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A longstanding open problem in quantum information theory is to find the classical capacity of
an optical communication link, modeled as a Gaussian bosonic channel. It has been conjectured
that this capacity is achieved by a random coding of coherent states using an isotropic Gaussian
distribution in phase space. We show that proving a Gaussian minimum entropy conjecture for a
quantum-limited amplifier is actually sufficient to confirm this capacity conjecture, and we provide
a strong argument towards this proof by exploiting a connection between quantum entanglement

and majorization theory.
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During the 1940s, Shannon developed a mathematical
theory of the ultimate limits on achievable data trans-
mission rates over a communication channel [1], a work
that has been central to the advent of our information
era. Since information is necessarily encoded in a physi-
cal system and since quantum mechanics is currently our
best theory of the physical world, it is natural to seek
the ultimate limits on communication set by quantum
mechanics. Since the 1970s, scientists started investi-
gating the improvements that quantum technologies may
bring to optical communication systems, see e.g. [2-4].
Because no proper quantum generalization of Shannon’s
theory existed at that time, the usual approach was to
compare the performance of different encoding and de-
coding schemes for a given optical channel. This provides
lower bounds, but does not give the ultimate capacity nor
the optimal quantum encoding and decoding techniques.

In the 1990s, Holevo, Schumacher and Westmoreland
[5, 6], set the basis for a quantum generalization of Shan-
non’s communication theory. Consider a quantum chan-
nel M and a source A = {pq4, pa} of independent and
identically distributed (i.i.d.) symbols. For each use of
the channel M, Alice sends the quantum state p, with
probability p,, encoding the letter a. One defines the
Holevo information

X(A, M) = S (M(p)) = Y paS (M(pa)), (1)

where p = Y papa and S(p) is the von Neumann en-
tropy of the quantum state p [7]. The Holevo information
x gives the highest achievable communication rate over
the channel M for a fixed source A, which may require
a collective quantum measurement over multiple uses of
the channel in order to achieve the optimal decoding op-
eration. By maximizing Eq. (1) over the ensemble of
ii.d. sources A under an energy constraint, we obtain
the Holevo capacity

On(M) = max x(A, M). (2)

For some highly symmetric channels, such as the qubit
depolarizing channel, the Holevo capacity actually gives
the ultimate channel capacity. For a long time, it was
widely believed that this situation prevails for all chan-
nels, that is, it was assumed that input entanglement
could not improve the classical communication rate over
a quantum channel. However, this was disproved in [§],
so that the best definition of the classical capacity that
we currently have requires the regularization

CM) = lim LCr(M®™). 3)
n—oo N
where M®™ stands for n uses of the channel.

An important step towards the elucidation of the clas-
sical capacity of an optical quantum memoryless channel
was made in [9], where the authors showed that C' (M) of
a pure-loss channel—a good (but idealized) approxima-
tion of an optical fiber—is achieved by a single-use ran-
dom coding of coherent states using an isotropic Gaus-
sian distribution. It had long been conjectured that such
an encoding achieves C'(M) of the whole class of opti-
cal channels called single-mode phase-insensitive Gaus-
sian bosonic channels [4], including noisy optical fibers
and amplifiers. Actually, proving a slightly stronger re-
sult known as the minimum output entropy conjecture,
namely that coherent states minimize the output entropy
of single-mode phase-insensitive channels, would be suf-
ficient to prove this conjecture on the capacity of such
channels [10]. Unfortunately, both conjectures have es-
caped a proof for all phase-insensitive channels but the
pure-loss one.

In this Letter, we attempt to prove the minimum out-
put entropy conjecture for a single use of a single-mode
phase-insensitive Gaussian bosonic channel M, which is
believed to capture the hard part of the conjecture for
multiple uses of the channel. We show, using a decom-
position of any phase-insensitive channel into a pure-loss
channel and a quantum-limited amplifier, that solving



the conjecture for a quantum-limited amplifier is suffi-
cient. This opens a novel way of attacking the conjec-
ture, using the Stinespring representation of an amplifier
channel as a two-mode squeezer, and exploiting the con-
nection between entanglement and majorization theory.

Quantum model of optical channels.- A quantum opti-
cal single-mode channel can be modeled as a single-mode
Gaussian bosonic channel. It is a trace-preserving com-
pletely positive map fully characterized by the action on
the Weyl operators of two 2 x 2 matrices, X and Y [11-
13]. An intuitive understanding of X and Y is given by
the action of the channel on the mean vector d and co-
variance matrix « of the input state,

d— Xd, v— XyXT+Y. (4)
For the map to be completely positive, X and Y must
satisfy [14]

Y >0, detY > (detX —1)2 (5)
where the variance of the vacuum quadratures was nor-
malized to 1 [11]. The map is called quantum-limited
when the second inequality in Eq.(5) is saturated.

Phase-insensitive optical channels, such as optical
fibers or amplifiers [4], correspond to X = diag(y/x, v/x)
and Y = diag(y,y), with = being either the attenuation
0 < z < 1 or the amplification 1 < z of the channel
and y the added noise variance. Using the composition
rule of Gaussian bosonic channels [14], it is easy to show
that every phase-insensitive channel M is indistinguish-
able from the concatenation of a pure-loss channel £ of
transmissivity 7" with a quantum-limited amplifier A of
gain G, see Fig. 1. The parameters T" and G must satisfy
the relations ¢ = TG and y = G(1-T)+ (G —1) in order
to guarantee M = Ao L . Three limiting cases are of
particular interest: (i) the pure-loss channel, correspond-
ing to G =1 and 0 < 7T < 1, having a quantum-limited
noise of n = 1 —T; (ii) the quantum-limited amplifier [4]
corresponding to T'=1 and G > 1, with noisen =G —1
resulting from spontaneous emission during the amplifi-
cation process; (iii) the additive classical noise channel,
corresponding to x = T'G = 1 and added thermal noise
n=2G-1.

Reduction of the minimum entropy conjecture.- As
stated earlier, our ultimate goal is to address the fol-
lowing conjecture:

C1. Coherent input states minimize the out-
put entropy of any phase-insensitive Gaussian
bosonic channel M.

Three simplifications can be made at this point. First,
due to the concavity of the von Neumann entropy, the
minimization can be reduced to the set of pure input
states. Secondly, applying a displacement D(a) at the
input of the channel has the same effect as applying
D(y/za) at the output, i.e., M o D(a) = D(y/za) o M.
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FIG. 1: Any phase-insensitive Gaussian bosonic channel M
is indistinguishable from a composed channel A o £, where
L is a pure-loss channel and A a quantum-limited amplifier.
The Stinespring dilation of £ is a beam-splitter of transmis-
sivity 7', while the amplifier A of gain G becomes a two-mode
squeezer of parameter r (G = cosh? r) in which the input
mode A interacts with a vacuum environmental mode F.

So, because the von Neumann entropy is invariant under
unitary evolution, we can restrict our search to zero-mean
input states, that is, states |p) satisfying (plalp) = 0
where a is the modal annihilation operator. Finally, ex-
ploiting the decomposition M = Ao L it is easy to see,
using the concavity of the von Neumann entropy, that the
minimum output entropy of channel M is lower-bounded
by that of channel A, i.e., mingS(M(4)) > mingyS(A(¢))
[15]. Since the vacuum state is invariant under £, we con-
clude that proving that vacuum minimizes the output en-
tropy of channel A implies that vacuum also minimizes
the output entropy of channel M.

The previous straightforward derivation shows that the
conjecture C1 is strictly equivalent to the following one:

C2. Among all zero-mean pure input states,
the vacuum state minimizes the output en-
tropy of the quantum-limited amplifier A.

Entanglement and magjorization theory.- The Stine-
spring dilation of a quantum-limited amplifier of gain G
is a two-mode squeezer of parameter r, with G = cosh? r,
which effects the unitary transformation (see Fig. 1)

U(r) = exp [r(aAaE — aLatE)/Q , (6)

between the input mode A and an environmental mode
FE, where aTZ and az are the creation and annihilation op-
erators of mode Z. Because the entanglement E [|1)) 4]
of a pure bipartite state |1)) g is uniquely quantified by
the von Neumann entropy of its reduced density opera-
tor pa = Trp[|[V)ap(Yl], ie., E[[¢)ap] = S (pa), we can
equivalently rephrase conjecture C2 as



C3. Among all input states |¢p)ap = |p) ®]0)
of a two-mode squeezer with |) having a zero
mean, the vacuum state |0)4r = |0) ® |0)
minimizes the output entanglement.

In the remainder of this Letter, we exploit the con-
nection between entanglement and majorization theory
to attack the proof of C3. Majorization theory pro-
vides a partial order relation between probability distri-
butions [15, 16]. One says that a probability distribu-
tion p = (p1,p2,...)T majorizes another one q (denoted
p > q) if and only if there exists a column-stochastic ma-
trix D (a square matrix whose columns sum to one) such
that q = Dp, showing that q is more disordered than
p- It implies that all concave functions of a distribu-
tion, most notably the entropy, can only increase along
such a “disorder enhancing” transformation. From an
operational point of view, an interesting way of proving
majorization is by checking the relations

ipflziq}l Vm e NT, (7
n=1 n=1

where p* and q* are the original vectors with their com-
ponents rearranged in decreasing order. The notion of
majorization can be extended to entangled states [17]: a
bipartite pure state |¢) majorizes another one |1)) (noted
|¢) > |¢)) if and only if the Schmidt coefficients of |¢)
majorize those of |¢)). This guarantees the existence
of a deterministic protocol involving only “local opera-
tions and classical communication” (LOCC) that maps
[¢) into |¢), ensuring the relation E [|)] > E[|¢)]. We
are now ready to introduce the following stronger conjec-
ture (it implies C3):

C4. For any zero-mean state |p) # |0), the
state U(r)(|¢) ®|0)) is majorized by the two-
mode squeezed vacuum state U(r)(]0) ® |0)).

Infinitesimal two-mode squeezer.- Before addressing
the general case, let us prove C4 for an infinitesimal two-
mode squeezer by expanding the unitary transformation
(6) to the first order in the squeezing parameter 7,

Ulry=1+ g (aAaE — ai‘atE) +0(r?), (8)

where I is the identity operator. Defining the state
o1} = —alylo)/ (1 + )12, where 7, = (plalyaale)
is the mean photon number of the input state |p), the
output state becomes

|bout) aE = /Alp) @ [0) + /T = Al ) @|1),  (9)

with A\, = 1/[1 + r%(fi, + 1)/4]. For any physical state
|) with finite energy 7, one can choose r small enough

so that the condition rﬁi,/ ? « 1 is satisfied and the ap-

proximation (9) holds. The key point is to realize that

since the input state |p) has a zero mean, the states |p )
and |¢) are orthogonal, so that the state (9) is already
in Schmidt form. Therefore, if |¢) and |7) are two input
states such that n, < fir, then A, > A;, implying that
Ur)(le)@10)) = U(r)(Jr) @10)) as a result of Eq.(7). In
other words, any output state is majorized by the states
having a lower mean input photon number. Finally, since
the vacuum state has the minimum mean photon number
(7, = 0), this majorization relation proves conjecture C4
for infinitesimal two-mode squeezers.

Magorization relations in a two-mode squeezer.- In or-
der to address the conjecture C4 for any r, let us consider
the number-state expansion of an arbitrary input state
lo) = > re o cklk), which leads to the output state

oo

Ur) (o) @10) = > e w), (10)

k=0

where A = tanhr and |\I!(Ak)) stands for the output state
corresponding to an input Fock state |¢) = |k). As shown
in [15], we have

|\If&’“>>:fj PN+ k) © [n), (11)
n=0

with Schmidt coefficients

pI(A) = (1 — A2)kH1 20 (” ‘T'; k) (12)
We have been able to prove two chains of majorization
relations by considering either different Fock states |k) at
the input (for a fixed squeezing parameter ) or different
values of r (for a fixed input Fock state |k)). First, when
restricting to Fock states |k), we can prove that

[w{) = [w{Y), (13)
since there exists a column-stochastic matrix
Dy = (1 = X)A2=™) H(p — m), (14)

such that p**1(\) = Dp®)(\), where H(z) is the Heav-
iside step function defined as H(z) = 0 for z < 0 and
H(z) =1 for x > 0. The details of the proof are pro-
vided in [15], where we also give the explicit form of an
LOCC protocol that deterministically maps |\If§\k+1)) into
|\If§\k)). Iterating this procedure, we can easily prove that
|\I/§\k)> - |\I/g\k/)>, VE' > k, for which we also give the cor-
responding column-stochastic matrix and deterministic
LOCC protocol.

For our matters here, the central consequence is that
|\I/§\O)> - |\I/E\k)>, Vk > 0, that is, we have proved con-
jecture C4 for the restricted, but complete, set of input
Fock states. Remarkably, this would be sufficient to prove
the single-use minimum entropy conjecture if it could be
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FIG. 2: Entanglement of the output state |\I/(Ak)> as a function
of the squeezing parameter r. As explained in the text the
entanglement is monotonically increasing with r for all Fock
input states, while, for a fixed r, it monotonically increases
with k. This behavior is in full agreement with the majoriza-
tion relations (13) and (15) proved in the text. The arrows in
the figure indicate the majorization order.

shown that the output-entropy minimizing input state
is isotropic, i.e., its Wigner distribution is rotationally
invariant. This is because the Fock states are the only
isotropic, zero-mean pure states.

Second, given an input Fock state |k), one can show
that there exists a majorization relation in the direction
of decreasing squeezing parameter, that is,

WD) = (B v < A, (15)

since one can build [15] a column-stochastic matrix

-1
Rk = = (mn—i; k) (11:—))\\/22) H(n—-m)  (16)
x [LOEIAZ — L) 2] N2,
with
L) = n<” Z k) (ml‘: k> N7 B(N?in, 1+ k), (17)
and B(z;a,b) = [Jdz 2*'(1 — a)*7' being

the incomplete beta function, such that p*)(\) =
RE (X, N)p®)(\). In [15] we give a deterministic LOCC
protocol performing the transformation |\Ilf\k)> — |\IJE\@>

In Fig.2, we summarize the two chains of majorization
relations and their implications on the output entangle-
ment. From this, as well as the case of the infinitesi-
mal two-mode squeezer, it is tempting to conclude that
Ny < Ny always implies U(r)(|¢) ®0)) = U(r)(|m) @10)).
However, we have numerically observed that this does
not hold in general, which probably reflects the difficulty
of proving the conjecture. As a concrete example, we

4

note that the state U(r)[(v/0.4]1) 4+ +/0.6|2)) ® |0)] has
n = 1.6 mean input photons but is less entangled for
r 2 0.75 than |\IJE\1)> [15]. Nevertheless, our numerical
investigations have shown that for an arbitrary input
state |¢), the output states corresponding to different
squeezing parameters satisfy the majorization relation
U )(Je) ®10)) = U(r)(Je) @ |0)) for v < r. Further-
more, we have numerically checked that for a fixed r, the
majorization relation U(r)(]0) ® |0)) = U(r)(|¢) ®]0)) is
satisfied by tens of thousands of random superpositions
of the first 21 Fock states, which strongly suggests that
conjecture C4 holds.

Conclusion.- Using the decomposition of phase-
insensitive Gaussian bosonic channels into a pure-loss
channel and a quantum-limited amplifier, we have shown
that proving a reduced conjecture for the quantum-
limited amplifier is sufficient to prove the single-use min-
imum entropy conjecture. Using Stinespring’s theorem,
this boils down to proving that the vacuum minimizes the
output entanglement of a two-mode squeezer. Then, us-
ing the connection between entanglement and majoriza-
tion theory, we have provided a partial proof of this con-
jecture for a special class of input states, namely photon
number states, as well as a full solution for the infinites-
imal channel. To prove the conjecture in general, we
are left with the (possibly simpler) task of showing that
the output-entropy minimizing input state is isotropic in
phase space, that is, no symmetry breaking occurs. Thus,
apart from reinforcing the conjecture even further, we be-
lieve that our analysis offers a new possible approach to
its proof.
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