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We present a determination of freeze-out conditions in heavy ion collisions based on ratios of
cumulants of net electric charge fluctuations. These ratios can reliably be calculated in lattice
QCD for a wide range of chemical potential values by using a next-to-leading order Taylor series
expansion around the limit of vanishing baryon, electric charge and strangeness chemical potentials.
From a computation of up to fourth order cumulants and charge correlations we first determine
the strangeness and electric charge chemical potentials that characterize freeze-out conditions in
a heavy ion collision and confirm that in the temperature range 150 MeV ≤ T ≤ 170 MeV the
hadron resonance gas model provides good approximations for these parameters that agree with
QCD calculations on the (5-15)% level. We then show that a comparison of lattice QCD results for
ratios of up to third order cumulants of electric charge fluctuations with experimental results allows
to extract the freeze-out baryon chemical potential and the freeze-out temperature.

PACS numbers: 11.15.Ha, 12.38.Gc, 12.38.Mh, 24.60.-k

1) Introduction: A central goal of experiments at the
Relativistic Heavy Ion Collider (RHIC) [1] is the ex-
ploration of the phase diagram of Quantum Chromody-
namics (QCD) at non-zero temperature (T ) and baryon
chemical potential (µB). In particular, a systematic
Beam Energy Scan (BES) is being performed at RHIC
in order to search for the QCD critical point that has
been postulated to exist in the T -µB phase diagram of
QCD [2, 3]. The measurement of fluctuations of con-
served charges, e.g. net baryon number (B), electric
charge (Q) and strangeness (S) [4–6], plays a crucial role
in this search for critical behavior [7] and the exploration
of the QCD phase diagram in general.

Fluctuations of conserved charges may reflect thermal
conditions at the time where the expanding medium, cre-
ated during a heavy ion collision, cooled down and di-
luted sufficiently so that hadrons reappear. It may be
questioned whether the thermal medium at this time is
in equilibrium and whether hadronization of all species
takes place at the same time. However, statistical
hadronization models, based on thermal hadron distribu-
tions given by the Hadron Resonance Gas (HRG) model,
describe the hadronization process quite successfully [8].
Moreover, HRG model calculations of net baryon num-
ber fluctuations [9] describe well experimental data on
net proton fluctuations [4]. This seems to suggest that
at the time of freeze-out the system can be described by
thermodynamics characterized by a temperature Tf and

a baryon chemical potential µf
B.

Conserved charge fluctuations can probe critical be-
havior if these fluctuations are generated at a point, char-
acterized by (Tf , µf

B), close to the QCD transition line
and eventually also close to the critical point. The freeze-
out points (Tf , µ

f
B) are usually determined by comparing

experimental hadron multiplicities with HRG model cal-
culations [8, 10]. In order to put these parameters on a
firm basis and compare them with the QCD transition
line it is desirable to extract the freeze-out parameters
by comparing experimental data with a QCD calcula-
tion. This requires observables which are experimentally
accessible and can also reliably be calculated in QCD.
The fluctuations of conserved charges and their higher or-
der cumulants are such observables. Experimentally net
baryon number fluctuations are accessible only through
net proton number fluctuations [4] inaccessible to lattice
QCD (LQCD). We thus focus on the net electric charge
fluctuations.
We present lattice calculations of ratios formed out

of the first three cumulants, i.e. mean (MX) , variance
(σ2

X) and skewness (SX) of the net charge distributions

X = B, Q and S. They can be used to extract (Tf , µ
f
B)

from corresponding experimental measurements.
2) Strangeness and electric charge chemical potentials:

To access (Tf , µ
f
B) we need to fix the electric charge (µQ)

and strangeness (µS) chemical potentials characterizing
the thermal system created during heavy ion collisions.
They are determined assuming the thermal sub-volume,
probed by measuring fluctuations in a certain acceptance
window, reflects the net strangeness content and electric
charge to baryon number ratio of the incident nuclei,

MS ≡ 0 , MQ = rMB , (1)

where MX = (V T 3)−1∂ lnZ(µ, T )/∂µ̂X is the expec-
tation value of the density of net charge X , µ =
(µB, µQ, µS) summarizes the three charge chemical po-
tentials and µ̂X ≡ µX/T . At any value of (T, µB) the
chemical potentials (µQ, µS) satisfying these constraints
can be evaluated in QCD. We perform Taylor expansions
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FIG. 1. The leading and next-to-leading order expansion coefficients of the strangeness (left) and the negative of the electric
charge chemical potentials (middle) versus temperature for r = 0.4. For s1 and q1 the LO-bands show results for the continuum
extrapolation. For s3 and q3 we give an estimate for continuum results (NLO bands) based on spline interpolations of the
Nτ = 8 data. Dashed lines at low temperature are from the HRG model and at high temperature from a massless, 3-flavor quark
gas. The right hand panel shows NLO results for µS/µB and µQ/µB as function of µB for three values of the temperature.

of the densities MX in terms of the three chemical poten-
tials and calculate the expansion coefficients of this series
using LQCD. This involves the numerical calculation of
generalized susceptibilities1 [11]

χBQS
ijk,µ =

1

V T 3

∂i+j+k lnZ(µ, T )

∂µ̂i
B∂µ̂

j
Q∂µ̂

k
S

(2)

at µ = 0. Recent LQCD calculations [12, 13] provide
continuum extrapolated results for the susceptibilities
needed to determine (µ̂Q, µ̂S) to leading order in µ̂B.
Let us write the next-to-leading order (NLO) expan-

sion of µ̂Q and µ̂S as µ̂Q = q1 µ̂B + q3 µ̂3
B, µ̂S = s1 µ̂B +

s3 µ̂3
B. Expanding the densities MX up to third order

in the chemical potentials we can fulfill the constraints
specified in Eq. 1 at NLO. This provides four equations
to determine the four parameters (s1, s3, q1, q3). In
leading order (LO) one obtains,

q1 =
r
(

χB
2 χ

S
2 − χBS

11 χBS
11

)

−
(

χBQ
11 χS

2 − χBS
11 χQS

11

)

(

χQ
2 χ

S
2 − χQS

11 χQS
11

)

− r
(

χBQ
11 χS

2 − χBS
11 χQS

11

) ,

s1 = −χBS
11

χS
2

− χQS
11

χS
2

q1 . (3)

The NLO expressions can be derived easily [16]. We eval-
uated the leading order expressions in the temperature
interval 150 MeV ≤ T ≤ 250 MeV for three different
values of the lattice cut-off (a) corresponding to lattices
with temporal extent Nτ ≡ 1/aT = 6, 8 and 12. All
calculations have been performed within an O(a2) im-
proved gauge and staggered fermion (HISQ) discretiza-
tion scheme [15] for (2+1)-flavor QCD using a strange

1 In the following subscripts and the corresponding superscripts

are suppressed in cases where the former is zero; furthermore

the abbreviation χ
BQS
ijk

= χ
BQS
ijk,µ=0

is used.

quark mass tuned to its physical value and the light to
strange quark mass ratio ml/ms = 1/20, leading to a
Goldstone pion mass of about 160 MeV. For LO results
we make use of data obtained by the HotQCD collab-
oration [12]. On the 243 × 6 and 323 × 8 lattices we
extended these calculations in the temperature interval
150 MeV ≤ T ≤ 175 MeV to 30,000 molecular dynamics
time units.

In the following we restrict our discussion to the case
r = 0.4, which approximates well the situations met in
Au-Au as well as Pb-Pb collisions. The leading order
expansion coefficients for (µ̂Q, µ̂S) are shown in the top
panels of Fig. 1 left and middle. Using spline interpo-
lations of results for three different lattice sizes, we per-
formed continuum extrapolations shown as bands, using
an ansatz linear in 1/N2

τ . No statistically significant dif-
ferences occur by including an additional 1/N4

τ correc-
tion.

To check the importance of NLO corrections we have
calculated s3 and q3 on Nτ = 6 and 8 lattices. As shown
in Fig. 1, NLO corrections are negligible in the high tem-
perature region and are below 10% in the relevant tem-
perature interval T ≃ (160± 10) MeV. In this tempera-
ture range leading order LQCD results deviate from HRG
model calculations expanded to the same order by less
than 15%. The NLO corrections become smaller than
the HRG model values for T>∼160 MeV, further reducing
the importance of NLO corrections. In the HRG model
the NLO expansion reproduces the full HRG result for
(µ̂Q, µ̂S) to better than 1.0% for µB/T ≤ 1.3. We thus
expect that the NLO expansion is a good approximation
to the complete results for (µ̂Q, µ̂S) for µB ≤ 200 MeV.

As our study utilizes the staggered discretization
scheme the biggest systematic effects at non-vanishing
lattice spacing are due to so-called taste violations, giving
rise to a distorted hadron spectrum but mainly affecting
the pion sector [12]. Correspondingly the electric charge
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susceptibilities will be most sensitive to discretization ef-
fects while the baryon and strangeness sectors are largely
unaffected. At LO these discretization effects have been
eliminated by taking the continuum limit. At NLO taste
violation effects show up in the electric charge sector,
Fig.1(middle). However, as the corrections themselves
are already small, we expect their influence to be small.
Furthermore, the taste violations can be modelled within
the HRG model by replacing the pion mass with the av-
erage, root mean-square pion mass [12]. Results obtained
with such a modified spectrum suggest that taste viola-
tion effects are indeed negligible in the NLO calculation
of µ̂S and lead to at most 5% systematic errors in µ̂Q for
µB ≤ 200 MeV.
Additional systematic errors arise from the degeneracy

of light quark masses. As a consequence not all suscep-
tibilities are independent; there are two constraints in
LO (χB

2 = 2χBQ
11 − χBS

11 , χS
2 = 2χQS

11 − χBS
11 ) and six

constraints in NLO [16]. Imposing these constraints by
hand in the HRG model calculations we find that q1 and
q3 can change by up to 3% while modifications of s1 and
s3 are below the 1% level. This suggests that even after
extrapolating to the continuum limit, the current LQCD
calculations of µQ/µB do have an inherent systematic
error of about 3%.
Our results for µS and µQ at NLO are shown in

Fig. 1(right). While µS/µB varies between 0.2 and 0.3
in the interval 150 MeV ≤ T ≤ 170 MeV, the absolute
value of µQ/µB is an order of magnitude smaller. Both
ratios are almost constant for µB ≤ 200 MeV, consistent
with HRG model calculations.
3) Ratios of cumulants of net charge fluctuations: We

now evaluate cumulants of net charge fluctuations as
function of T and µB for µS 6= 0 and µQ 6= 0 obeying
Eq. 1. As ratios of cumulants, RX

nm = χX
n,µ/χ

X
m,µ, cancel

the freeze-out volume we concentrate on such ratios,

RX
12 ≡ MX

σ2
X

= µ̂B

(

RX,1
12 +RX,3

12 µ̂2
B +O(µ̂4

B)
)

, (4)

RX
31 ≡ SXσ3

X

MX

= RX,0
31 +RX,2

31 µ̂2
B +O(µ̂4

B) , (5)

with X = B, Q. These ratios can be calculated in QCD
as well as in the HRG model [7], and eventually can be

compared to experimental data to determine (Tf , µ
f
B).

We evaluated them up to O(µ̂3
B) in a Taylor expansion

for RX
12 and to LO for RX

31.
Using χXX

11 ≡ χX
2 the LO coefficients of the odd-even

ratios RX
12 can be written as

RX,1
12 =

χBX
11

χX
2

+ q1
χXQ
11

χX
2

+ s1
χXS
11

χX
2

, (6)

with X = B, Q. They have been evaluated on lattices
with temporal extent Nτ = 6, 8 and 12 and have been
extrapolated to the continuum limit in the same way as
for q1 and s1, see Fig. 2(left). In Fig. 2(right) we show the
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FIG. 2. The leading (left) and next-to-leading (right) order
expansion coefficients of the ratio of first to second order cu-
mulants of net electric charge fluctuations versus temperature
for r = 0.4. The bands and lines are as in Fig. 1(left).

NLO corrections from Nτ = 6 and 8 lattices. The NLO
corrections are below 10%, making the leading order re-
sult a good approximation for a large range of µ̂B . Sys-
tematic errors arising from the NLO truncation for RQ

12

may again be estimated by comparing the full result in
the HRG model calculation with the corresponding trun-
cated results. For T = (160± 10) MeV and µB/T ≤ 1.3
we find that the difference is less than 1.0%. Moreover,
we estimated that taste violation effects in the NLO cal-
culation lead to systematic errors that are at most 5%.
Taylor series truncated at NLO are thus expected to give
a good approximation to the full result for a wide range
of µB .

4.) Determination of freeze-out baryon chemical poten-

tial and temperature: The ratio RQ
12 shows a strong sen-

sitivity on µB but varies little with T for T ≃ (160 ±
10) MeV. Fig. 3(left) shows this ratio as function of
µ̂B up to NLO corrections. For the determination of
(Tf , µ

f
B) a second, complimentary information is needed.

To this end we use information from the ratio RQ
31, which

is strongly dependent on T but receives corrections only
at O(µ̂2

B). The leading order result for this ratio is shown
in Fig. 3(middle). Apparently this ratio shows a charac-
teristic temperature dependence for T>∼155 MeV that is
quite different from that of HRG model calculations. The
NLO correction to RQ

31 is below 1% in the high temper-
ature free gas limit. At low T the HRG model suggests
that LO contributions to RQ

31 differ by less than 2% from
the exact results for µB ≤ 200 MeV. In the transition re-
gion a preliminary 6th order calculation at T = 162 MeV
[16] suggests that the µ2

B correction in units of the LO
term is −0.03(10). Based on these estimates we expect
the NLO corrections to be at most 10% for the whole
temperature range. In Fig. 3(middle) we show the spline
interpolation for the Nτ = 8 data as a band and added
on top of this a band that estimates the effect of a 10%
contribution of the NLO correction. The ratio RQ

31 thus
seems to be well suited for a determination of the freeze-
out temperature Tf .

We now are in a position to extract µf
B and Tf fromRQ

12

and RQ
31 which eventually will be measured in the BES at

RHIC. A large value for RQ
31, i.e. R

Q
31 ≃ 2 would suggest a

low freeze-out temperature (Tf<∼155 MeV), while a value
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The wider band on the data set for Nτ = 8 (middle) shows an estimate of the magnitude of NLO corrections. The right hand
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RQ
31 ≃ 1 would suggest a large freeze-out temperature

(Tf ∼ 170 MeV). A value of RQ
31 ≃ 1.5 would correspond

to Tf ∼ 160 MeV. A measurement of RQ
31 thus suffices to

determine Tf . In the HRG model parametrization of the
freeze-out curve [10] the favorite value for Tf in the beam
energy range 200 GeV ≥ √

sNN ≥ 39 GeV varies by less
than 2 MeV and is about 165 MeV. At this temperature
the values for RQ

31 calculated in the HRG model and in
QCD differ quite a bit, as is obvious from Fig. 3. While
RQ

31 ≃ 2 in the HRG model, one finds RQ
31 ≃ 1.2 in QCD

at T = 165 MeV. Values close to the HRG value are
compatible with QCD calculations only for T<∼157 MeV.
We thus expect to either find freeze-out temperatures
that are about 5% below HRG model results or values for
RQ

31 that are significantly smaller than the HRG value.
A measurement of this cumulant ratio at RHIC thus will
allow to determine Tf and probe the consistency with
HRG model predictions.

For any of these temperature values a comparison of
an experimental value for RQ

12 with Fig. 3(left) will allow

to determine µf
B. To be specific let us discuss the re-

sults obtained at T = 160 MeV. Here we find: RQ
12(T =

160 MeV) = 0.102(5)µ̂B + 0.002(1)µ̂3
B. For a value of

the freeze-out temperature close to Tf = 160 MeV we

thus expect to find µf
B = (20 − 30) MeV, if RQ

12 lies

in the range 0.012 − 0.020, µf
B = (50 − 70) MeV for

0.032 ≤ RQ
12 ≤ 0.045 and µf

B = (80 − 120) MeV for

0.05 ≤ RQ
12 ≤ 0.08. These parameter ranges are ex-

pected [1, 10, 14] to cover the regions relevant for RHIC
beam energies

√
sNN = 200 GeV, 62.4 GeV and 39 GeV,

respectively. As is evident from Fig. 3(left) the values

for µf
B will shift to smaller (larger) values when Tf turns

out to be larger (smaller) than 160 MeV. A more refined

analysis of (Tf , µ
f
B) will become possible, once the ratios

RQ
12 and RQ

31 have been measured experimentally.

5) Conclusions: We have shown that the first three cu-
mulants of net electric charge fluctuations are well suited
for a determination of freeze-out parameters in a heavy
ion collision. Although the ratios RQ

12 and RQ
31 are suffi-

cient to determine Tf and µf
B, it will clearly be advanta-

geous to have several ratios to probe the consistency of

an equilibrium thermodynamic description of cumulant
ratios at the time of freeze-out. In particular the ratio
of ratios RQ

12/R
B
12 = rχB

2,µ/χ
Q
2,µ is also well determined

in LQCD calculations [12]. In Fig. 3(right) we show the
NLO result for this quantity for T = (160± 10) MeV. Its
measurement will not only test our basic assumptions on
constraining the electric charge and strangeness chemi-
cal potentials but also constrain possible differences in
cumulant ratios of net proton and net baryon number
fluctuations. Once the ratios of lower order cumulants
have been used to fix the freeze-out parameters, the cal-
culation of higher order cumulants is parameter free and
provides unique observables for the discussion of possible
signatures for critical behavior along the freeze-out line.
While the calculations presented here have been per-

formed using the grand-canonical ensemble approach in
the thermodynamic limit, it is a-priori not evident that
this is also applicable to conditions met in a heavy ion
collision. Thus when comparing our results with experi-
mental ones it is essential to check that effects of global
conservation laws in finite sub-system sizes [17], experi-
mental acceptance cuts [18] or the influence of resonance
decays [19] do not invalidate the grand canonical ensem-
ble approach. Although many of these questions are be-
ing investigated in recent experimental analyzes [19, 20],
clearly these issues deserve further detailed considera-
tions.
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