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In type-II superconductors that contain a lattice of magnetic moments, vortices polarize the
magnetic system inducing additional contributions to the vortex mass, vortex viscosity and vortex-
vortex interaction. Extra magnetic viscosity is caused by radiation of spin-waves by a moving vortex.
Like in the case of Cherenkov radiation, this effect has a characteristic threshold behavior and the
resulting vortex viscosity may be comparable to the well-known Bardeen-Stephen contribution.
The threshold behavior leads to an anomaly in the current-voltage characteristics, and a drop in
dissipation for a current interval that is determined by the magnetic excitation spectrum.

PACS numbers:

Magnetic ordering coexists with superconductivity in many different compounds that are known as magnetic su-
perconductors. For instance, the RNi2B2C borocarbides [1] or Ba(Fe1−xCox)2As2 (pnictides)[2], are superconductors
that comprise a lattice of magnetic moments in their structure. Coexistence of magnetism and superconductivity is
also realized in hybrid systems that are specifically designed for this purpose [3]. A lot of work is being devoted to
understanding the interaction between vortices and magnetic domain walls [4], with the main goal of enhancing vortex
pinning. However, much less is known about the effect of the magnetic degrees of freedom in the dynamic regimes of
flux creep and flux flow.

Vortices are topological defects of the superconducting order parameter that emerge in type II superconductors
under the application of a strong enough magnetic field. In magnetic superconductors, the magnetic moments couple
to the magnetic field of the vortex via Zeeman interaction. Therefore vortex motion in a magnetic superconductor is
accompanied by a dynamic readjustment of the magnetic moments. Since the low-energy excitations of a magnetically
ordered system are spin-waves or magnons, a moving vortex can emit magnons under certain conditions. Such magnon
emission, in turn, affects the vortex motion.

In this letter we demonstrate that the interaction between vortices and magnetic moments of a type II magnetic
superconductor leads to a contribution to the vortex mass, vortex viscosity and vortex-vortex interaction. We show
that a moving vortex can transfer energy to the magnetic moments by emitting spin-waves. This energy transfer gives
rise to a “magnetic viscosity”. The inertial part of the response of the magnetic system modifies the dependence of
the vortex energy on its velocity. Thus, it generates a magnetic contribution to the vortex mass. The viscosity of this
”magnetically dressed” vortex may also differ significantly from the “bare” vortex value. The spin-waves have a well
defined dispersion relation Ω(k). Similar to the physics of Cherenkov radiation of photons by a moving electron, a
superconducting vortex moving with velocity v radiates spin-waves with momentum k when the kinematic condition
Ω(k) = v ·k is satisfied. As a consequence, the magnetic viscosity of a vortex in an antiferromagnet (or a ferromagnet
with easy-axis perpendicular to the applied magnetic field) has a threshold behavior in the vortex velocity, i.e., it is
effective only if v exceeds a critical velocity vc.

The radiation of photons in the classical Cherenkov problem takes place when a charged particle moves faster than
the speed of light in a dielectric medium. In a magnetic superconductor, the threshold velocity vc depends on the spin-
waves velocity, the size of the vortex core, and the gap of the spin-wave excitation spectrum. The threshold behavior
of the magnetic viscosity, ηm(v), can be observed experimentally as an anomaly in the I-V characteristics of the flux
flow regime, near the voltage that corresponds to the threshold velocity vc. An important result is that ηm(v > vc)
may be comparable in magnitude to the core viscosity, ηc, which is induced by excitations of the quasiparticles in the
vortex core [7]. Here we only consider temperatures that are well below magnetic transition temperature TN .

The physics of the magnetic mass is analogous to the polaron problem.[9] The inertia of the magnetic moments
adds up to the vortex inertia. In this paper we are mainly concerned with the vortex flow regime for which the effects
of the vortex mass are not important.[11]

1. Spin-vortex interaction in a magnetic superconductor. The magnetic field of a vortex j, oriented along the z
axis and located at the spatial coordinate Rj in the xy plane, has the form ẑHz

v (r−Rj), where ẑ is the unit vector
along the z-axis. The Fourier components of Hz

v (r) are Hz
vk = φ0/(1 + λ2k2), where λ is the London penetration

length and φ0 is the flux quantum. In a quasi-static approach (v much smaller than the Fermi velocity), the vortex
moving along the trajectory Rj(t) induces a time-dependent magnetic field Hz

v [r−Rj(t)] that acts on the magnetic
subsystem. Application of a uniform magnetic field induces a uniform internal field H0 = ẑH0 that creates a vortex
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lattice. The magnetic field inside the superconductor, H = ẑHz(r), has the periodicity of the vortex lattice (in an
isotropic superconductor the vortices are oriented along the direction of the internal magnetic field.) A moving vortex
lattice creates a time-dependent magnetic field H(r) = ẑ

∑
j H

z
v [r −R(t)]. For a dense vortex lattice, H0 � φ0/λ

2,
the periodic component of the magnetic field is small compared to the uniform component, hz(r) = Hz(r)−H0 � H0.

The Zeeman term is:

Hint = −
∑
nj

µhz[rn −Rj(t)]Sz
n(t), (1)

where rn are the coordinates of the spins described by the operators Sn and µ = gµB (g is the gyromagnetic factor
and µB is the Bohr magneton). We describe spins quantum mechanically, while the vortices are treated as classical
objects. The vortex-spin interaction given by Eq. (1) leads to the following equations of motion for spins and vortices

i~Ṡn = [Sn, HM ]−
∑

j

µhz(rn −Rj)[Sn, S
z
n]− i~ΓSn,

(2)

ηcṘj = − 1
Lz

∑
n

µ
∂hz[rn −Rj(t)]

∂rn
〈Sz

n〉+ FL + Fp

+
∑
j′

Fv(RjRj′), (3)

where [A,B] = AB −BA is the commutator of the operators A and B, Lz is the system length along the z axis, Γ is
the spin relaxation rate due to coupling of spins with other degrees of freedom, and ηc is the vortex Bardeen-Stephen
core viscosity. FL and Fp are the Lorentz and pinning forces respectively, Fv(Rj ,Rj′) is the non-magnetic force acting
on vortex j due to the presence of other vortices located at Rj′ . These forces are defined per unit of vortex length.
〈...〉 indicates the quantum mechanical average. The magnetic system is described by the Hamiltonian, HM , which is
specified below and accounts for exchange coupling between spins, anisotropy, and Zeeman coupling to H0.

The first term in the right hand side of Eq.(3) describes the interaction of a given vortex with other vortices
due to polarization of the spin system. When vortices are at rest, this term may lead to a change in the vortex
lattice structure depending on the characteristics of the magnetic subsystem and on the applied magnetic field. For
dynamical properties, this term leads to additional dissipation due to energy transfer to spin excitations, vortex mass
renormalization caused by the inertia of the spins, and change of the moving vortex structure. In the following we
only consider dynamical effects of the perfect square vortex lattice, Rj(t) = R0

j + vt, with reciprocal lattice vectors
G = (2π/b)(mx,my), where mx,y are integers, nv = 1/b2 is the vortex density, and b it the vortex lattice parameter.
We assume that spins are close to equilibrium, i.e., that Γ is strong enough in comparison with the rate of spin
excitations. The periodic component of the magnetic field hz(r, t) is weak in comparison with H0. Thus we use the
linear response approximation with respect to hz(r, t) in order to find the Fourier components 〈Sz

k(ω)〉. We note
that only nonzero spatial harmonics, G 6= 0, contribute to the coupling of the moving vortex lattice to the magnetic
subsystem. The spatial Fourier components of hz(r, t) at the initial time t = 0 are hz

G(0) = φ0nv/[1 + λ2G2]. We
obtain:

µ〈Sz
G(t)〉 =

a

nv
hz
G(0)

∫ t

0

dt′χzz(G, t− t′)e−iG·vt′ , (4)

Sz
k(t) =

a

Lz

∑
n

eik·rnSz
n(t) (5)

Here a is the lattice parameter of the magnetic ions and χzz(G, t) is the longitudinal differential susceptibility of the
spin system with respect to the alternating field hz

G(t). By expressing 〈Sz(ω)〉 in Eq. (3) via Eq. (4), we obtain the
equation of motion for the vortex lattice:

ηcṘ=
−i
nv

∑
G

|hz
G(0)|2GeiG·R(t)

∫ t

0

dt′χzz(G, t− t′)e−iG·vt′

+ FL, (6)

where R is the center of mass coordinate of the vortex lattice. Here we neglected the pinning force. When the vortex
lattice moves with constant velocity v, we obtain from Eq. (6): ηcv + Fm = FL and

Fm = − v
nvv2

∑
G

|hz
G(0)|2G · v Im[χzz(G, ω = G · v)]. (7)
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Here we introduced the magnetic viscous force Fm (per unit of vortex length). So far the discussion is general and
valid for any magnetic superconductor.

Magnetic viscous force for an antiferromagnet. We now consider the simple case of a two-sublattice antiferromagnet
with an easy axis anisotropy along the x direction. Thus, we introduce the following magnetic Hamiltonian for spin
S moments:

HM = J
∑
〈l,n〉

Sl · Sn + JA

∑
〈l,n〉

Sx
l S

x
n − µH0

∑
n

Sz
n, (8)

that is defined on a bipartite lattice with coordination number Z. Here 〈l, n〉 indicates that l and n are nearest-
neighbor (NN) lattice sites, J is the exchange constant between NN, and JA > 0 is the amplitude of the exchange
anisotropy term. This model is a good starting point for describing magnetic superconductors that have a Neel
temperature, TN , lower than the superconducting critical temperature Tc. While the exchange term stabilizes a two-
sublattice antiferromagnetic ordering along the x direction (easy axis), H0 induces a uniform component along the
z-axis. This canted antiferromagnetic phase persists at T � TN until the field reaches the saturation value Hs, i.e.,
the staggered magnetization component µ〈Sx

n〉 = ±µS
√

1−H2
0/H

2
s vanishes for H0 ≥ Hs (different signs correspond

to different sublattices).
We will compute the longitudinal susceptibility, χzz(k, ω), in the spin-wave approximation. Since the natural upper

cut-off for the momenta of the vortex lattice field is 1/ξ � 1/a, we compute χzz(k, ω) in the long wave-length limit.
The result is χzz(k, ω) = 0 for H ≥ Hs and

χzz(ω,k;H0) =
Ω2

1 + s21k
2

Ω2
k − (ω + iΓ)2

(9)

for H0 ≤ Hs. The saturation field is Hs = (µ/a3)S/χ0, where χ0 = χzz(ω = 0, k = 0) is the static susceptibility.
Here Ω1 = (µ/~a3/2)S

√
JAZ(1−H2

0/H
2
s ) and s1 = (µ/~a1/2)S

√
J(1−H2

0/H
2
s ). The dispersion Ωk of the spin-wave

excitations that couple to the vortex field is [14]

Ωk ≈
√

Ω2
0 + s20k

2, Ω0 =
ZS
~

√
1− H2

0

H2
s

√
JA(2J + JA),

s0 =
a

~
√
ZS
√

2J − JA

[JA

2
+
(

1− H2
0

H2
s

)(
J +

JA

2

)]1/2

. (10)

Here Ω0 and s0 are the spin wave gap and velocity. For H0 > Hs, the staggered magnetization is zero and the
radiation of spin-waves vanishes at low temperatures because the magnetic field cannot change the already saturated
amplitude of the uniform magnetization.

By inserting Eq. (9) into Eq. (7), we obtain:

Fm = − v
2nvv2

∑
G

|hz
G(0)|2 G · v Γ(Ω2

1 + s21G
2)

ΩG[(G · v − ΩG)2 + Γ2]
. (11)

To proceed, we replace the sum over G by an integral by assuming that Γ/s0 � 2π/b, i.e., that the integrand varies
over a length scale much longer than 2π/b. When Γ� k∗v, with k∗ = Ω0/

√
v2 − s20, the Lorentzian can be replaced

by a delta function, Im[χzz(k, ω = k · v)] ' (Ω2
1 + s21k

2)δ(Ωk − k · v)/Ωk. In this form the kinematic condition
of the radiation is explicit. As has been mentioned above, linear response is applicable when spin relaxation is fast
compared to the rate at which magnons are created by the vortex lattice. We can now specify this condition explicitly:
Γ � a3/2Ω1φ0/(2π

√
Ω0λ)2. By performing the angular integration, k · v = kv cosφ, we obtain the magnetic viscous

force per unit of vortex length for v > s0:

Fm(v)=
π

v

[
φ0

λ2

]2∫ 2π
ξ

0

kdk

(2π)2
Ω2

1 + s21k
2√

v2k2 − Ω2
k

θ(k − k∗)
[k2 + λ−2]2

, (12)

where θ(x) = 1 if x > 0 and zero otherwise. Unlike the Cherenkov electron, which is a point-like object and generates
a field with arbitrary high wave vector, the vortex has a finite core size and its spatial Fourier components are
exponentially suppressed for k & 2π/ξ. This determines the upper integration limit in Eq. (12).

We will now analyse this equation for Fm(v) in the range:

2πs0
b

,
a3/2Ω1√

Ω0

(
φ0

(2πλ)2

)
� Γ� 2πs0

ξ
. (13)
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As the vortex velocity increases, the value of k∗(v) starts at k∗(s0) =∞, for v = s0, and decreases monotonically for
v > s0. Depending on the value of k∗(v) relative to the upper integration limits, Eq. (12) has two different regimes:

(i) k∗ is above the upper integration limit, k∗ > 2π/ξ. The magnetic viscous force vanishes, Fm = 0, for v < vc =
[s2 + (ξΩ0/2π)2]1/2.

(ii) For k∗ < 2π/ξ the integration in Eq. (12) is between the limits k∗ < k < 2π/ξ. At v = vc the dissipation
function has a threshold behavior Fm ∝

√
v − vc. Note that the threshold is sharp because Γ � 2πs0/ξ. As the

velocity increases beyond [v2
c + (ξΩ0/2π)2]1/2, but remains small enough to ensure k∗(v) � 2π/b, the viscous force

has approximately linear dependence on the vortex velocity and we can define a magnetic viscosity via

Fm(v) =
ηm

v
(v2 − s20 + 2s21/χ0) , ηm =

χ0

16

(
φ0

λ2

)2 1
Ω0

. (14)

Fig. 1 shows the dependence of the magnetic viscous force Fm on the vortex velocity.
As H0 approaches Hs, the amplitude of the periodic part of the magnetic field decreases and the value of Fmax

eventually vanishes.

2 4 6
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vc/s0
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FIG. 1: (Color online) (a) Total viscous force in arbitrary units as a function of v/s0, as given by Eq. (12). The blue dashed line
represents the effect of Bardeen-Stephen viscosity due to vortex core alone. (b) Effect of the magnetic viscous force on the I-V
characteristics. Magnetic viscous force results in a voltage drop relative to the BS result for currents above Ion corresponding
to the vortex velocity vc.

As temperature increases and approaches TN , the spin-wave relaxation rate Γ increases. The dynamics becomes
relaxational near the magnetic transition[8, 15]. In this regime, the magnetic viscosity does not exhibit a threshold
behavior in the vortex velocity.

3. Experimental signatures. We can estimate the magnitude of the magnetic viscosity by evaluating Eq. (14).
For typical values of the relevant parameters, µ ∼ 10µB , Tc ' 10 K, Hc2 ∼ 10 T, ρn ∼ 100 µΩcm, λ ∼ 200 cm,
s ∼ 50 m/s and Ω0 = 2 K, we obtain ηm ∼ 10−7 g/(cm · sec). This value is comparable to the BS core viscosity[7]
ηc = (Hc2φ0σn)/c2 ∼ 10−7 g/(cm · sec). Clearly, the magnetic contribution to the vortex viscosity is more important
for nearly isotropic magnetic materials (small gap Ω0) such as superconducting compounds or heterostructures whose
magnetic moments are provided by transition metal ions.

We will now discuss the current-voltage characteristics. In the experimental set up, the voltage V is measured at a
fixed current. The electric current exerts a Lorentz force, FL = (φ0/c)I, on the vortex. The voltage V is proportional
to the velocity of the vortex flow via the Josephson relation V = (~/2e)(v/b). The vortex velocity is determined from
the balance between the Lorentz force, FL, and the viscous force given by Eq.(7). As the current exceeds the value
Ion at which the vortex velocity (determined by the Bardeen-Stephen viscosity only) equals to the onset velocity, vc,
the I-V curve settles in a parabolic behavior V − Vc ∝ (I − Ion)2 at Vc = (~/2e)(vc/b). In this region (ii), the vortex
velocity starts to increase faster (linearly in current) when the current is large enough to overcome the viscous force
due to the vortex core and magnetic contributions (see Fig. 1).

It is important to determine if the critical vortex velocity vc, necessary to reach the onset of magnetic dissipation, is
experimentally attainable. The limiting factors are heating and the Larkin-Ovchinnikov instability of the vortex flow
at high velocities.[16, 17] A current density of ∼ 50 KA/cm2 is needed to reach vortex velocities close to the spin-wave
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velocity, s ∼ 50 m/s. If heating is the limiting factor, such currents can be reached with pulsed measurements. In
addition, s decreases for increasing magnetic field and temperature. It is hard to get a reliable estimate of the critical
velocity for the Larkin-Ovchinnikov instability, which is given approximately by v∗ ≈ vF

√
τel/τin (vF is the Fermi

velocity and τel,in are the elastic and inelastic scattering times respectively). Measurements of YBCO films yield
v∗ ∼ 1000 m/s [17].

In conclusion, moving vortices radiate spin-waves in superconducting antiferromagnets for v > vc. This effect
decreases the flux flow resistance, i.e., it reduces energy dissipation. The onset of magnetic viscosity appears in
the I-V characteristic curve as a local deviation at the threshold voltage that is determined by a vortex velocity vc.
For materials with TN < Tc, we predict a drop in the resistance as temperature drops below TN . The same effect
can be observed in hybrid structures made of alternating superconducting and magnetic layers for a magnetic field
perpendicular to the layers. The magnetic layers can be ferromagnetic or antiferromagnetic with easy axis parallel to
the layers.

We thank Leonardo Civale and Boris Maiorov for discussion of experimental details. Research supported by the
U.S. Department of Energy, Office of Basic Energy Sciences, Division of Materials Sciences and Engineering.
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