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We propose a realistic scheme to detect topological edge states in an optical lattice subjected
to a synthetic magnetic field, based on a generalization of Bragg spectroscopy sensitive to angular
momentum. We demonstrate that using a well-designed laser probe, the Bragg spectra provide
an unambiguous signature of the topological edge states that establishes their chiral nature. This
signature is present for a variety of boundaries, from a hard wall to a smooth harmonic potential
added on top of the optical lattice. Experimentally, the Bragg signal should be very weak. To
make it detectable, we introduce a “shelving method”, based on Raman transitions, which transfers
angular momentum and changes the internal atomic state simultaneously. This scheme allows to
detect the weak signal from the selected edge states on a dark background, and drastically improves
the detectivity. It also leads to the possibility to directly visualize the topological edge states, using
in situ imaging, offering a unique and instructive view on topological insulating phases.

PACS numbers: 37.10.Jk, 03.75.Hh, 05.30.Fk

Introduction Recently, synthetic magnetic fields [1]
and spin-orbit couplings [2] have been realized for ul-
tra cold atoms using suitably arranged lasers that cou-
ple different internal states [3]. This opens the path to
the experimental investigation of topological phases, such
as quantum Hall (QH) states, topological insulators and
superconductors, in a clean and highly controllable envi-
ronment [4, 5]. Topological phases currently attract the
attention of the scientific community for their remarkable
properties, such as dissipationless transport and quan-
tized conductivities [6, 7]. In this context, the recent
experimental realization of a staggered magnetic field in
a 2D optical lattice, exploiting laser-induced gauge po-
tentials, constitutes an important step in the field [8] (cf.
also [9, 10]). In the near future, large uniform magnetic
flux should be reachable using related proposals [9-12],
allowing optical-lattice experiments to explore the Hofs-
tadter model [13]. The latter is the simplest tight-binding
lattice model exhibiting topological transport properties:
well-separated energy bands are associated to non-trivial
topological invariants, the Chern numbers, leading to a
quantized Hall conductivity when the Fermi energy is
located in the bulk gaps [14, 15]. These transport prop-
erties are directly related to the existence of chiral edge
states: while bulk excitations remain inert, these gap-
less states carry current along the edge of the system.
According to the bulk-edge correspondence [16, 17|, the
Chern numbers characterizing the bulk bands determine
the number of edge excitations and their chirality, which
protects the edge transport against small perturbations.

In view of the experimental progress [8-10], an impor-
tant issue is to identify observables that provide unam-
biguous signatures of topological phases in a cold-atom
framework [18-27]. This is a crucial topic from an exper-
imental point of view: Measuring the Hall conductivity is
more difficult than for solid-state systems due to the ab-
sence of particle reservoirs coupled to the system. Several
proposals exist for measuring the bulk topological invari-
ants, e.g. based on spin-resolved time-of-flight [22] or
density measurements [18, 23]. On the other hand, a di-

rect detection of the edge states, associated with a proof
of their chiral nature [20, 21], would witness the non-
trivial topological order associated to cold-atom QH insu-
lators. In this Letter, we propose a realistic and efficient
scheme to probe the chiral edge states of the Hofstadter
optical lattice, which we believe could be extended to any
ultracold-atom setup emulating 2D topological phases.

The model We study a two-dimensional fermionic gas
confined in a square optical lattice and subjected to a
uniform synthetic magnetic field B = B1, [11, 12]. The
Hamiltonian is taken to be

Hy=—=0Y el 1 bmn+ €™M e +hoe
m,n
+ Z Vconf(r) é;fn,ném,nv (1)
m,n

with é,, ,, the field operator defined at lattice site (x =
ma,y = na), m,n € Z, J the tunneling amplitude,
and Veont(r) a cylindrically symmetric confining poten-
tial. Eq. (1) describes non-interacting fermions on a lat-
tice in the tight-binding regime, subjected to a vector
potential A = (0, Bz,0) corresponding to ® magnetic
flux quanta per unit cell [13].

It is instructive to first discuss the spectrum E(k,)
obtained by solving the Hamiltonian (1) on an abstract
cylindrical geometry, without the potential Veont(r) (ky
denotes the momentum along the closed direction y). For
® = p/q, where p,q € Z, the spectrum can be parti-
tioned in terms of bulk states and topological edge states,
as shown in Fig. 1(a). Bulk states exist in the absence of
boundary and form g well-separated subbands [13]. Be-
cause of its finite boundaries along x, this system also
features topological edge states, which propagate along
the edges of the cylinder [16]. They are located within
the bulk energy gaps, with a quasi-linear local dispersion
relation, E/h ~ v.k,, where v, is the group velocity. In
the spectrum represented in Fig. 1 (a), the two bulk
gaps are associated to the quantized Hall conductivities
o = %1 (in units of the conductivity quantum), as they



host a single edge-state branch per edge, with opposite
chirality sign(v.). In the following, we set ® = 1/3 and
choose a Fermi energy EFr = —1.5 J located within the
first bulk gap, so that the fermionic gas forms a QH in-
sulator with central density n = 1/3a?.

The clear partition of the single-particle spectrum into
bulk states and topological edge states still holds in the
experimental planar geometry and in the presence of
the confining potential Vione(r), taken here of the form
Veont(r) = J (r/redge)”. We illustrate the bulk-edge par-
tition in Fig. 1 (b), which shows the discrete energy
spectrum €, for an infinite circular wall (y — o0), with
Tedge = 13a: Similarly to the cylindrical case, we obtain
bulk states within the energy bands and edge states (illus-
trated in Fig. 1(c)) within the bulk gaps. We stress that
the number of edge excitation branches (relative to the
number of physical edges) and their chirality do not de-
pend on the particular geometry, as they are dictated by
topological invariants associated to the bulk (see [16, 17]
and Supplementary Material). We verified that the above
picture remains valid for finite confinements v > 2: In
agreement with their topological nature, edge states sur-
vive for a sufficiently weak confining potential that does
not radically perturb the band structure.
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FIG. 1: (Color online) (a) Single-particle energy spectrum
E = E(ky) for the cylindrical lattice subjected to a uniform
flux ® = 1/3, where k, is the momentum along the closed
direction. The bulk states are found in the purple bands and
the Hall conductivity oy = 1 is indicated for Fr ~ +1.5J.
(b) Discrete energy spectrum for a circular infinite wall with
Tedge = 13a. The Fermi energy Er = —1.5J is represented by
a red dotted line and « labels the single-particle states, i.e.
holta) =€altha), where hg is the single-particle Hamiltonian.
(c) The amplitude |1 (m, n)|? corresponding to the edge state
at €. &~ —1.5J = Er in (b). (d) The probe shape fr(m,n)=
fr(r) used to detect the edge state in (c).

Angular Momentum Spectroscopy :  Our aim is to de-
sign an experimental probe yielding a clear signature
from the topological states. We note that a finite confin-
ing potential Vione(r) generally leads to non-topological
edge states [20, 28, 29]. However, QH edge states have
a crucial property, their chirality (i.e. the sign of their

angular velocity), that allows to distinguish them from
the bulk and non-topological states by using a probe sen-
sitive to angular momentum. Bragg spectroscopy, a form
of momentum-sensitive light scattering, can provide such
a probe [20, 21], as we now explain. In its usual imple-
mentation [30, 31], Bragg spectroscopy probes the linear
momentum distribution. Here, we propose (a) to use
a spatial mode carrying angular momentum in order to
probe the angular momentum distribution, and (b) to
shape the probing lasers to maximize the probability to
excite an edge state. We consider two lasers denoted
1,2 in high-order Laguerre-Gauss modes with optical an-
gular momenta 11,2, corresponding to the electric fields
Er o \/Eflhlz r)exp(—ily 20 — iw; ot), where the
radial mode functions are fi(r) o (r/ro)l!le="/273 and
(r,0) are polar coordinates. We assume that the beams
are set off-resonance from a neighboring atomic transi-
tion, so that spontaneous emission can be neglected. This
leads to a scattering Hamiltonian

ﬁBragg(t) = hQ Z(—’de_i“” + I;geiw”)é‘;éﬂ, (2)
aff
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Here, the index g=1[5 —[; represents the amount of angu-
lar momentum transferred by the probe (in units of h),
hwy, =h(w; —w9) is the energy transfer, € is the Rabi fre-
quency characterizing the strength of the atom- 11ght cou-
pling, and the probe profile is f1 (r)= (/o) e~""/78 /N7,
with L=|l1| + |lz| (cf. Fig. 1 (d)). The operator &l cre-
ates a particle in the eigenstate |¢),) of the unperturbed
single-particle Hamiltonian, i.e. ho|tha)=€q|ta).
Solving the time-dependent problem Hy + ﬂBragg(t)
to first order, we write the many-body wave function as
W) & bo(D)]0) + Yy bra (e w4t kI), where [0) =
[ <5, él|0) denotes the groundstate [34], and where

|kl) = éLél|O> denotes an excited state with a single
fermionic excitation (k > FEp,l < Ep) with energy
hwir = (e — ¢) > 0. With the initial conditions
(bo(0) =1,bk;(0) = 0), the number of scattered particles
(hereafter referred to as excitation fraction) is given by

Z |bkl - sc (4)

where the scattering rate I'y. is given by the Fermi golden
rule (cf. Supplementary Material for details)

Ty = 2702 Z

k>Ep I<Ep

with 7t6®) (w) = (sin(wt)/w)?. When the Fermi energy
Er is set within a bulk gap, and for small intensities
hQ < J, the excitation fraction N(g,wy) probes the
dispersion relation €. = e.(M) associated to the gap-
less edge states [1).) that lie within this gap, where M
is a quantum number analogous to angular momentum
(see Fig. 2 (a)). For an optimized probe shape (obtained

Qa WL

117,126 (wpy — wi), (5)



for 1o & Tedge/+/|L|/2), this can be deduced from the
behavior of the overlap integrals I}, defined in Eq. 3.
They are represented in the wy; — ¢ plane in Fig. 2(b) for
v = oo. At low frequencies wy; < J/h, we find a con-
tinuous alignment of resonance peaks wpj® ~ éeq. This
reflects the linear dispersion relation e/h =~ .M in the
vicinity of the Fermi energy, and provides the angular
velocity 6, ~ —0.07.J/h and the chirality (i.e. sign(f.))
characterizing the edge states in the lowest bulk gap. We
find that this result is in perfect agreement with a di-
rect evaluation of the angular velocity [35]. We empha-
size that the edge states velocity highly depends on the
boundary produced by the confinement: 6, significantly
decreases as the potential Veone(r) is smoothened (e.g.
0. ~ —0.02J/h for v = 10, 0, ~ —0.01J/h for v = 2).
The absence of substantial response for ¢ > 0 in Fig. 2
(b) clearly proves that our setup is effectively sensitive
to the edge state chirality. Naturally, the signal obtained
by setting the Fermi energy in the second bulk gap, or by
reversing the sign of the magnetic flux ® — —®, would
probe the opposite chirality.

We obtain the excitation fraction N(q,wr) at fi-
nite times through a direct numerical resolution of the
Schrodinger equation [36]. A typical result is presented
in Fig. 3(a), for ¢ = +4, emphasizing the three dis-
tinct regimes of light scattering: “edge-edge”, “bulk-
edge” and “bulk-bulk”. The “edge-edge” regime corre-
sponds to transitions solely performed between the edge
states close to Ew: A sharp resonance peak is visible at
Wit & boq ~ 0.3J/h for ¢ = —4, and stems from four
transitions between edge states, as sketched in Fig. 2(a).
Then, at higher frequencies, wy, &~ J/h, small peaks wit-
ness allowed transitions between the lowest bulk band
and the edge states located above Ep. Finally, for
wy, &~ 2J/h, many transitions between the two neigh-
boring bulk bands lead to a wide and flat signal. This
bulk-bulk response is significant for both ¢ = +4, as a
consequence of the large density of excited states in this
frequency range. We stress that a well focused probe al-
lows to significantly reduce any signal of the bulk. In the
following, we consider the quantity N(q,wr)—N(—q,wr),
which is zero for a system with time-reversal symmetry
(cf. Fig. 3(b)). We have repeated the calculations for
several potential shapes, finding no qualitative change
(cf. Fig. 3(c)). Although it is advantageous to use a
steep confining potential, the signal from the edge states
is robust, even in a harmonic trap (y = 2).

The dispersion relation being almost linear close to
Er, the number of allowed transitions [¢;) — |1y) scales
with the probe parameter ¢ in the “edge-edge” regime (cf.
Fig. 2(a)). Thus, one observes an increase of the peaks
for increasing values of |¢| (cf. Fig. 3(d)). We stress that
this progression only occurs in the “edge-edge” regime,
namely when ¢ is chosen such that iwi™ ~ héeq is smaller
than the energy difference between Er and the closest
bulk band. In the case illustrated in Fig. 3(d), the
“edge-edge” regime is delimited by |gee] < 7. Beyond
|ge-c|, the resonance peak enters the “bulk-edge” regime:

The excitation fraction N(g,wr,) broadens, N(—q,wr) is
no longer negligible, and the linear dispersion relation is
no longer probed. We thus conclude that a moderate
value (here |g| ~ 4) is preferable to keep a narrow peak,
well separated from the broader “edge-bulk” signal.
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FIG. 2: (Color online) (a) Sketch of the single-particle en-
ergy spectrum €, and the transitions |[¢;) — [¢x) probed by
N(q,wr), for wr, ~ wi < J/h. (b) The amplitude |I{,|?, as
a function of the probe parameter ¢ and excitation frequency
wgi, for ® = 1/3, Ep = —1.5J, L = 13 and 7o = 5.1la. The
confining potential is infinite (7 = 00) and 7eqge = 13a.
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FIG. 3: (a) Excitation fraction N(gq,wr) versus probe fre-
quency, for an angular momentum transfer ¢ = +4. (b)
N(q,wr) — N(—q,wr) for ® = 0 and ® = 1/3. (¢
N(q,wr)— N(—q,wr) for several shapes of the trapping po-
tential Veont(r) = J (7/Teage)” and ¢ = —4. (d) Increasing
then broadening of N(q,wr)—N(—gq,wr), for increasing |q|.
In all the figures Q =0.05J/h, t =20h/J, L =13, ro =5.1a,
Tedge =13a, ®=1/3, Er =—1.5J and v = oo (except in (c)).

Imaging the edge states With respect to experimental
detection, the Bragg scheme described above presents a
major drawback. The associated signatures in the spa-
tial or momentum densities are small perturbations on
top of the strong “background” of unperturbed atoms.
For a circular system with Fermi radius R, one can ex-
pect about Neqge ~ A/hée ~ RpA/hlve| edge states,
with A the bulk energy gap and v, the group velocity
(cf. above). Using the parameters from Fig. 3(a), one
finds Neqge ~ 20 while the total number of atoms in
the calculation is NV ~ 200. Scaling to more realistic
numbers for an experiment (N ~ 10%), and noting that
the number of scattered atoms is at most a fraction of
Nedge, we conclude that one should be able to detect a



few tens of atoms at best on top of the signal coming
from ~ 10* unperturbed ones: This is a significant ex-
perimental challenge with present-day technology. One
possibility to avoid this difficulty is to use an alternate de-
tection scheme, where the probe also changes the atomic
internal state. The probe signal can then be measured
against a dark background (without unperturbed atoms),
which allows powerful imaging methods to be used (e.g.
large aperture microscopy, as recently demonstrated for
quantum gases in optical lattices [32, 33]) .

We present in Fig. 4(a) a possible implementation suit-
able for two-electron atoms with ultra-narrow optical
transitions, inspired by the electron shelving method. In
the following, we use the particular case of '"'Yb atoms
for illustration (see also Supplementary Material). The
ground ¢ and excited e states have nuclear spin I = 1/2,
leading to ground {g,, g1} and excited {e|, e;} manifolds.
The Zeeman degeneracies are split by a real and relatively
strong magnetic field B ~ 100 G. The states g+ and e
are initially populated, as laser coupling between these
two states is used to generate the artificial gauge field
leading to Eq. (1) (cf. methods described in [11, 12]). In
order to probe the (+) = {g4, e1} system, one introduces
a weaker additional laser, coupling g — e;. A crucial
point is to ensure that topological edge states have the
same structure in the initial and final states. To this
end, the initially unpopulated states (=) = {g,,e,} are
also coupled by a laser generating the same gauge field
as for (+). After the probe pulse, atoms in the g man-
ifold are dispatched (possibly detected) using an auxil-
iary imaging transition ¢ — f. Crucially, atoms in the e
manifold are not in resonance with the imaging light and
are therefore unaffected. The e atoms are subsequently
brought down to the g manifold using, e.g., adiabatic-
passage techniques, and they are finally detected, with-
out stray contributions from unperturbed atoms in other
internal states.

To analyze the effect of this probe, we consider a sim-
plified level scheme with two internal states only, denoted
by the indices (£). We suppose that only the (+) sec-
tor is initially populated. The spatial profile of the cou-
pling laser is similar to the one used for Bragg excita-
tions, but now the Pauli principle does not restrict the
available final states, since the state (—) is initially unoc-
cupied. The calculation proceeds as before, with initial
10) = 1., <p, ¢, 10) and final |kl) = & _é,.]0) states.
We write the coupling to the probe as

Hshelying(t) = hQ Z Igﬁél)_égﬁe*i‘“t +he., (6)
af

where the operator éL,(:I:) creates a particle of the (£)
sector in the eigenstate [, ), and where I ; has the same
definition as in Eq. (3), since hy = h_ = ho. We also
suppose that h{) < J to neglect higher order excitations.

The excitation fraction N(q,wr) — N(—q,wr) is rep-
resented in Fig. 4(b), showing a clear resonance peak
at low frequencies hwy < J. Interestingly, this result
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FIG. 4: (a) Detection scheme for a two-electron atom, where
g is the electronic ground state, e a metastable excited state
and f a second excited state with short radiative lifetime,
suitable for imaging. The coupling lasers GG induce an artificial
gauge field and the probe laser P allows to detect edge states
(cf. text). The circles indicate relative populations in each
state after the probe pulse. (b) Excitation fraction versus
probe frequency, for several potential shapes. (c)-(d) Density
p(—y(m,n) for ¢ = £4, v = 10 and wr, = 0.14J/h. The probe
and system parameters in (b)-(d) are the same as in Fig.3.

shows that the low-energy regime is still governed by
the chiral edge states located in the bulk gap, although
transitions are now allowed for all the states below Egp,
including the bulk states (see Supplementary Material).
Indeed, the signal N(q,wr) — N(—¢,wr) remains small
and flat in the “edge-bulk” region, while the chiral “edge-
edge” peak stands even clearer than in the Bragg case
(since more “edge-edge” transitions are allowed between
states of same chirality). By setting the probe parameters
(¢,wr,) close to a resonance peak, one can now populate
edge states into the (—) sector and directly visualize them
using state-selective imaging. The corresponding den-
sity p—y(m,n) = (V(t)|ny(m,n)|[¥(t)) is illustrated in
Figs. 4(c)-(d) for ¢ = £4. The clear difference between
the two images, obtained with different signs of ¢ but
otherwise identical setups, is a direct proof of the chiral
nature of the edge excitations populated by the probe.
Thus, we have demonstrated that our state-dependent
probe (6), combined with in situ imaging, provides an
efficient method to identify topological edge states in
a cold-atom experiment. We believe that this method
could be generalized to any cold-atom setup subjected to
synthetic gauge potentials that emulate 2D topological
phases, even in the presence of interactions or disorder.
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