-
the phase boundary with compressible phases characterizggessible to the compressible phases such as the Fernai-liqui
by stripe order and Fermi-liquid-like behavior [3]. Gerlgta  |ike state [30, 31], and the anisotropic, stripe and nematic
the incompressible fluids of the fractional quantized H&ll e phases [3, 32]. This was accomplished by tilting the mag-
fect (FQHE) [8-10] possess protected gapless edge modasetic field [32], and by tuning the density in wide quantum
and gapped bulk excitations which carry fractional chargegye|| (WQW) samples [33, 34]. In the latter case, it was re-
and obey fractional statistics [6, 11, 12]. These attribute cently noticed [34] that the quantized= 5/2 state becomes

— quantization, fractionalization, and protection — repré  stronger in the vicinity of a transition to the Fermi liquitie
the hallmark of topological phases [13]. In the case of nonphase.

Abelian states, the degeneracy of the quasi-particlesstasy In this Letter we introduce a new method to study the

k_)e suitable to implement a “fault-tolerant” quantum congput physics of the Moore-Read state and its P-H conjugate. We
tion [14]. consider a compact torus geometry [35, 36] with a “quartered
The Moore-Read state, though defined in a half-filled LL, many-body Brillouin zone (BZ) for both even and odd number
is not invariant under the partiCle-hOle (P'H) transforiomat of e|ectrong\[€_ Regard|ess ofthe panty @fe’ for the Moore-
and therefore its P-H conjugate partner — the “anti-Pfdffian Read 3-body Hamiltonian we obtain a zero-energy and zero-
(APf) [15] —emerged as a competing candidate to describe th@omentum ground-state, with bosonic (“magneto-rotont) an
ground state of = 5/2. In experiment, either Pf or APfis  fermionic (“neutral fermion” [37]) collective modes éiked
realized, depending on the explicit form of the P-H symmetry v, This is in stark contrast e.g. with the spherical geom-
breaking fields (e.g., 3-body interaction [19] or more gener etry [38], where the zero-energy ground-state only exists f
ally LL mixing [16-18]). In the absence of those, the true eyen V., and the fermionic mode can only be obtained for
ground state is selected by spontaneous P-H symmetry breakdd v, [37]. The essential physical similarity of the even and
ing. A similar outcome should be reproducible in finite-size odd N, cases on the torus enables us to restrict to the latter
calculations, which have been known to capture remarkablgase when Pf and APf can be further classified by their invari-
well the fundamental aspects of FQHE physics [10]. How-ance under discrete rotations in high symmetry Bravais lat-
ever, for technical reasons (see below), this never ocaurs f tjces. For special odd values df we recover spontaneous P-
an even number of electrons which has been the assumpticpqlsymmetry breaking ifinite systems as Pf and APf acquire
of most studies to date [20, 21]. different angular momenta compatible with periodic bound-
Although Pf and APf have identical non-Abelian braiding ary conditions (PBCs). This formalism is then applied to a
properties in the bulk, they represent distinct phases ¢ema realistic model of a wide quantum well with two subbands,
as reflected e.g., in their edge physics [22, 23] — a signaS1 (symmetric subband with = 1 LL form-factor) and AO
ture of the underlying topological order [13]. A number of re (antisymmetric subband with = 0 LL form-factor), where
cent experiments have focused on measuring the quaslipartid®>-H symmetry is broken explicitly by the mixing of electroni
charge aiv = 5/2 [24-26], and on detecting the non-Abelian subbands/LLs as a result of tuning the density [34]. We iden-
statistics using edge-tunneling interferometry [27, Z8jese  tify APf as the one describing the ground state in these cir-



cumstances, and show that its gap increases prior to the tran ©

sition to the compressible phase, in agreement with experi-
ments [34].

We considerV, electrons in a fundamental domdin x Lo
subject to magnetic fiel&2. An operator that translates a sin-
gle electron and commutes with the Hamiltonian is the mag- e s e a9 o
netic translation operator which obeys a non-commutative a Ky [27/L,]
gebra, leading to the quantization of the fliy threading the

system,Z - (_Ll x Ly) = 2nlLNg, Wherelp = \/h/eBis  pig g (Color online) (a) An example of a squared many-body B
the magnetic length. In a many-body system, symmetry clasgpen circles), and the folding to a “quartered” BZ (blagictgs) for
sification is achieved by the help of the emergent many-bodgvenN.. Red circles denote sectors that map to the zero momentum
translation operators [36], which can be factorized inteac k = 0. (b) Energy spectrum of the Moore-Read 3-body Hamiltonian
ter of mass and a relative part. The action of the former proin a quartered BZ folVe = 14 and N. = 13 (inset) particles.
duces a characteristic degeneracy equa) tehereN, = pN,
Ng = ¢N, andN is canonically assumed to be the greatest
common divisor ofV, and N such thap andq are coprime.  cause of the BZ folding, in the even cagé.(= 14) we obtain
The eigenvalue of the relative translation operator is aynan three copies of the bosonic mode and a single copy of the
body momentunk [36] that fully classifies the spectrum in fermionic one. In the odd caséV{ = 13), the multiplicities
the BZ N x N, with the exception of high symmetry points are interchanged [40]. Contrary to spherical geometry eher
where discrete symmetries may produce additional degener&pectra for different particle numbers have to be supersego
cies, as we explain below. on the same plot to resolve the two modes, on the torus both
For the outlined algebraic derivation it is not essentialmodes are obtained for a fixed system size Additional ad-
that p, ¢ be coprime numbers. In fact, enforcing this con-vantage of PBCs is that one can access a quasi-continuum of
dition might hide the important physical features of a FQHthe momentd, as opposed to a much smaller subset of an-
state. This occurs for the Moore-Read state which posgular momenta on the sphere. This is achieved by adiabatic
sesses a pairing structure revealed in its fundamental rod@riation of the shape of the unit cell in terms of its aspeet r
pattern110011001100.. ., that defines the clustering prop- tio [L1|/[Lz| or the angle between vectdis andLo, subject
erties on genus-0 surfaces [39]. The corresponding filling0 a constraint that the ar¢; x Lo | remains fixed and equal
factorv = 1/2 should be viewed as = 2/4 because the 0 2ml% Ng. In Fig. 1 we set the ratio equal to unity, and vary
root pattern admits two particles in each four consecutive o the angle between the square and the hexagon.
bitals. To incorporate this clustering condition, we need t  Using the quartered BZ we can also directly address the
map the wavevectors onto a “quartered” BZ x N [40],  phase transition between the Moore-Read state and the com-
which can be viewed as a result of “folding” the original posite Fermi liquid (CFL). Spherical geometry is inade-
N x N zone, Fig. 1(a). FotV even, the zone corner and quate for this purpose because the two states have different
midpoints of the zone sides all mapko= 0 point (red points ~ “shifts” [41]. To capture the transition, we study the en-
in Fig. 1(a)). These wavevectors also define the sectors afrgy spectrum of a Hamiltonian that interpolates between th
the Hilbert space where a three-fold degenerate Moore-Reaudodel 3-body Hamiltonian and the = 0 LL Coulomb in-
groundstate is obtained [6]. Moore-Read parent Hamiltonia teraction A\Hsy, + (1 — A\)Hc. In a quartered BZ, the spectra
also possesses a zero-energy ground state for an odd numii@r even and oddV, are strikingly similar, and data in Fig. 2
of electrons, which corresponds to a single unpaired @actr corresponds tadV, = 11 which is also studied in a differ-
with k = 0 [7]. In this case, the folding still “compactifies” ent model below. The neutral fermion and the magneto-roton
the original BZ, but thek = 0 sector remains invariant un- modes become significantly distorted and difficult to idignti
der the folding. Thus, in the quartered BZ, the ground-statefor A < 1, nevertheless one can track their evolution until the
of the Moore-Read Hamiltonian are invariably obtained i th eventual collapse of the gap for — 0. At this point the
k = 0 sector of the Hilbert space, as they should be for arground state moves frorh = 0 to somek ~ (', and the
incompressible liquid, and the 3-fold degenerate staealar system undergoes a second-order transition to the compress
lowed to mix. ible phase. In contrast, for = 1 LL Coulomb interaction,
Advantages of the quartered BZ become obvious when theimilar calculation does not lead to the gap closing for any
full energy spectrum of the Moore-Read 3-body HamiltonianAdiabatic variation of PBCs also enables one to calcula@e e.
Hap = =Y i ck Sijh [ViV26(r; —r;)é(r; —rp)] is stud-  the Hall viscosity, which is expected to divergeat 0 point.
ied as a function of momentum, Fig. 1(b). Using the convenRegime of smalh might display an interesting crossover be-
tional definition of the BZ, there is no obvious structure in tween type-I and type-Il superconducting behavior [42].
the low-lying excitation spectrum of the Moore-Read 3-body In order to address the competition between Pf and APf
Hamiltonian. However, if the same spectrum is replotted infor the generic (2-body) interactions, it is essential tm-co
a quartered zone, it reveals a bosonic mode (the “magnetaider all possible symmetries of the Hamiltonian at half fill
roton”) and a fermionic mode (“neutral fermion”) [37]. Be- ing. Particularly, the two symmetries of interest here aee t
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02 of the exact ground state with Pf or APf much cleaner than the
case of evenV,, for example. As we show below, LL mixing
018 splits the doublets in such a way that each member has a finite
E o overlap with either Pf or APf, while having zero overlap with
the other.
0.08 | We illustrate the ideas above on a model of the WQW in
which electrons can populate two “active” subbands with LL
0.04 indicesn = 0 andn = 1 [47]. We refer to these levels as AO
and S1, where S,A stands for the wavefunction in the perpen-

dicularz € [0, w] direction,w being the width of the well. For
simplicity, we assume reflection symmetry aroune: w/2,
and the two subbands are given by symmetric/antisymmetric

FIG. 2. (Color online) Transition between the Moore-Read e iNfinite square well wavefunctionss = +/2/wsin(wz/w),
CFL state. Energy spectrum a3, + (1 — \)Hc is plotted asa @A = +/2/wsin(27rz/w). The remaining subbands are ei-
function of momentum foA = 0.2 (left) and\ = 0 (right), illustrat-  ther completely filled or completely empty, and excitatitms
ing the collapse of the neutral mode around- ¢;'. Inset shows  them are forbidden. Energy splitting between the subbands,
the spectrum for puréfs. Asas, can be realistically tuned by electrostatic gates [34],
but in our calculation it is assumed to be an independent pa-
rameter. This model is expected to provide a realistic descr
P-H conjugationr,,, and discrete rotations compatible with tion of a number of recent experiments on the WQWSs where
PBCs [43, 44]. The firstis represented by an anti-unitary-ope FQH states were probed by tuning the effective interactian v
ator formally similar to the well-known case of time-revers  subband/LL mixing. In particular, we focus en= 5/2 con-
operator [45]. In the presence of both symmetries, exta (is sidering a half-filled S1 level mixing with an AO level. It is
lated) degeracies may occur which belong to conjugate or cGassumed that the electron spin is fully polarized [2, 48-51]
representations of discrete rotations [36, 45]. In the cdse  |n Fig. 3(a) we plot the neutral gap and mean value of the
evenN,, rotational symmetry does not lead to any additionalpseudospin operatdf, = %Zi(c; Csi — CL .ca) in the
quantum numbers for the ground staterat 5/2. For some ground state fotV, = 10 particleé. We set[;/EB = 2.7,
k = 0 excited states;>, = —1 and these, following Kramer’s - which roughly agrees with the experimental width [32, 34].
theorem, are all doubly degenerate. On the other hand, tbr odyhen Ag 4 is large, excitations to A0 level are costly, and
N andk =0, 72, = 1 and only isolated degeneracies are posthe ground state is fully polarized in S1 level and it is of the
sible. The ground state in this case is either unique or a dosame nature as the one that is usually observed in wide sam-
blet. For any geometry other than hexagonal, the groune staples. AsAgas becomes smaller, the differencerof= 0 and
is a singlet. For hexagonal geometry, the ground state s als, — 1 LL form factors makes it increasibly favorable to pro-
a singlet if the number of electrons is givenby = 6m +1,  mote particles into A0 level and reduce the correlationgper
wherem € Z. For otherlV,, the ground state is a doublet [46]. Eventually, all particles migrate to AO subband, where they
To understand these trends for generic Hamiltonians it iorm a composite Fermi liquid; as shown in Fig. 3(a), this
helpful to consider the rotational properties of Pf and APfhappens slightly before the actual coincidence of the tve su
model states. On the torus wititfold point symmetry, the bands. The step-like behavior ¢§.) suggests the transition
angular momentum of APf, measured relative to Pf, is giverto be very sharp, and we find it to be more affected by the dif-
by AM = 2N,4i(mod n), whereN,,;, is the number of ference in LL (rather than the subband) form-factors. Right
paired electrons. Fat = 2 or n = 4 (square or lower sym- before the transition, excitations from S1 to A0 lead to an in
metry), AM = 0 sinceN,,;, is always even. Thus there is crease of the neutral gap of the system [34]. We believe the
no symmetry reason for Pf and APf (being the eigenstates dficrease of the gap to be an intrinsic feature of the systein, b
different Hamiltonians) to be orthogonal. On the other handlimitations on the system sizes attainable by exact diagona
forn = 6, AM # 0if N, # 6m + 1, and the two states ization prevent us from performing proper finite-size suali
are necessarily orthogonal. It is under precisely thesédieon of the gap.
tions that the doublet ground states are observed. These see Finally, we investigate the nature of the ground state be-
ingly unrelated events are another confirmationthatinsec fore the transition to the compressible phase. In Fig. 3(b)
of the Coulomb interactions the system is in the Moore-Readve compare theV. = 10 electron ground state (projected
phase. There are always doublets present in the spectram, ko S1 level) with the Pf and APf wavefunctions defined on
they describe the ground state only in cases where Pf and ARf hexagonal unit cell. At largégag, the PH symmetry is
have AM # 0. Evidently, the rotational quantum numbers preserved, and Pf/APf have identical overlaps with the £xac
of the doublet match those of Pf and APf. There will be nostate. In the transition region, PH symmetry is lifted, arief A
spontaneous breaking of the P-H symmetry in the absence afverlap is growing while that of the Pf is decreasing. How-
such degeneracies until the thermodynamic limit is reachedever, Pf and APf have a signicant overlap with each other for
Achieving this property for finite sizes makes the compariso N. = 10 particles [18]. To avoid this problem, we instead
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FIG. 3. (Color online) (a) Neutral gap and mean value of theugespinS. for N. = 10 particles at half filling in a WQW« /(g = 2.7).
Transition is driven by changingsas, and relative position of the electronic subbands is schieaily shown in the inset. (b) Overlap
between the exadV. = 10 ground state (projected onto S1 subband) and the Pf/APffwastons. In the transition regiom\sas &~ 0.028)
APf becomes favored. (c) Energy spectrum for infidke s (black diamonds) with an exact doubletiat= 0, and the splitting of the doublet
when Agas is reduced (red triangles). (d) Same as in (b) butX¥or= 11, when Pf and APf are mutually orthogonalgas breaks PH
symmetry and unambiguously selects APf (95% overlap) ofézd?o overlap). Inset shows the effect of varying thepseudopotential.
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