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We present a theory that incorporates the vibrational degrees of freedom in a high-order harmonic
generation (HHG) process with ultrashort intense laser pulses. In this model, laser-induced time-
dependent transition dipoles for each fixed molecular geometry is added coherently, weighted by the
laser-driven time-dependent nuclear wave packet distribution. We show that the nuclear distribution
can be strongly modified by the HHG driving laser. The validity of this model is first checked against
results from the numerical solution of the time-dependent Schrödinger equation for a simple model
system. We show that in combination with the established quantitative rescattering theory this
model is able to reproduce the time-resolved pump-probe HHG spectra of N2O4 reported in Li et
al. [Science 322, 1207 (2008)].

PACS numbers: 33.80.Eh, 42.65.Ky

High-order harmonic generation (HHG) has attracted
a great deal of attention over the past two decades for its
application as a table-top coherent XUV source [1, 2] and
as a source of attosecond pulses [3, 4]. In recent years, it
has been shown that HHG signals also encode informa-
tion about the target [5–8]. Since the driving laser pulses
as short as a few femtoseconds are available, HHG spec-
troscopy has been perceived as a possible tool for prob-
ing chemical processes that evolve in few-femtosecond
timescales. Indeed a few pioneering pump-probe exper-
iments have been performed so far on different targets,
e.g., SF6[9], N2O4[10], Br2[11, 12], and NO2[13], where
a dynamic system is initiated either by IR light or its
second harmonics, and the time evolution of the system
is probed by observing the high harmonics generated by
another IR at varying time delays. Unfortunately, with
no accurate theories available, these experiments have
been interpreted in terms of simple models, thus leav-
ing out many interesting reaction dynamics buried in the
measured data.

HHG is a nonlinear process. It is not easily amendable
to full ab initio calculations, especially for polyatomic
molecules. There have been several attempts to include
the nuclear degrees of freedom in HHG theory [14–20].
They are based on simplified models or direct solution of
time-dependent Schrödinger equation (TDSE) for simple
systems. Most of the models have not been fully cal-
ibrated, thus their validity is not known. While there
has been some success, for example, the prediction [14]
of isotope effect in HHG and its experimental confirma-
tion [21], on the whole, it is fair to say that there still
exists no reliable theoretical tool for calculating HHG
spectra from a time-evolving molecular system. In fact,
even within the fixed-nuclei approximation, there are few
reliable calculations of HHG from molecules.

The goal of this Letter is twofold. First, we develop a

general theory for HHG which include the vibrational de-
grees of freedom, see Eqs. (1) and (2) below. Second, as
an application we combine this theory with the recently
developed quantitative rescattering (QRS) theory [7, 8]
to calculate HHG from vibrating N2O4, which was a sub-
ject of a recent experiment by Li et al. [10]. Developed
initially for the case of fixed nuclei, the QRS is com-
putationally efficient and has been well tested [22, 23].
Furthermore, with the inclusion of macroscopic propaga-
tion effect [24–26], the predicted HHG spectra based on
QRS have been shown to agree well with experiments for
different molecules.

We consider a homonuclear diatomic molecule in the
electronic ground state under a few-cycle intense laser
pulse. We will show below that the induced dipole D̄(t)
can be calculated as

D̄(t) =

∫

dR|χ(R, t)|2D(t;R). (1)

where χ(R, t) is the nuclear wavefunction and D(t;R) is
the induced dipole from a molecule with a fixed internu-
clear distance R. In practice, one can also use the dipole
acceleration form in Eq. (1). HHG power spectrum is
related to the induced dipole in frequency domain D̄(Ω)
by S(Ω) ∼ |D̄(Ω)|2.

It is important to emphasize that the real meaning of
χ(R, t) has not been specified. In fact, Eq. (1) has been
used before by some authors, for example, in Ref. [19],
but χ(R, t) was assumed to be unmodified under the in-
fluence of the HHG driving laser. In this Letter we show
that χ(R, t) can be significantly modified due to the HHG
driving laser and is the solution of the Schrödinger equa-
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where µ is the reduced mass, U(R) is the potential en-
ergy surface (PES), αij is the polarizability tensor, and
Ei(t) is the component of the electric field of the laser
along i-axis. We only consider the cases when laser in-
tensity is well below the target saturation intensity so
that the depletion of the ground state is negligible. In
those cases, the contribution from higher order terms (in-
volving hyperpolarizabitities) in Eq. (2) is insignificant.
Analogous to the Born-Oppenheimer (BO) approxima-
tion, Eq. (2) describes the nuclear motion in the field-
dressed picture, where the nuclei couple with the laser
through the induced polarization. Our approach can be
thought of as an extension of the BO approximation to
the time-dependent case, applied for an HHG process. A
more general formulation within the BO expansion has
been discussed recently [27, 28] but there has no numer-
ical applications so far. Eq. (2) has been used to treat
stimulated Raman scattering process [29]. In connection
with HHG, an attempt to use this equation has been re-
ported before for the case of small vibrational amplitude
[16], however the validity of the model has not been re-
ported. We comment that our approach also differs from
the model proposed by Lein [14], in which the dynamic
change of the nuclear wave function of the parent ion be-
tween ionization and recombination steps is taken into
account, but the vibrational nuclear wave function is as-
sumed to be time-independent, see Eq. (4) of Ref. [14].

To validate the model described by Eqs. (1) and (2),
we apply it to a collinear mass-scaled H+

2 , in which the
electron and nuclei are restricted to move along the laser
polarization direction [30–32]. We compare predictions of
the model (denoted in the following as “model”) against
the accurate numerical solution of the TDSE for the same
system (denoted as “exact”). In the “model”, the in-
duced dipole D(t;R) for a fixed R is calculated from the
numerical solution of the 1D TDSE with frozen nuclei,
and the nuclear wavefunction χ(R, t) is obtained by solv-
ing Eq. (2). In the calculation, we use an 8-cycle, sine-
squared envelope laser pulse of 800-nm wavelength with
an intensity of 2.5× 1014 W/cm2.

First we show in Fig. 1(a) HHG spectrum from the
initial v = 0 vibrational state (in the ground electronic
state) for a “hydrogen” mass of 4Mp (Mp being the
mass of a proton), calculated with “exact” and “model”.
Clearly, the two results are almost identical. Similar good
agreements between the two methods are also found for
other vibrational states (see the Supplemental Material
[33]). We do note a significant deviation in the spectrum
in the model calculation if the nuclear wave function is
assumed to be unmodified by the laser (blue line). This
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FIG. 1: (Color online) (a) HHG spectrum from v = 0 vibra-
tional state of hydrogen-like H+

2 with the “hydrogen” atom
mass of 4Mp, calculated by the exact TDSE and the model.
Spectrum calculated with a static nuclear distribution is also
shown (blue line, only odd harmonics are shown). (b) Nu-
clear distributions at the beginning, the middle, and the end
of the laser pulse calculated by the exact TDSE and by using
Eq. (2).
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FIG. 2: (Color online) HHG yields for few different harmon-
ics vs time delay from the TDSE (a) and the model using
Eqs. (1) and (2) (b) for a case of a nuclear wave packet. The
“hydrogen” atom mass is 16Mp.

indicates that laser field can influence nuclear dynamics
and modify the HHG spectrum. From the TDSE results,
one can follow the evolution of the nuclear distribution,
as shown in Fig. 1(b), at the beginning, the middle, and
the end of the laser pulse. They agree well with those cal-
culated from Eq. (2) (dashed lines). We have also verified
that the one-channel model is adequate as population in
the σu dissociative potential curve is practically nil after
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FIG. 3: (Color online) (a): Photoionization cross section for
few different energies corresponding to H17, H21, and H25.
(b) and (c): HHG yields from N2O4 vs RNN from the QRS
and SFA, respectively.

the pulse is over.

Next we test the case when the initial state is a nuclear
wave packet. We choose the initial wave function at time
t0 = 0 to be a linear combination of v = 0, 1, and 2
vibrational states with the coefficients of 0.8, 0.5, and
0.332, respectively. The mass of “hydrogen” is chosen to
be 16Mp. We found that the HHG spectra for any fixed
time delay between t0 and the beginning of the probe
laser pulse, calculated by the “exact” and “model” are
nearly indistinguishable [33]. The HHG yields are found
to modulate as a function of time delay with a period of
T = 64 fs, equal to the vibrational period of this mass-
scaled H+

2 . For comparison, we show in Fig. 2(a) and 2(b)
HHG yields for a few harmonics as a function of time
delay. Again, we note an overall very good agreement
between the two methods. More detailed analysis reveals
that the peak near the time delay of 0.9T is associated
with the nuclei distributed at the peak of the pulse at
large R where the HHG process is more efficient due to
a smaller ionization potential.

An advantage of the present approach is that Eqs. (1)
and (2) can be readily used in combination with the quan-
titative rescattering (QRS) theory [7, 8, 22, 23], which
has been well-tested for the case of frozen nuclei. As
a practical application we consider the vibrating N2O4

studied by Li et al. [10] where a vibrational nuclear
wave packet was first initiated by a short laser pulse (the
pump) with a relative weak intensity of 2× 1013 W/cm2.
This excitation is understood as an impulsive stimulated
Raman scattering (ISRS) [9, 29, 34]. High-order harmon-
ics were then generated with a more intense pulse at an
intensity of 2× 1014 W/cm2 (the probe), with some time
delay with respect to the pump pulse. Both pulses were
of 800 nm wavelength and 30 fs duration (FWHM). The

measured HHG yield was found to modulate as a function
of time delay with a period identical to the vibrational pe-
riod of the symmetric stretch mode. Since the N-N sym-
metric stretch is most dominant in this excitation scheme,
it is reasonable to approximate the changes in N2O4 as
due to the change in the N-N distance, RNN . In our sim-
ulation, the nuclear wave packet initiated by the pump
pulse is calculated from Eq. (2), in which N2O4 is mod-
eled as an effective diatomic molecule. This wave packet
is subsequently modified during the probe pulse, which
is also simulated by solving Eq. (2). We used MOLPRO
[35] to calculate electronic and molecular structure. Pho-
toionization cross sections for each fixed geometry were
calculated with the state-of-the-art molecular photoion-
ization code [36]. We limit ourselves to parallel pump and
probe laser polarizations only. For simplicity we further
assume that all molecules are aligned with the N-N axis
along the laser polarization direction. To minimize ion-
ization depletion effect in our simulation a probe pulse of
a duration of 20 fs and an intensity of 1.5× 1014 W/cm2

is used.

Photoionization (differential) cross sections as func-
tion of RNN near the equilibrium distance RNN = 1.8
Å are presented in Fig. 3(a) for energies corresponding
to harmonic order 17th (H17), 21st (H21), and 25th
(H25). These cross sections, together with the transi-
tion dipole phases, are used in the QRS to obtain in-
duced dipole D(t;R) for each R. We note significant
differences between these results and that of Li et al.

[10], where the eikonal-Volkov approximation was used
to calculate these quantities. The harmonic yields as
functions of RNN calculated with the QRS, as shown in
Fig. 3(b), resemble closely the photoionization cross sec-
tions shown in Fig. 3(a). This is at variance with the
results from the strong-field approximation (SFA) [37],
shown in Fig. 3(c), which exhibit a non-monotonic be-
havior for higher harmonic orders. Furthermore, com-
paring to Li et al. [10] where the two highest occupied
molecular orbitals (HOMO and HOMO-1) were claimed
to contribute to ionization, our calculations using the
strong-field approximation and molecular tunneling ion-
ization theory [38] both show an insignificant ionization
leading to B2g cation state, in agreement with a recent
calculation [20].

Next we carry out calculations on N2O4 using our
model [Eqs (1) and (2)], with the input for fixed-nuclei
induced dipoles D(t;R) from QRS and SFA. For simplic-
ity, in the following we refer to these two calculations
as model+QRS (or simply QRS) and model+SFA (or
simply SFA). The key results are shown in Fig. (4) and
summarized here. (1) Modulation of HHG signal for all
harmonics with a period of about 125 fs, which is the vi-
brational period of the symmetric-stretch mode in N2O4

(T ≈ 130 fs). HHG yields for a few harmonics as func-
tions of time delay between pump and probe pulses, cal-
culated with model+QRS and model+SFA, are shown in
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FIG. 4: (Color online) Normalized HHG yields from N2O4

vs pump-probe time delay for few different harmonics from
the model+QRS (a) and the model+SFA (b). Probe laser
intensity dependence of the modulation depth from the
model+QRS (c) and the JILA experiment [10] (d). Molecules
are assumed to be perfectly aligned along the pump laser po-
larization direction.

Fig. 4(a) and 4(b), respectively. The results have been
normalized to those without the pump pulse. (2) The
magnitude of the modulation is about 80% (40%) for the
QRS (SFA), which is about a factor of four (two) larger
than the experiment. This is due to the fact that all the
molecules were assumed to be perfectly aligned along the
pump laser polarization direction. Since the ISRS pro-
cess is less efficient if the molecule is not aligned along
the laser, averaging over the molecular alignment would
reduce the modulation depth. (3) The modulation depth
decreases with harmonic order, and all the harmonic or-
ders from H17 to H25 are in phase, in agreement with
the experiment. It is not so for the SFA results. We
further comment that the recent calculation based on
the coupled time-dependent single-particle Schrödinger
equation by Spanner et al. [20], does not agree with
the experiment. (4) The first peak occurs at a time de-
lay of 160 fs, in good agreement with the experimental
value of 170± 10 fs. (5) The maximum (minimum) HHG
yield corresponds to the time delay when the nuclei are
mostly distributed at larger (smaller) RNN at the peak
of the probe pulse [33]. This is found in the experiment
and in the QRS, but not in the SFA calculation. We em-
phasize once again that the dynamic of the N2O4 nuclear
wave packet during the probe pulse is strongly modified
by the laser [33]. This fact was not addressed in Li et
al. [10] nor in most theoretical consideration so far. (6)
The QRS predicts that the modulation depth increases
slightly with the probe laser intensity, see Fig. 4(c), in
agreement with the experiment, see Fig. 4(d). This is
probably due to the fact that at a higher intensity, the

nuclear wave packet extends during the probe to a larger
R, where the HHG process is more efficient.

In conclusion, we have developed an efficient method to
calculate high-order harmonics generated from dynam-
ically evolving molecular systems. By combining this
method with the QRS we have successfully explained
many features of the observed high-harmonic spectra
from vibrating N2O4 molecules reported in Li et al. [10].
One important result of this work is that the vibrational
wave packet is modified by the probing laser, which has
been neglected in all previous models used in the inter-
pretation of experimental data so far [9–12]. The present
approach thus has provided the needed framework to dis-
entangle electron-nuclear coupling dynamics in the HHG
process, in which practical simulations for HHG from
evolving targets can be carried out. We suggest that
further experiments on N2O4 molecules be carried out,
in particular, to use a second pump laser to further excite
the nuclear wave packet generated by the first pump, at
different time delay. By proper timing, larger vibrational
amplitudes can be achieved, and the nuclear wave packet
can be similarly probed with HHG. Such experiments
can deliver a wealth of data to test the prediction of the
present model and to provide a more complete picture of
this system. To provide realistic theoretical simulations
for the experiments on Br2 and NO2 mentioned earlier,
however, the present model has to be extended to in-
clude multiple electronic surfaces. In connection with the
possibility of extracting target structure by using HHG,
our results indicate that because of strong nature of the
probe pulse, the probed nuclear distribution does, in gen-
eral, change itself significantly due to the interaction with
the probe. Therefore, an inversion procedure to obtain
the “original” nuclear distribution should be more in-
volved than one would expect in case of a perturbative
probe. We note that this is relevant not only to HHG, but
to any nonlinear strong-field process involving molecu-
lar targets, such as ionization, above-threshold ionization
(ATI), and non-sequential double ionization (NSDI). The
effect is general, but it is stronger for molecules which are
more sensitive to Raman scattering.
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