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Assuming Heisenberg interactions and the symmetric case of a spin S-S′ pentamer, the energy
eigenstates can be determined exactly. With the energies known, the inelastic neutron scattering
intensities are then calculated for the special case of a 1-1/2 pentamer. Through an analysis of these
results, two main insights are gained: 1) Due to symmetry constraints, not all ∆Stot = ±1 transitions
are accessible by INS. This constrains the standard selections rules for magnetic excitations. 2) the
INS signatures of magnetic clusters are directly dependent on the state and component that is
excited.

Magnetic clusters have gained much attention over re-
cent years [1–3], and with a demand for faster and newer
technologies, the area of molecular magnetism has be-
come very focused[4, 5]. The need for both detailed ex-
perimental and theoretical work is of great importance
to it the understanding of magnetic clusters. Most clus-
ters typically have a larger number of spin ions, which
restricts the ability to gain analytical understanding of
the magnetic structure [6, 7]. Therefore, to access a more
basic understanding of larger clusters, it is necessary to
analyze smaller clusters that can be solved exactly.

Spin-1/2 clusters have been discussed in great detail
in literature. In 2004, Whangbo et al. gave a compre-
hensive review of dimers with increasing spin[8], while
Ref. [9] presented a review for the magnetic properties
and inelastic neutron scattering (INS) excitations and
intensities of spin-1/2 clusters. O. Waldmann examined
the INS cross section of spin clusters with high molecu-
lar symmetry[10], and R. A. Klemm and D. V. Efremov
have reviewed the single molecule anisotropy in small
clusters of varying spin using first degree perturbation
theory[11, 12]. Most cases have restricted the Hilbert
space from two to four magnetic ions within the clusters
with small spin quantum numbers.

Many different probes are used to understand the in-
teractions and structure for magnetic spin clusters. Most
notable are the bulk probes of magnetic susceptibility,
heat capacity, and electron spin resonance. While bulk
properties provide a wealth of knowledge and are of in-
terest, the INS energies and intensities are the main focus
of this paper. INS allows one to probe the microscopic
nature of the clusters and gain direct knowledge of the
magnetic interactions.

In 2009, the INS intensities of general tetramers and
hexamers were examined in detail[13, 14]. An exami-
nation of the INS intensities revealed that the neutron
excitations are restricted by sub-magnetic structures in
a cluster and the functional form is directly linked to
the specific component that is excited. However, these
were always in the lowest spin ground state and similar
valance. By expanding to pentamers and examining a
mixed valance system with a non-zero ground state, it is

FIG. 1: A spin pentamer consisting of a spin-S trimer
(white/red circles) and a spin-S′ dimer (blue/white circles).
The magnetic interactions consist of a six trimer to dimer J

(solid black - d1), two intra-trimer ηJ (dotted dark blue - d2),
one trimer-dimer αJ (dashed red - d3), and one apical-dimer
γJ (dash-dot grey - d4) interactions.

possible to gain a clearer view of the way neutrons in-
teract with clusters. Using the model of a general spin
pentamer, the exact eigenstates can be determined, while
the intensities utilize the convenience of smaller compo-
nent basis sets. The pentamer discussed in this letter
uses a basis of a dimer and a trimer. Although other
general geometries can be examined, the specific case of
a spin-S trimer coupled to a spin-S′ dimer is of particu-
lar experimental interest[19]. From this basis, the energy
eigenstates and INS intensities can be determined, while
a more fundamental understanding of the cluster and its
magnetic states is achieved. Though an analysis of these
results and comparison to that of previous work, a clar-
ification of INS selection rules and an understanding of
the nature of INS excitations becomes clear.

As shown in Fig. 1, the pentamer model consists of
an isosceles trimer cluster that interacts with two api-
cal ions. Assuming pairwise Heisenberg interactions, this
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TABLE I: Energy levels and INS properties for a 1-1/2 pentamer

Spin State Energy INS INS

| Stot Sz
tot >∆,dt,da Level Energy Gap Powder Intensitya

| 4 Sz
tot >3,2,1

J

4
(12 + 8η + 4α+ γ)

| 3 Sz
tot >3,2,1

J

4
(−4 + 8η + 4α+ γ) 3J 10

189
[15 + 9j0(qd4)− 36j0(qd1)+

4j0(qd3) + 8j0(qd2)]
| 3 Sz

tot >2,2,1
J

4
(8− 4η + 4α+ γ) 6J 1

4725
[3− 4j0(qd2) + j0(qd3)]

| 3 Sz
tot >2,1,1

J

4
(8 + 4η − 4α+ γ) 6J 0

| 3 Sz
tot >3,2,0

J

4
(8η + 4α− 3γ) 4J 1

14
[1− j0(qd4)]

| 2 Sz
tot >3,2,1

J

4
(−16 + 8η + 4α+ γ) Ground State

| 2 Sz
tot >2,2,1

J

4
(−4 + 4η + 4α+ γ) 3J 41

4725
[3− 4j0(qd2) + j0(qd3)]

| 2 Sz
tot >2,1,1

J
4
(−4 + 4η − 4α+ γ) 3J 0

| 2 Sz
tot >1,2,1

J

4
(4− 12η + 4α+ γ) 5J 0

| 2 Sz
tot >1,1,1

J

4
(4− 4η − 4α+ γ) 5J 0

| 2 Sz
tot >1,0,1

J

4
(4− 8α+ γ) 5J 0

| 2 Sz
tot >2,2,0

J

4
(−4η + 4α− 3γ) 4J 0

| 2 Sz
tot >2,1,0

J

4
(4η − 4α− 3γ) 4J 0

| 1 Sz
tot >2,2,1

J

4
(−12− 4η + 4α+ γ) J 7

75
[3− 4j0(qd2) + j0(qd3)]

| 1 Sz
tot >2,1,1

J

4
(−12 + 4η − 4α+ γ) 6J 0

| 1 Sz
tot >1,2,1

J

4
(−4− 12η + 4α+ γ) 3J 0

| 1 Sz
tot >1,1,1

J

4
(−4− 4η − 4α+ γ) 3J 0

| 1 Sz
tot >1,0,1

J

4
(−4− 8α+ γ) 3J 0

| 1 Sz
tot >1,2,0

J

4
(−12η + 4α− 3γ) 4J 0

| 1 Sz
tot >1,1,0

J

4
(−4η − 4α− 3γ) 4J 0

| 1 Sz
tot >1,0,0

J

4
(−8α− 3γ) 4J 0

| 1 Sz
tot >0,1,1

J

4
(−8η − 4α+ γ) 4J 0

| 0 0 >1,2,1
J

4
(−8− 12η + 4α+ γ)

| 0 0 >1,1,1
J

4
(−8− 4η − 4α+ γ)

| 0 0 >1,0,1
J

4
(−8− 8α+ γ)

| 0 0 >1,1,0
J

4
(−4− 4η − 4α− 3γ)

aFor comparison to real materials, the powder intensities must be multiplied by the magnetic form factor for that material.

system is described by the Hamiltonian

H = J
[

η
(

~S3 · ~S4 + ~S4 · ~S5

)

+ α ~S3 · ~S5 + γ~S1 · ~S2+

~S1 · ~S3 + ~S2 · ~S3 + ~S1 · ~S4 + ~S2 · ~S4 + ~S1 · ~S5 + ~S2 · ~S5

]

−giµBB
∑5

i S
z
i

(1)
For positive and negative values, the magnetic interac-
tions are antiferromagnetic and ferromagnetic, respec-
tively. ~Si is the quantum spin operator for a spin-S ion
at site i (i=1...5.) The Zeeman term describes the inter-
action with a magnetic field, and splits the degenerate
magnetic substates, where gi is the landé factor for the
respective ions[16]. Note that the model consists of two
separate dimers. One is a dimer within the trimer (dt)
and the other is the apical dimer (da).

The energy eigenstates and eigenvectors may be found
by diagonalizing the magnetic Hamiltonian on a basis of
dimers and trimers. Here, a set of ẑ-polarized magnetic
basis states are employed. The energy eigenvalues for the
general S−S′ pentamer are determined exactly, and are

given by

E = J
2

[

η
(

I∆ − Idt
− I

)

+ α
(

Idt
− 2I

)

+ γ
(

Ida
− 2I′

)

+

Itot − Ida
− I∆

]

− gµBBSz
tot,

(2)
where Ii = Si(Si+1). Here Stot denotes the total spin of
the pentamer, S∆ is the spin of the trimer, Sdt

and Sda

are the spins of the individual dimers, S and S′ are the
spins of the ions, and Sz

tot is the total spin z-component
of the pentamer.

Since this is a rotationally invariant Hamiltonian in
spin space, the total spin Stot and Sztot are good quan-
tum numbers. The dimensionality of the Hilbert space is
evidently (2S+1)3 ·(2S′+1)2. Given the individual ener-
gies and multiple spin substates, the partition function,
magnetic susceptibility and heat capacity for the system
can be determined. The INS structure factors requires
the exact magnetic states to be know.

If one considers a pentamer consisting of a dimer of
spin- 1

2
ions coupled to a trimer of spin-1 ions. There are

(2
(

1

2

)

+1)2·(2
(

1
)

+1)3 = 108 magnetic basis states, which
have the spin decomposition of

4⊕ 34 ⊕ 28 ⊕ 19 ⊕ 04. (3)
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FIG. 2: Predicted heat capacity for a pentamer with α = η

= γ = 0 and J = 2.0 meV. The inset shows the magnetic
susceptibility for the same cluster.

The superscript indicates the number of independent
multiplets with each Stot. Each multiplet contains
2Stot+1 magnetic substates, which are degenerate given
an isotropic magnetic Hamiltonian such as the Heisen-
berg form of Eq. 5. These degenerate states will be split
by an applied magnetic field.
Table I gives the energy eigenstates of the 1-1/2 pen-

tamer Hamiltonian. The complete set of pentamer inter-
actions includes coupling between the individual trimer
and dimer states which lead to pentamer energy eigen-
states that are linear combinations of dimer and trimer
basis states. The simplicity of the pentamer eigenstates
is due to the equality of the couplings. If the coupling
strengths were different, there would be mixing between
the dimer and trimer basis states, which would greatly
complicate the system.
Various bulk magnetic properties can be calculated in

general form from the determined energy levels using
methods described in Ref. [9]. However, due to the over-
all size of the exact analytical solutions, these quantities
are not shown. For comparison, the heat capacity can be
used to calculate the entropy of the pentamer, which can
be compared to the zero-temperature entropy expected
for this system. Through numerical integration, the zero-
temperature entropy of the pentamer does indeed satisfy

S
kB

=
∫

∞

0

C
kB

dβ
β

= ln(N/N0)

=

{

3 ln(3) α = γ = η = 1

ln(108
5
) α = γ = η = 0,

(4)

where N is the dimensionality of the full Hilbert space
and N0 is the degeneracy of the ground state[9, 24].
The zero-temperature entropy clearly changes discontin-
uously if the degeneracy of the ground state changes.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0

1

2

3

4

5

6

7

8

9

10

 

 

q (A-1)

E 
(m

eV
)

0 0.2000 0.4000 0.6000 0.8000 1.000

Trimer

Trimer + Pentamer

Dimer

S
q

FIG. 3: Predicted energy versus wavevector powder INS spec-
tra for a pentamer system with α = η = γ = 0 and J = 2.0
meV. Here, distances are d1 = 5.0 Å, d2 = 6.5 Å, d3 = 7.0
Å, and d4 = 6.6 Å. The excitation at 6J is too weak to be
observed, but will be similar in shape as the J excitations.
The magnetic form factor is not included.

Over the past few years, a number of heterobimetal-
lic inorganic compounds have been characterized as pen-
tanuclear clusters. [17–19] Most notably are the cyanide-
bridged complexes of transition metals, [19–23] where
mixed valance systems produce strong magnetic coupling
along with controllable structural properties. These com-
plexes are based from the building block or modular
approach. Here, material growth is limited to a finite
size through the use of transition metal complexes.[22]
This helps to produce cyanide-bridge compounds with
properties ranging from single molecule behavior to spin
crossover. [20]
For a comparison to similar materials, interactions sim-

ilar to those presented by Shatruk et al.[19] are used,
where α = η = γ = 0. Here, the Hamiltonian

H = J
[

~S1 · ~S3 + ~S2 · ~S3 + ~S1 · ~S4+

~S2 · ~S4 + ~S1 · ~S5 + ~S2 · ~S5

] (5)

is greatly reduced due to the symmetry of the cluster.
Figure 2 shows the predicted heat capacity with magnetic
susceptibility in the inset. Here, J = 2.0 meV, which is in
decent agreement with Ref. [19]. The magnetic suscepti-
bility clearly indicates a non-zero ground state. Through
an examination of the energy levels, the pentamer is in
a spin-2 ground state. Table I shows our results for the
INS energy gaps and powder average intensities for the
spin pentamer, which are determined from the pentamer
energy eigenstates and eigenvectors using methods de-
scribed in Ref. [9]. Here, di are the inter-atomic dis-
tances (described in Fig. 1) and j0(x) = sin(x)/x. The
excitation energies for these discrete levels are equal to
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the energy difference of the levels, ~ω = Ef - Ei, and
the INS differential cross-section is shown to be propor-
tional to the INS powder average intensity S̄q, which is
determined through an average of the unpolarized single-
crystal neutron scattering structure factor over all orien-
tations.
For a Stot = 2 ground state state, it is typically thought

that any final state of Stot = 1,2, or 3 could be excited
by INS. However, as shown in Table I, it is clear that
only some of the states can be accessed. For the spin
1-1/2 pentamer, there are five possible INS observable
excitations. This limitation is due to the magnetic sub-
states of the pentamer. Since the pentamer ground state
has trimer and dimer (dt and da) states of 3, 2, and 1,
respectively, only Stot states whose magnetic sub-states
either match or deviate by ±1 can be observed by INS.
This restricts the Stot state to have sub-states of (3,2,1),
(3,2,0), and (2,2,1). This is due to the inability of a neu-
tron to excite more than one component at a time. Other
excitations would be excitable by a two-neutron interac-
tion those would be very small due to the improbability
of that interaction.
Figure 3 shows the INS powder spectra for J = 2.0

meV assuming α = η = γ = 0. By examining the func-
tional form of the powder intensities of the pentamer
and comparing to the known intensities of the smaller
components[9], the excitation of an individual compo-
nent of a leads to an INS intensity representative of that
component, where overall pentamer structure does not
add any more complexity to the given intensity. In this
system, three of the excitations are that of the trimer,
one an excitation of the axial dimer, and the fifth is an
excitation of the full pentamer. It should be noted that
there are no uncoupled excitations of dt. This is due to
the inability to change the state of dt without changing
the overall state of the trimer. This cannot be accom-
plished through a single neutron excitation, since there
is no spin-3 trimer state given that dt is in a spin-1 state,
this transition is not allowed.
This is also been predicted in tetramer and hexamer

calculations [13, 14]. Here, the tetramer (coupled dimers)
and hexamer (coupled trimers) excitations followed this
same pattern. Therefore, it is expected that excitations
observed in larger clusters will also be composed of the
individual components. It is hoped that this will allow
for a deeper understanding of large magnetic clusters.
In conclusion, the exact solution for the energy eigen-

states of the general spin pentamer are presented, and the
INS energies and intensities for a pentamer composed of a
spin-1 trimer and spin-1/2 dimer have been determined.
This may be of particular interest for the materials de-
scribed by Shatruk et al. [19]. A further analysis of this
work and previous work on clusters has shown that spe-
cific excitations are restricted in INS due to sub-magnetic
structure of clusters. This provides a deeper understand-
ing of the INS selection rules for magnetic clusters. It is

also determined that the excitations that do occur will
have a functional form representative of component be-
ing excited. These insights are particularly important
for those investigating nanomagnetic materials. Further
analysis of this type of phenomena may have direct con-
sequences in other fields of physics.
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