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Abstract 

We observe off-axis phase-matched terahertz generation in long air plasma filaments produced 

by femtosecond two-color laser focusing. Here phase-matching naturally occurs due to off-axis 

constructive interference between locally generated terahertz waves, and this determines the far-

field terahertz radiation profiles and yields. For a filament longer than the characteristic two-

color dephasing length, it emits conical terahertz radiation in the off-axis direction, peaked at 

4~7° depending on the radiation frequencies. The total terahertz yield continuously increases 

with the filament length, well beyond the dephasing length. The phase-matching condition 

observed here provides a simple method for scalable terahertz generation in elongated plasmas. 
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Phase matching is crucial for efficient frequency conversion in many nonlinear processes [1]. So 

far various phase matching conditions have been studied at a broad range of electromagnetic 

(EM) frequencies, including infrared, optical, and extreme ultraviolet (EUV) light [1, 2]. At far-

infrared or terahertz (THz) frequencies, an EM band which holds promise for numerous imaging 

and spectroscopic applications [3], there have been several approaches to achieve phase 

matching conditions [4-6]. In the case of using femtosecond Ti:sapphire lasers operating at 800 

nm, zinc telluride (ZnTe) crystals are commonly used to match the group velocity of optical 

pulses with the phase velocity of THz waves in optical rectification processes [4]. Recently, 

quasi- and non-collinear phase-matching have been demonstrated in lithium niobate (LiNbO3) 

crystals with periodical crystal poling [5] and tilted pulse front excitation [6] methods, 

respectively, where the conventional phase matching scheme described above does not simply 

apply. In particular, the latter method can produce high energy (hundreds of microjoules) THz 

radiation, with optical to THz energy conversion efficiency approaching nearly 1% [6]. These 

schemes, however, are vulnerable to material damage when excited by high-power lasers, which 

fundamentally limits THz energy scaling. 

In contrast, material damage is almost absent in plasma-based THz sources. In particular, 

femtosecond laser-produced plasma is an ideal medium for scalable THz generation if phase 

matching can be achieved in plasmas. Previously, Cherenkov-type phase matching was reported 

in single-color, laser-produced plasmas [7], but the overall conversion efficiency is extremely 

low because of its relatively poor nonlinear effect in single-color photoionization. 

The efficiency can be greatly enhanced by creating plasmas with two-color laser focusing 

[8-22]. In this scheme, intense THz radiation is produced by focusing an ultrashort pulsed laser’s 

fundamental (ω) and its second harmonic (2ω) pulses in a gas and converting it into a plasma.  



Microscopically, the radiation arises from tunneling ionization and subsequent electron current in 

a symmetry-broken electric field [13-15]. This so-called photocurrent model can explain the 

microscopic origin of the third order nonlinearity, χ(3). In this scheme, the resulting THz 

radiation amplitude is sensitive to the relative phase, θ, between the ω and 2ω pulses in the 

plasma. Many experiments have shown that the THz amplitude scales as ETHz ∝ sinθ [8-11, 13], 

assuming constant θ over the entire plasma length (typically <10 mm). However, long plasma 

filaments ranging from a few centimeters to tens of meters can be formed via femtosecond 

filamentation in air [23]. In this case, the relative phase θ varies along the filament direction, 

modulating the amplitude and polarity of local THz waves. Because of this, no THz 

enhancement was previously predicted in the forward direction [18].  

However, in this paper, we report a new type of phase matching condition for efficient THz 

generation in two-color filamentation. In this scheme, phase matching naturally occurs in the off-

axis direction.  Figure 1 shows a schematic of THz generation along a long plasma filament. As 

two-color pulses (ω and 2ω) propagates along the filament, the relative phase changes as 

2 0)( /ln n cω ωθ ω θ= − + , where nω,2ω is the refractive index of plasma filament at ω and 2ω 

frequency, contributed from both air and plasma dispersion ( , , ,filament air plasman n nω ω ω= + ), l is the 

filament length, and θ0 is the relative phase at the starting point of filament, determined by the 

frequency doubling process and air dispersion before the plasma filament. Here, 

2 2
, /1plasma pn ω ω ω≈ − , where ωp is the plasma frequency (for nair,ω, see [24]). Because of the 

air-plasma dispersion, the relative phase θ  varies over the filament length. Here, the dephasing 

length, over which the resulting THz polarity remains the same (0 ≤ θ ≤ π), is given by 

1
2( )/ 2)(d nl nω ωλ −= − , where λ is the wavelength at ω. For example, for pure (no plasma) 



atmospheric air, the dephasing length is ld  ≈ 25 mm at λ = 800 nm. For a filament with electron 

density of Ne ~ 1016 cm-3 [25] in atmospheric air (~1019 cm-3), ld ≈ 22 mm. Because of this 

dephasing effect, an oscillatory THz output is expected in the forward direction as the relative 

phase continuously varies along the filament [18]. This leads to maximal THz generation with 

filament length l ≈ ld. 

However, natural phase matching can occur in the off-axis direction. This can be explained 

by a simple interference effect. For a plasma filament comparable to or longer than the dephasing 

length, ld, the THz waves produced along the filament have both positive and negative polarities 

as shown in Fig. 1. For example, consider the polarity is positive at Point A and negative at Point 

B (ld distance away from A). In The waves produced at Points A and B interfere constructively if 

the path difference is Δl = P3 – (P1 + P2) = (m + 1/2)Γ, where m = 0, 1, 2, ... and Γ is the THz 

wavelength. With m = 0, the angle for constructive interference is given by cosΘ ≈ 1 – Γ/(2ld). 

For ld = 20 mm and Γ = 200 μm, the emission peaks at Θ ~ 6°. Note that this type of off-axis 

phase matching is only achieved when the radiation wavelength, Γ, is longer than the source 

transverse size, D, but shorter than the dephasing length (D < Γ < ld). For typical air 

filamentation, D < 100 μm and ld ≈ 22 mm, which naturally fulfills the phase matching condition. 

However, the constraint is not satisfied for conventional optical second harmonic or high 

harmonic generation (because Γ/D < 0.1) or THz generation in nonlinear crystals (because D > Γ  

or Γ > ld).  

To confirm phase-matched THz generation experimentally, a femtosecond laser system 

capable of delivering 25 fs, 6 mJ pulses at a repetition rate of 1 kHz is used. The laser pulses are 

focused by a lens, followed by, a 100-μm thick BBO (type-I) crystal which generates second 

harmonics (see Fig. 1). Both fundamental and second harmonic are focused in ambient air, 



creating a plasma filament. THz radiation emitted from the filament is detected by a pyroelectric 

detector. A silicon filter is used to block unwanted optical and infrared light. Additional filters 

are used to characterize THz profiles at different frequency bands: a Germanium wafer is used to 

detect THz frequencies mostly at <10 THz, whereas a 3-mm thick Teflon window is used as a 

low pass filter to detect <3 THz. For THz imaging, the pyroelectric detector is raster scanned 

over 5 cm × 3.5 cm, which provides a detection angle of ~10°. THz profiles are measured with 

two different plasma lengths. In the first set of experiment, the laser energy is limited to ~1.3 mJ 

with a beam size of 5 mm, and a lens of f = 15 cm is used to create a relatively short plasma (~10 

mm). The measured far-field THz profiles are shown in Figs. 2(a) and 2(b) at high (Germanium 

filter) and low (Teflon filter) THz frequencies, respectively. With laser energy of 5 mJ, beam 

diameter of 10 mm, and lens with f = 300 mm, a plasma filament longer than ~40 mm is created. 

The corresponding THz profiles are shown in Figs. 2(c) and 2(d), at low and high frequency THz 

frequencies, respectively. Here, the emission angle is ~5° in Fig. 2(c). In the limit where the 

plasma filament length is much shorter than the dephasing length ld, all THz waves have the 

same polarity and constructively interference in the forward direction, producing THz radiation 

peaked on-axis. Such trend is somewhat shown in Fig. 2(a), obtained with l ≤ ld. In this case, the 

yield, however, is much lower compared to the long filament case in Figs. 2(c)-(d). 

We also examine the radiation profiles of THz waves after being focused by a pair of 

parabolic mirrors. Unlike the conical radiation profiles shown in Fig. 2, the focused THz 

intensity is peaked on axis with diameter of ~2 mm [19, 20]. This transition is can be explained 

by Fourier wave propagation or ray-tracing under geometric focusing. The bell-shaped THz 

profiles are favorable for most practical applications. 



We also measure how the total THz yield scales with the plasma length. A lens with f = 1.5 

m is used to produce ~100 mm long plasma filaments. The resulting THz radiation is collected 

by a pair of parabolic mirrors and focused into the pyroelectric detector. An iris with aperture 

diameter of ~2 mm is used to block the THz waves emitted in front the iris, while the THz waves 

generated behind the iris being unblocked and detected (see the inset in Fig. 4) [12, 18]. Here, 

THz transmission through the aperture is relatively small and thus ignored. By moving the iris 

along the filament, we can measure the effective plasma length responsible for the detected THz 

radiation. The result is shown in Fig. 3. It shows that the THz yield increases with the effective 

plasma length, regardless of the initial relative phase. Here, we tried three different BBO 

positions to provide θ0 ≈ 0, π/4 or π/2 [13]. Figure 3 shows that the yield continuously increases 

over the entire scanned length (l ≈ 70 mm), longer than three times the estimated dephasing 

length. This suggests we can continuously enhance the THz output by simply increasing the 

filament length, until the ω and 2ω pulses do not temporally overlap due to plasma dispersion. 

This gives a theoretical limit of ~4 m. We note that the saturation appeared at ~70 mm is 

attributed to non-collected THz radiation emitted at the front part of filament due to our limited 

collection angle. 

For a better understanding of THz emission from long plasma filaments, we develop a two-

dimensional (2D) THz generation and propagation model. In this model, the local THz source at 

position  can be represented by the nonlinear polarization  as 

( ) ( ) ( ) ( )' ' ',Ω , sin ( ') exp Ω ,THzgP A z in k z i tθ∝ Ω −r r     (1) 

where  is the local THz amplitude at frequency Ω, given by the microscopic plasma current 

model [13, 15]. The second term provides a phase-dependent THz amplitude modulation along 

the filament direction z′ owing to the phase mismatch between ω and 2ω pulses. The last term 



represents the velocity walk-off between the optical and THz pulse, where ng is the optical group 

velocity index of refraction in the filament. The THz far-field is then expressed by integrating the 

contributions from all local sources over the entire filament plasma volume as 
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For simplicity, the filament is approximated as a uniform cylindrical plasma with cross section of 
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The far-field THz intensity profile can be approximated as  
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represents circular diffraction. The third term provides a phase-matching condition for efficient 

THz generation. It depends on two terms  and , instead of one term in most cases, due to the 

sinusoidal dependence of the local emitters on the phase between the two optical pulses. The 

condition provides the phase matching angle, Θp, for maximal THz generation, given by 

( )cos 1
2p

dl
λΘ = −  for weakly ionized plasma filaments (ng ≈ 1). This is the same condition 



obtained with the simple interference picture above. Here, Θp, is sensitive to the dephasing 

length and varies with the THz frequency. We note that the THz yield at Θ = Θp increases with l2, 

but total THz yield ( ) 2
si, n,ΩE r dΘ Θ Θ∫  does not simply increase with l2 because of the angle-

dependent phase-matching term. 

Figures 2(e)-(f) show the simulated THz radiation profiles obtained from Eq. (3) under the 

experimental conditions of Figs. 2(c)-(d). The conical emission for l ≥ ld is well reproduced in 

Figs. 2(e)-(f) with Θp ~ 6°, consistent with the measured peak radiation angle.  For l ≤ ld, the 

simulation provides a bell-shaped profile. For instance, Figure 4(a) shows the angular 

distributions at 1 THz for l = ld, 2ld, and 3ld. Figure 3(b) shows that Θp tends to decrease with 

increasing THz frequency, consistent with the measured profiles shown in Figs. 2(c)-(d). Figures 

4(c) shows the angle-dependent yield ( ) 2
, ,ΩE r Θ  at 1 THz as a function of increasing filament 

length for various angles. At Θ ~ 7°, the yield increases almost with l2 as predicted in Eq. (3), but 

it drops after passing the phase-matching angle (see Θ = 8°). We also calculate how the total 

yield  at 1 THz depends on the length of plasma. As shown in Fig. 4(d), when the plasma is 

shorter than the dephasing length (l << ld), the yield is greatly sensitive to the initial phase, 

consistent with the microscopic behavior [8-11, 13]. However, when the plasma length becomes 

longer (l ≥ ld), the yield increases almost linearly regardless of the initial phase [2]. Here, the 

constraint D < Γ < ld needs to be satisfied. For example, the total yield at 1 THz with a large 

source diameter D = 2 mm (Γ/D ~ 0.15) shows only an oscillatory behavior (no overall 

enhancement) with increasing filament length [see Fig. 4(e)]. With a typical filament diameter 

(D ~ 0.1 mm), the phase matching condition is well satisfied at low THz frequencies [see Fig. 

4(f)]. 



Our model, however, has several limits. It assumes cylindrical, uniform plasma-density 

filaments and excludes THz absorption and refraction inside the filaments. It also assumes 

luminal THz phase velocities in free space and linear THz polarization [16, 17]. It also ignores 

self-phase modulation in air and spectral blue shifts via tunneling ionization occurring over the 

entire plasma filament. Nonetheless, our simple model well describes the measured THz 

emission yields and angular profiles, providing a physical insight into macroscopic THz 

propagation and enhancement processes in plasmas. 

In conclusion, we discover off-axis phase-matched THz generation in elongated two-color 

filamentation. In particular, we find the THz yields and angular distributions are greatly sensitive 

to the filament and dephasing length. Simultaneously, the yield increases almost linearly with the 

plasma filament length as a result of off-axis phase matching. Due to this, one can effectively 

increase THz output by simply extending the plasma filament length with more laser power 

while keeping the local THz wave strength constant. This method can overcome the saturation 

effect previously reported [13, 14], mainly caused by overdense plasma creation and laser 

intensity clamping in filamentation. 

The authors acknowledge the support of the U.S. Department of Energy and the Office of 

Naval Research. 
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Figure captions 

Fig. 1 (Color online) Schematic of THz emission from a long, two-color laser-produced filament. 

The phase slippage between 800 nm (red) and 400 nm (blue) pulses along the filament results in 

a periodic oscillation of microscopic current amplitude and polarity. The resulting far-field THz 

radiation is determined by interference between the waves emitted from the local sources along 

the filament. 

 

Fig. 2 Measured far-field THz radiation profiles obtained with (a)(b) 10-mm long and (c)(d) 40-

mm long filaments, all obtained by raster scanning of a pyroelectric detector with a silicon filter. 

Additional Teflon (a-c) and Germanium (b-d) filters are used for low (<3 THz) and high (<10 

THz) frequency band transmission. (e)~(f) are simulated THz profiles for the long filament case. 

 

Fig. 3 (Color online) Far-field THz yield as a function of plasma filament length. The inset 

shows a luminescent image of filament created by two-color laser pulses propagating from left to 

right. The measurements were done at three different BBO positions, representing three different 

initial phase differences 0, π/4, and π/2.  

 

Fig. 4 (Color online) Simulation results for (a) THz profiles with different plasma length: l = ld, 2 

ld, and 3ld at 1 THz, (b) far-field THz profiles at three different frequencies: 1 THz, 3 THz, and 5 

THz, (c) THz yield versus plasma length at various emission angles; Θ = 0°, 3°, 7°, and 8° at 1 

THz, (d) total THz yield versus plasma length with different initial phases θ0 = 0, π/4, and π/2 at 

1 THz. Simulated THz yields with increasing plasma length normalized by the dephasing length 



for (e) three different filament diameters (0.1 mm, 1 mm, 2 mm) at 1 THz emission and (f) 0.1 

mm filament diameter at 1 THz, 10 THz, and 100 THz radiation emission. 
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