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Abstract

An effective Hamiltonian is developed to investigate the magnetic cycloid of BiFeO3 (BFO) mul-

tiferroic. This approach reproduces many complex features of this cycloid, such as its plane of

rotation containing the polarization and the newly discovered spin density waves resulting from

the canting of magnetic dipoles out of this cycloidal plane. It also suggests that the energetic origin

of the cycloid can be thought as the converse spin-current model, and reveals the mechanisms re-

sponsible for the spin density waves. Finally, this atomistic scheme resolves an ongoing controversy

about the cycloid anharmonicity, and revisits a recent misconception about the relationship be-

tween out-of-plane spin-density waves and the weak magnetization associated with the spin-canted

structure of BFO.
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Multiferroic materials have recently recaptured the attention of many researchers, be-

cause of the inherent coupling between their magnetic order and ferroelectricity [1–3]. In

particular, BiFeO3 has been intensively studied since it is one of the few multiferroics for

which magnetic order and an electric polarization coexist at room temperature (see, e.g.,

Refs. [4–12] and references therein). Interestingly, the magnetic order of bulk BFO is rather

complex and even controversial. While it has been known for some years that such order

consists of a cycloid with the magnetic dipoles rotating within a plane containing the polar-

ization [6, 13, 14], there has been contradictory reports about the degree of anharmonicity

of this cycloid [15–21]. More importantly, a recent measurement found an unexpected addi-

tional spin density wave (SDW) that makes the magnetic dipoles canting out of the cycloidal

plane [22]. This breakthrough naturally raises the question of whether the energy expres-

sions used so far to explain the origin of the magnetic cycloid in BFO [23–25] are in fact

incorrect since none of them have resulted in the prediction of an out-of-plane SDW. If that

is indeed the case, one may wonder what is the real energetic origin of such cycloid and what

are the mechanisms responsible for the out-of-plane SDW that coexists with the in-plane

rotation of the magnetic dipoles. Other important questions to resolve or revisit in BFO are

the possible destruction of this cycloid in favor of a spin-canted structure when applying a

magnetic field [26], and the relationship (if any) between the out-of-plane SDW inherent to

the cycloid and the weak ferromagnetic (FM) vector inherent to the spin-canted structure

[10, 12, 22]. In this Letter, all the aforementioned issues are addressed and resolved, via the

use and development of an effective Hamiltonian technique.

In our model, the total internal energy, Etot, is written as a sum of two terms,

EFE−AFD({ui}, {η}, {ωi}) and EMAG({mi}, {ui}, {η}, {ωi}). ui is the local soft mode in

unit cell i, which is directly proportional to the electric dipole moment centered on the Fe

ion of that cell. {η} is the strain tensor, that gathers homogeneous and inhomogeneous

contributions [30]. ωi is a pseudo-vector characterizing the oxygen octahedra tilting – also

termed the antiferrodistortive (AFD) distortions – in unit cell i. It is centered on Fe ions

too, and its direction provides the axis about which the oxygen octahedra tilt while its mag-

nitude gives the angle of that tilt [31]. mi is the magnetic dipole moment centered on the

Fe-site i and is assumed to have a fixed magnitude of 4µB, as consistent with first principles

[4] and measurements [32]. EFE−AFD is given in Ref. [31] and involves terms associated

with ferroelectricity, strain and AFD distortions, and their mutual couplings. EMAG gathers
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magnetic degrees of freedom and their couplings, and is proposed here to be:

EMAG({mi}, {ui}, {η}, {ωi}) =
∑

i,j,α,γ Qij,αγmi,αmj,γ +
∑

i,j,α,γ Dij,αγmi,αmj,γ

+
∑

i,j,α,γ,ν,δ Eij,αγνδmi,αmj,γui,νui,δ +
∑

i,j,α,γ,ν,δ Fij,αγνδmi,αmj,γωi,νωi,δ

+
∑

i,j,l,α,γ Gij,l,αγηl(i)mi,αmj,γ +
∑

i,j Kij(ωi − ωj) · (mi ×mj)−
∑

i,j Cij(ui × eij) · (mi ×mj) ,(1)

where α, γ, ν and δ denote Cartesian components, and ηl(i) is the lth component of the

strain tensor at the site i. The index i runs over all the Fe-sites. The first term of Eq. (1)

corresponds to the dipolar interactions between magnetic moments, with j running over all

the Fe-sites [30]. The second term has the same analytical expression than the first one

but corresponds to a different energy: it represents the (short-range) exchange interactions.

The third, fourth and fifth energies characterize how the local soft-modes, AFD degrees

of freedom and strain affect such exchange interactions, respectively [11, 33]. The j index

for the second, third, fourth,and fifth energies runs over the first, second and third nearest

neighbors of the Fe-site i. Note that the analytical expression of the third, fourth and fifth

terms are associated with the lowest possible orders in the couplings, because our reference

state is cubic. The sixth energetic term of Eq. (1) has been recently proposed to explain and

reproduce the spin-canted, weak ferromagnetic structure of BFO compounds [12]. In this

term, j only runs over the (six) first nearest neighbors of the Fe-site i. It is important to

realize that this term involves the AFD distortions at sites i and j (and not the local electric

dipoles), indicating that the spin-canted structure of BFO originates from the tilting of the

oxygen octahedra (rather than being induced by the electrical polarization) – as consistent

with first-principles computations [10, 12]. The novelty of the present approach with respect

to Ref. [12] resides in the last term of Eq. (1). As we will see, the introduction of this term

leads to the activation of the observed magnetic cycloid of BFO, with its complex features

being all qualitatively reproduced. In this last term, j only runs over the twelve Fe sites that

are second-nearest neighbors of the Fe-site i, and eij is a vector (of
√
2 length in reduced

units) along the direction joining the Fe-sites i and j. This term, unlike the sixth energy of

Eq. (1), involves the electric dipoles since it depends on ui. TheDij,αγ, Eij,αγ,ν,δ, Fij,αγ,ν,δ and

Gijl,αγ and Kij parameters entering Eq. (1) are extracted from first-principles calculations

on small cells [11, 12, 33]. On the other hand, the Cij coefficient is allowed to vary here to

determine its effect on magnetic properties.
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The Etot total internal energy is used in Monte-Carlo (MC) simulations on a 18×18×18

supercell, with up to 1 million MC sweeps, to obtain finite-temperature properties of bulk

BFO [34]. This effective Hamiltonian provides a Curie temperature of around TC ≃ 1080

K below which bulk BFO adopts a R3c state that exhibits a polarization pointing along the

[111] pseudoc-cubic direction and oxygen octahedra tilting in anti-phase fashion about this

same [111] direction. Such predictions are consistent with experiments [9, 35, 36]. Moreover,

a magnetic order develops below TN ≃ 650 K when using the proposed total energy, which

is also in excellent agreement with the measured critical temperature ≃ 625K–643K [32, 35].

When the Cij parameter of Eq. (1) is below a critical value of ≃ 3× 10−6 Hartree/(Bohr

µ2
B) at 1K, the magnetic structure consists of a spin-canted structure for which a strong

G-type antiferromagnetic (AFM) vector coexists with a weak ferromagnetic vector, with

these two vectors being perpendicular to each other and lying on the (111) plane. Such

findings are consistent with Refs. [10, 12]. On the other hand, a complex magnetic cycloid

develops for Cij larger than this critical value [37]. Figures 1 display a snapshot of this

cycloid for Cij = 5 × 10−6 Hartree/(Bohr µ2
B) at a temperature T=0.2K. This cycloid

propagates along [01̄1], that is a pseudo-cubic direction joining Fe ions being second nearest

neighbors of each other and that is perpendicular to the polarization, P, in agreement with

measurements [6, 13, 14, 18, 22]. This cycloid can be thought as a superposition of two

simultaneous waves: one “in-plane” wave for which the projection of the magnetic dipoles

on the (2̄11) cycloidal plane rotates between the [01̄1] and [111] direction when moving

along the propagation direction, see Figure 1a; and an “out-of-plane” wave for which the

magnetic dipoles also possess a component being normal to the cycloidal plane, with these

out-of-plane components changing their values and even their signs [that is, they cross the

(2̄11) plane] when moving along the propagation direction, see Fig. 1b. Interestingly, the

“in-plane” cycloidal structure has been previously observed by various groups for some

time [6, 13, 14, 18] while the additional out-of-plane wave has just been recently evidenced

[22]. Moreover, these out-of-plane components are rather small with respect to the in-plane

components (their maximum value in Fig. 1b is about 0.5 µB, while the magnitude of the

magnetic moment on each Fe ions is 4µB). A a result, the magnetic dipoles deviate by less

than 5 degree from the (2̄11) cycloidal plane, when choosing Cij = 5× 10−6 Hartree/(Bohr

µ2
B) and T=0.2K (see Fig. 2). Such predictions are fully consistent with the experiment

of Ref. [22]. Figures 1 and 2 also reveal that these out-of-plane components are maximum
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in magnitude when the in-plane components of the magnetic dipoles are almost parallel

or antiparallel to the polarization (along [111]). Conversely, these out-of-plane components

nearly vanish when the magnetic moments lie along the cycloid propagation direction (along

[01̄1]). We also numerically found (not shown here) that the spins cant more and more

(respectively, less and less) out of the cycloidal plane when the temperature is increased for

a given Cij coefficient (respectively, when Cij further increases at a fixed temperature).

To understand the origin of such out-of-plane modulation, we compared the total internal

energy of the magnetic structure shown in Figs. 1 with that of the purely in-plane cycloidal

magnetic structure. These calculations indicated that the last term of Eq. (1) disfavors the

formation of an out-of-plane spin wave. Rather, we found that it is the magnetic exchange

interactions that energetically leads to the activation of these out-of-plane waves, once the

in-plane cycloidal magnetic structure occurs.

To further characterize the complex magnetic structure of BFO bulks, we computed the

Fourier transform of the local magnetic dipoles’ configuration for the different reciprocal

k-points allowed for the 18 × 18× 18 supercell [38]. The reciprocal k-vector possessing the

largest magnitude of these Fourier transforms is given by kcyclo=
2π

18alat
(9x−8y+8z), where

alat is the lattice constant of the 5-atom primitive cell and where x, y and z are unit vectors

along the pseudo-cubic [100], [010] and [001] directions, respectively. kcyclo characterizes

the modulation period and propagation direction of the mimicked cycloid [6, 13, 14, 18].

The square of its Fourier component is rather large: it contains 99.12 % of the total spectra

gathering the Fourier transforms at all possible k-points, when Cij = 5×10−6 Hartree/(Bohr

µ2
B) at 5K. Interestingly, a second reciprocal vector, kanh, also possesses a significant square

of its Fourier component – that is of the order of 0.09% for that Cij and temperature. This

vector is kanh=
2π

18alat
(9x−6y+6z). As consistent with Ref. [18], its existence indicates that

the cycloid exhibits some anharmonicity. In fact, the ratio of 99.12% over 0.09% quantifies

such anharmonicity by a value of m ≃ 0.4, with m being the parameter appearing in the

elliptic Jacobi function [18]. Such parameter can range between zero (case of a circular

cycloid, i.e, where anharmonicity is absent) and 1 (case of a square wave in which the spins

bunch along the one of the coordinate axes). Our predicted value of about 0.4 is in-between

the measured values of 0.25 and 0.53 found by neutron diffractions at low temperature in

Refs. [18, 19]. Our simulations thus contrasts with the low-temperature NMR measurements

providing a value of 0.95 for the Jacobi function parameter at 5K [15–17], and therefore tell
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us that the magnetic cycloid of BFO possesses a rather low anharmonicity – in agreement

with Refs. [18–21]. We also numerically found that the anharmonicity decreases as the Cij

coefficient of Eq. (1) increases at a fixed, low temperature.

We also investigated how the magnetic cycloid evolves when placed under a magnetic field,

H, aligned along [2̄11]. Figure 3(a) displays the magnitude, M, of the resulting magnetization

as a function of the strength, H, of the magnetic field, when choosing Cij = 4 × 10−6

Hartree/(Bohr µ2
B) and T=5K. Figure 3 (b) shows the corresponding evolution of the square

of the Fourier transforms of the local magnetic dipoles configuration at kcyclo and at the

k-vector associated with the R-point of the cubic first Brillouin zone (i.e., kR = π
2alat

(x +

y + z)). The magnetic cycloid transforms into a spin-canted structure (possessing a large

G-type AFM vector and a weak perpendicular magnetization) for a magnetic field around

7 Tesla when Cij = 4× 10−6 Hartree/(Bohr µ2
B) and T=5K (we numerically found that the

critical magnetic field is sensitive to Cij. As a result, one needs to slightly increase it to

obtain the experimental critical field of around 20 Tesla [26]). Interestingly, interpolating

down to 0 Tesla the M-versus-H straight line existing above 7 Tesla provides a value of

the magnetization of 0.027 µB – which is the value of the magnetization of the spin-canted

structure under no field when switching off Cij in Eq. (1). Such features are consistent with

experiments [26]. They also emphasize that the spin-canting, weak FM structure of BFO

and the magnetic cycloid are related to two different and competing energies, namely, the

sixth and last terms of Eq. (1), respectively. Figure 3 further reports the M-versus-H curve

when switching off the “spin-canting” Kij coefficient of Eq. (1). The magnetic cycloid is still

found to possess both an in-plane and out-of-plane modulation at low magnetic field, and is

still destroyed for magnetic fields of the order of 7 Tesla when Cij = 4×10−6 Hartree/(Bohr

µ2
B) and T=5K. However, the resulting high-field structure can be thought as being purely

G-type AFM rather than being canted (since the resulting magnetization at high field is

nearly zero). As a result, and unlike thought in Ref. [22], the existence of the out-of-plane

modulation inherent to the cycloidal structure can not be considered as the precursor of (or

the same effect as) the weak FM occurring in the spin-canted structure.

It is also important to realize that we numerically found that is the competition between

the last term of Eq. (1) and the other terms of this Equation – at the exception of the

first term (magnetic dipolar) and the sixth term (related to the spin-canting) – that gives

rise to the cycloid and its associated characteristics (such as SDW, small anharmonicity,
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etc...). As a matter of fact, the last term of Eq. (1) by itself does not want to form

a long-period cycloid, but rather favors magnetic moments successively aligned along the

[111] (polarization) direction and then along the [01̄1] (eij) direction, when moving along the

direction spanned by eij. Moreover, the introduction of this last term does not automatically

guarantee the existence of a SDW and low anharmonicity. Such features naturally result

here from the minimization of the total energy of Eq. (1) (that includes several energies).

Furthermore, this last term is not related to the suggested and commonly used complex

relativistic Lifshitz-like invariant that is associated with the product between polarization,

antiferromagnetic vector and the gradient of the antiferromagnetic vector [23]. It rather

involves a much simpler analytical form where the essential interactions are between second-

nearest neighbors. In fact, the analytical form of the last term of Eq. (1) can be thought

of as the converse spin-current-induction effect [39], as consistent with what stated for the

cycloid of BFO in Refs. [6, 40]. As a matter of fact, the spin-current-induction model was

recently introduced to reveal how a peculiar magnetic cycloidal structure can lead to the

formation of a polarization, while here we discuss the reciprocal effect that the existence

of a polarization causes the occurrence of a magnetic cycloid (note that the idea that the

polarization-induced cycloid of BFO is the converse effect of a cycloid-induced polarization

was also indicated in Ref. [41]). Knowing the energetic origins of the magnetic cycloid in

BFO and its characteristics (such as low anharmonicity and spin-density waves) is essential

to understand many important features, such as spin dynamics, electromagnons [27–29], the

control of the magnetic cycloid by electric field [5–7], the effect of temperature and surface

on magnetic properties, etc...[42].
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FIGURE CAPTIONS

Figure 1: Snapshot of the magnetic dipoles configurations at 0.2K when the Cij parameter

of Eq. (1) is chosen to be 5 × 10−6 Hartree/(Bohr µ2
B). Panel (a) shows the projections of

the magnetic dipoles into the (2̄11) cycloidal plane for a line of dipoles centered along the

same [01̄1] direction. Panel (b) displays the out-of-plane components of these dipoles.

Figure 2: Angle made by the magnetic dipoles with the polarization (open squares) and

angle made by these dipoles out of the cycloidal plane (open circles), for a line of dipoles

centered along the same [01̄1] direction. Cij is chosen to be 5×10−6 Hartree/(Bohr µ2
B) and

the temperature is 0.2K. The horizontal dashed line corresponds to zero angles.

Figure 3: Magnitude of the magnetization (Panel a) and of the square of the Fourier

transforms of the local magnetic dipoles’s configuration (Panel b) at kcyclo (circles) and

kR (squares), as a function of the magnitude of the magnetic field applied along the [2̄11]

direction when the Kij parameter of Eq. (1) is switched on (open symbols) or off (filled

symbols). The Cij parameter of Eq. (1) is chosen to be 4×10−6 Hartree/(Bohr µ2
B) and the

temperature is 5K. The dashed line in Panel (a) shows the interpolation down to 0 Tesla of

the M-versus-H straight line existing above 7 Tesla when Kij is switched on.
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