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We propose a new integral formula for all tree-level scattering amplitudes of N' = 6 supersym-
metric Chern-Simons theory. It resembles the Roiban-Spradlin-Volovich-Witten formula for N’ = 4
supersymmetric Yang-Mills theory based on a twistor string theory formulation. Our formula implies
that the (2k)-point tree-level amplitude is closely related to degree (k — 1) curves in CP*~1.
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Introduction. One of the major milestones in recent
developments in the study of scattering amplitudes of
gauge field theories was Witten’s reformulation of the
tree-level amplitudes of N/ = 4 supersymmetric Yang-
Mills theory (SYMy) in the framework of a twistor string
theory [1]. This formulation has inspired and influenced,
directly or indirectly, a large number of subsequent de-

velopments; see e.g. [2] for a review.

The twistor-string formulation led to the so-called con-
nected prescription by Roiban, Spradlin and Volovich
(RSVW) [3], which renders various properties among par-
tial ordered tree-level amplitudes, such as the U(1) de-
coupling or Kleiss-Kuijf relations [4], either manifest or
straightforward to prove.

On the other hand, it was shown by Arkani-Hamed,
Cachazo, Cheung and Kaplan (ACCK) [5] that, to all
orders in perturbation theory, the leading singularities
of SYM, are given by the residues of a contour integral
over a Grassmannian manifold. This formulation mani-
fests the SU(4]|4) dual superconformal invariance [6], or
equivalently the Yangian invariance [7], of individual am-
plitudes. Further investigation on the contour for tree-
amplitudes, which are given by particular combinations
of the leading singularities, led to the realization that
ACCK formula evaluated for ‘tree contour’ is equivalent
to RSVW via a smooth deformation [8-11].

A natural question is whether these two formulas, and
the special properties of SYM,, can be generalized to
theories with less supersymmetry or theories in other
spacetime dimensions. A natural candidate would be
the A/ = 6 supersymmetric Chern-Simons theory (SCSg,
ak.a. ABJM) [12], whose planar scattering amplitudes
were shown to also enjoy a hidden OSp(6/4) Yangian sym-
metry [13-15]. Guided by how the Yangian symmetry is
manifested in the ACCK formalism [16], an analog of the
ACCK formula for SCSg was proposed in [17] and val-
idated through explicit calculation. The similarity be-
tween planar scattering amplitudes of SYM, and SCSg
leads one to consider the existence of a similar twistor
string theory for SCSg. See [18] for an earlier work on
SCSg amplitudes and [19-21] for recent progress.

The aim of this Letter is to show that, while a

twistor string theory for SCSg has not been developed,
an RSVW-like formula for tree amplitudes indeed exists.
Our main strategy is to carry over the relation between
ACCK and RSVW formulas [8-11] to three dimensions.
We must emphasize that this is by no means, conceptu-
ally and technically, a trivial generalization. We find it
likely that the existence of our new RSVW-like formula
points toward a twistor-string-like reformulation of SCSg.

Review in four dimensions. In SYMy, the ACCK for-
mula states that the leading singularity of color-ordered
amplitude for n external particles with £ negative and
(n — k) positive helicity assignments can be written as
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For each particle labelled by the index 4, the super-
twistor variable W, consists of four bosonic and four
fermionic components and contains information on the
external momentum and the super-multiplet structure.
The integration variable C' is a (k x n) matrix. The i-
th consecutive minor M; of C is defined by M;(C) =
€™ C o () COma(i+1) *** O (i4k—1) - Geometrically,
the space of C' modded out by the GL(k) ‘gauge’ sym-
metry spans the Grassmannian coset space Gr(k,n) =
U(n)/ (U(k) x U(n — k)). After gauge fixing and solving
the bosonic delta functions, one has (k — 2)(n — k — 2)
integration variables left. Thus (1) is understood as a
N = (k — 2)(n — k — 2) dimensional contour integral,
localized by the poles from the cyclic minors M;(C).
Ref. [10] showed that the RSVW formula can also be

written as an integral over a Grassmannian coset space:
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Here, the integration variable o is a (2 x n) matrix and
gets mapped to the (k X n) matrix C[o] by
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The bracket in (2) is defined by (ij) = a;b; — a;b;. Ge-
ometrically, the space of ¢ modulo the GL(2) ‘gauge’



symmetry spans Gr(2,n) = U(n)/(U(2) x U(n — 2)).
The map in (3) is known as the Veronese map which
translate the GL(2) transformation on the o variables
to the GL(k) transformation on the C variables. If one
interprets Gr(k,n) projectively as a configuration of n
points in CP*~!, (3) implies that all n points are local-
ized on the image of a degree (k — 1) map from CP!
to CP*~1. To see how this localization is related to the
original twistor string formulation, one takes a Fourier
tranform from W to its conjugate twistor variable Z,
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and observes that the tree-level amplitude is given by an
integral over the moduli space of degree (k — 1) curves
on which the twistor variables localize [1].

The localization can be conveniently achieved by a
series of Veronese operators S;(C), with | = 1,..., N,
which are quartic polynomials of (consecutive or non-
consecutive) minors of C. By definition, the zero-locus
of Veronese operators is precisely the image of the map
(3). Thus evaluating the contour integral in Gr(k,n) on
the poles of S;(C)~! enforces that the Gr(k,n) variables
can be put in the form of (3) up to a GL(k) transforma-
tion. The final ingredient that links (1) to (2) was the
realization [8-11] that (1) can be written in a form such
that the denominator of the integrand can be continu-
ously deformed into products of S;(C). In particular, it
was shown that the integrand in (1) can be written as:
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where t; is the deform parameter, and S;(C, ;) becomes
the Veronese operators when ¢; = 1. Thus by choosing
the contour to be the zero-locus of S;(C) one finds an
equivalence between (1) evaluated on this ‘tree contour’
to that of (2). The independence of the result on defor-
mation parameters t; was proven for NMHV and checked
for non-trivial N2MHV amplitudes in [10, 11].

A new formula in three dimensions A Grassmannian-
based formula for the leading singularities of SCSg, anal-
ogous to the ACCK formula, was found in [17],
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The on-shell information of each external state are conve-
niently encoded by the three-dimensional ‘super-twistor’
variables A = (A\*=12 pl=1.23)" The on-shell multi-
plet are grouped into two super-fields with opposite
(bose/fermi) statistics and adjacent multiplets in the
color ordered amplitude must have opposite statistics.
By convention, we assign fermonic multiplets to odd-
numbered sites. The alternating statistics is responsible

. (6)

for the sign factors in the cyclic symmetry,

Agr(1,2,...,2k —1,2k)
= (=11 A5 (3,4, ..., 2k — 1,2k, 1,2),  (7)

and the so-called A-parity [15],
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The integration variable C in (6) is a (k x 2k) matrix.
The minors M; are defined in the same way as in (1). A
main novelty here, compared to (1), is the ‘orthogonal’
constraint imposed by the delta function §(Cy,;Chri) =
§(Omn), which makes the domain of the integration to be
an orthogonal Grassmannian OG(k,2k) = O(2k)/U(k).
After gauge fixing and solving the bosonic delta func-
tions, one sees that (6) is in fact a (k — 2)(k — 3)/2 di-
mensional integration.

In this Letter, we propose a new (RSVW-like) formula
that gives the tree-level amplitudes of SCSg:
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The domain of the integration and the product of con-
secutive (2 x 2) minors in the integrand as well as the
presence of the Veronese map are the same as in the
four dimensional formula (2). In addition, it contains
two factors, J and A, that have no counter-parts in four
dimensions. The delta-function constraint,

(9)
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is inherited from §(Oynp) in (6) (more on this below).
The factor J is a rational function of o;:
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1<i<j<2k—1

We first confirm the GL(2)=GL(1)xSL(2) ‘gauge’ sym-
metry. The SL(2) invariance is clear since the integrand
is written entirely in terms of the brackets (4, 7). It is also
straightforward to check the GL(1) weight cancels in (9).
The GL(2) gauge symmetry of the integral (9) makes the
domain of the integration to be Gr(2,2k) whose dimen-
sion is (4k — 4). This dimension counting will be crucial
in the derivation of (9) from (6) to be discussed below.

Consistency checks. We now show that the new for-
mula (9) passes a few non-trivial tests. First, the A-parity
(8) simply follows from the delta function §213(Cy,;A;).



Second, consider the cyclic symmetry (7). The numer-
ator (Num) contains only (2k — 1) out of (2k) possible
columns, so it may appear to spoil the cyclic symmetry.
But, the constraint (10) states that the sum of all (2k)
columns vanishes, i.e., they are linearly dependent and
hence (Num) is cyclic invariant. Under the cyclic shift
by two sites, the denominator (Den) merely reshuffles the
same (2¢ — 1,25 — 1) factors in a different ordering, and
comes back to itself with the desired (—1)*~! factor.

Finally, we consider the three-algebra based [22] Kleiss-
Kuijf (KK) type relations [4] which has not been dis-
cussed in the literature:

> (-1)P Ay (1, P(2),...,2k = 1,P(2k)) = 0, (12)

where P denotes any permutation of the even labels
{2,4,...,2k}. This identity can be deduced by repre-
senting the color dressed amplitude in terms of the three-
algebra color factors, which are products of the four-
indexed structure constant f°? of the three-algebra.
Converting to the trace basis leads to the linear relations
in (12) between the color ordered amplitudes. Alterna-
tively, the relation can be proven by induction using re-
cursion relations [15]. In (9), only the cyclic denominator
factor is relevant for (12), as all other parts are invariant
under permutation of the even sites. One can then easily
check that the factor

1
(12)(23) - - - (2k — 1, 2k)(2k, 1)

(13)

satisfies (12). As this factor is also present in (2), one
immediately concludes that Yang-Mills amplitude also
satisfies (12). This is not surprising given the fact that
for even point amplitudes, once can express the color
factors of Yang-Mills in terms of febed = fab  fede

Unlike the A-parity and cyclic symmetry, which is built
into (6) and hence valid for all residues of the Grassman-
nian, the KK identity (12) is only valid for the tree am-
plitudes. Therefore, the fact that (9) does satisfy this
identity to all orders is a non-trivial support that this
is indeed equivalent to the Grassmannian (6) evaluated
along the correct ‘tree contour’.

Constructive proof up to eight points. We have suc-
ceeded in deriving (9) from (6) by explicit computations
up to k = 4. The presence of the Veronese map in (9),
indicates that it must be related to (6) evaluated on a
contour that is on the zero-locus of the Veronese opera-
tors. For k = 2, the map (3) is an identity map and the
equivalence is straightforward.

For k = 3, (6) is a zero dimensional integral and there
are no contours to choose. This implies that at £ = 3
(6) must be equivalent to (9) and the six-point Veronese
operator [10] must have trivially vanished. As we will see,
the vanishing of the Veronese operator is in fact implied

by the orthogonal constraint. For k& = 3, after gauge
fixing but prior to solving any bosonic delta functions,
we have 9 integration variables in (6) and 8 variables in
(9). We are free to introduce a 9th coordinate, say 7,
such that the resulting Jacobian is non-singular

oCc oC
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To integrate out 7, we note the following general fact.
The components of the matrix O,,, = Cy,;Cy; with the
same (m + n) take the same value on the image of the
map (3). Thus on the image of the map (3), some of the
orthogonal constraints become redundant. In particular,
for £ = 3 with a convenient choice of the 7 coordinate,
C = Clo] + 70m10i1, one can write

5(022)5(013) :5(0[0]22)5(71)%) . (15)

Thus we see that, at six-point, the orthogonal constraint
indeed localizes the C,,; onto the image of the Veronese
map and hence the vanishing of the six-point Veronese
operator. Integrating out 7 and using some identities
implied by the remaining parts of §(Oy,y), we find that
(9) indeed follows from (6).

The generic situation begins at k = 4 where (6) is a
one dimensional contour integral. There are four dis-
tinct Veronese operators for £ = 4, and hence four 7 co-
ordinates, which implies that the orthogonal constraint
must trivialize three of them. From 6(O,,,) we see three
pairs of degenerate constraints on the image of the map
(3); (013, 022), (014, 023) and (024, 033). With suitable
choice of 7, one obtains three constraints linear in 7’s.
The last constraint must appear as poles from the pres-
ence of the remaining Veronese operator in the denomi-
nator of (6) in a way analogous to the four dimensional
case we reviewed earlier.

There are two hints we can use to determine the wanted
factor from the minors. One hint is that when evaluating
the integral (6), the tree-amplitude is given by the sum
of poles in 1/(MzMy) [15]. The other hint comes from
the known form of S;(C) in (5) for n =8, k =4 [11]. By
combining the two pieces of information, we are led to
deform the integrand as follows.

1 i (4631)(4712)
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where (ijkl) denotes the minor composed of the four non-
consecutive columns of C'. Note that the independence on
t can be easily seen as one can deform the contour away
from S(¢) and encircle the poles of 1/M; and 1/Mj, on
which the ¢ dependent part of S(t) vanishes. Now (setting
t = 1), introducing a suitable set of coordinates 7 (I =
1,2,3,4) normal to the o directions and integrating them
out using the four factors, we find that (9) indeed follows
from (6) evaluated on the tree contour.



A discussion on general k. For general k, it is always
possible to introduce 7 coordinates in the small neigh-
borhood of the image of the map (3). The total number
of 7 coordinates, or equivalently Veronese operators, is
dim[Gr(k, 2k)] — dim[Gr(2,2k)] = (k — 2)2.

As we noted earlier, the components of O,,, with the
same (m + n) take the same value, so the differences be-
tween them can be used to integrate out 7’s. The num-
ber of such differences is (k—2)(k —1)/2. The remaining
(k—2)(k—3)/2 7’s should be integrated out by a contour
integral around ‘poles’ from a suitably deformed minors
as was the case in four dimensions. The number of poles
needed in the minors to integrate out 7’s coincides ex-
actly with the number of poles needed for the full eval-
uation of the Grassmannian formula (6) as discussed in
[15, 17]. This matching indicates that the problem of de-
forming the minors to integrate out 7’s is closely related
to classifying the independent Veronese operators under
the orthogonal constraint.

Discussion. So far we have shown up to & = 4 that
the ‘tree contour’ of (6) is on the zero-locus of the non-
trivial Veronese operators, leading to the integral rep-
resentation of tree-level amplitudes in (9). While it is
unclear whether for higher k the ‘tree contour’ should
continue to be on the zero-locus of the Veronese oper-
ators, leading to the validity of (9), the fact that (9)
renders tree-level amplitude relations such as the KK re-
lations (12) straightforward supports the assertion and
the validity of the formula. Furthermore, the fact that
the orthogonal constraint enforces some of the Veronese
operators to vanish also supports our identification of
the tree contour in (6). It would be interesting if one
can further test the formula by extracting its double soft
behavior, as well as possible non-trivial amplitude iden-
tities that arise from color kinematic duality [23] similar
to that found for Yang-Mills [24].

Finally, the fact that the tree amplitude corresponds to
localization of the orthogonal Grassmanian (6) on degree
(k—1) curves is highly suggestive of a novel twistor string
formulation. For instance, a Fourier transform to a ‘dual’
space, in a way analogous to (4), shows that the ampli-
tude in the dual space is indeed localized on degree (k—1)
curves. However, a crucial difference from SYMy is the
additional orthogonal constraint. It would be interesting
to understand the geometric picture of such constraint.
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